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Abstract Resumen
A new thin shell finite element is presented. This
new element doesn’t have rotational degrees of
freedom. Instead, in order to overcome the C1
continuity requirement across elements, the au-
thor resorts to enhance the geometric description
of the flat triangles of a mesh made out of linear
triangles, by means of Bernstein polynomials and
triangular Bernstein-Bézier patches.
The author estimates the surface normals at
the nodes of a mesh of triangles, in order to
use them to define the Bernstein-Bézier patches.
Ubach, Estruch and García-Espinosa performed
a comprehensive statistical comparison of differ-
ent weighting factors, including other weights
previously used in the literature. The conclu-
sion of that work (included as an appendix to this
thesis) is that the inverse of the area of the cir-
cumscribed circle to the triangle and the inter-
nal angle of the triangle at the node considered,
should be used as weighting factor. Using this
new weighting factor, we reduce by about 10%
the root mean square error in the estimation of
normals of randomly generated surfaces with re-
spect to the previous best weighting factor found
in the literature.
The author uses the information of the nor-
mal vectors at the nodes and the triangular
Bernstein-Bézier patches to build cubic Bézier
triangles. These cubic Bézier triangles are sur-
face interpolants; C1 continuous at the nodes
and C0 continuous across the edges. Owing to
this approach, the new element is called Bézier-
enhanced shell triangle (BEST).
The BEST element takes advantage of all the
nodes’ connectivities in each triangle of the mesh.
The computation of the normal vectors at the
nodes doesn’t depend on the number of triangles
surrounding each node of the mesh. The BEST
element is independent from the mesh topology.
Se presenta un nuevo elemento finito de lámina delga-
da. Este nuevo elemento no usa rotaciones como gra-
dos de libertad. En su lugar, para satisfacer el requi-
sito de mantener continuidad C1 entre elementos, el
autor recurre a mejorar la descripción geométrica de
los triángulos planos de una malla formada por trián-
gulos lineales, por medio de polinomios de Bernstein y
particiones triangulares de Bernstein-Bézier.
Para definir dichas particiones de Bernstein-
Bézier, el autor realiza una estimación de las norma-
les a la superficie en los nodos de una malla de trián-
gulos. Ubach, Estruch y García-Espinosa realizaron
una comparación estadística exhaustiva entre distin-
tos factores de ponderación, incluyendo otros usados
previamente en la literatura. La conclusión de dicho
trabajo (que se incluye como anejo de esta tesis) con-
duce a usar como factor de ponderación para calcular
una media de los vectores normales de los triángulos:
el inverso del área de la circunferencia circunscrita
al triángulo y el ángulo interno del triángulo en el
nodo considerado. Usando este nuevo factor de pon-
deración, se reduce en aproximadamente un 10 % el
error medio cuadrático cometido en la estimación de
las normales de superficies generadas aleatoriamente,
respecto del mejor factor de ponderación usado previa-
mente en la literatura.
Con la información de los vectores normales en
los nodos y las particiones triangulares de Bernstein-
Bézier, el autor construye triángulos cúbicos de Bézier.
Estos triángulos cúbicos de Bézier interpolan la su-
perficie; con continuidad C1 en los nodos y C0 a través
de las aristas. Debido a este planteamiento, el nuevo
elemento recibe el nombre de BEST.
El elemento BEST aprovecha todas las conectivi-
dades de los nodos de cada triángulo de la malla. El
cálculo de los vectores normales en los nodos no de-
pende del número de triángulos que rodean cada nodo
de la malla. El elemento BEST es independiente de la
topología de la malla.
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ii ABSTRACT
A new paradigm is presented consisting on
the reconstruction of the geometry of a cubic tri-
angular element. This geometric reconstruction
exploits the properties of cubic B-spline functions
(cubic Bézier triangle). This way, the author
builds a conforming shell finite element.
The BEST element tackles the problem of
rotation-free shell elements’ precision depen-
dency with respect to mesh distortion. The BEST
element defines the curvature as a 2D tensor.
This definition is consistent with the definition of
curvature obtained by differential geometry.
The construction of the cubic Bézier triangle
requires fixing 30 parameters (3 coordinates for
each of the 10 control points). Therefore it needs
to apply 30 independent conditions. 15 of these
conditions are given directly by the positions of
the 3 vertices of the triangle and the orientations
of the normal vectors at the 3 vertices. With these
15 conditions the triangles maintain C1 continu-
ity at the vertices.
8 of the remaining conditions are imposed
introducing energy minimization considerations.
These energy minimization considerations serve
also to define a well-posed element. A set of re-
duced problems, which are sufficiently represen-
tative and general, is defined in order to avoid
imposing the energy minimization considerations
globally. More specifically, the author defines
3 different reduced problems for the 3 different
shell deformation modes: bending deformation,
membrane (in-plane extension) deformation and
in-plane shear (drilling rotation) deformation.
Built in this manner, the only degrees of free-
dom of the BEST element are the vertices’ coor-
dinates (9 variables). The remaining 21 parame-
ters are solved internally. In order to fix the val-
ues of these 21 internal parameters, each BEST
element solves 9 systems of linear equations of
rank 3.
The BEST element is successfully applied to
the analysis of thin shells in linear and geo-
metrically non-linear regimes using an implicit
method. The non-linearity is solved using a Total
Lagrangian formulation.
The author shows how to perform a de-
composition of the description of the deforma-
tion (including all the higher order terms) and
the matrices of change of coordinates; grant-
ing a computationally efficient and geometrically
Se presenta un nuevo paradigma que consiste en
reconstruir la geometría de un elemento triangular
cúbico. Esta reconstrucción geométrica aprovecha las
propiedades de las funciones cúbicas B-spline (trián-
gulo cúbico de Bézier). De esta forma, el autor crea un
elemento de lámina conforme.
El elemento BEST trata de resolver el problema de
la dependencia de la precisión de los elementos de lá-
mina sin rotaciones con respecto a la distorsión de la
malla. El elemento BEST define la curvatura como un
tensor 2D. Esta definición es consistente con la defini-
ción de la curvatura obtenida de la geometría diferen-
cial.
La construcción del triángulo cúbico de Bézier re-
quiere determinar 30 parámetros (3 coordenadas pa-
ra cada uno de los 10 puntos de control). Para ello
es necesario aplicar 30 condiciones independientes. 15
de estas condiciones se deducen de manera directa
de la posición de los 3 vértices del triángulo y de las
orientaciones de los vectores normales en los 3 vértices.
Con estas 15 condiciones se asegura que los triángulos
mantienen continuidad C1 en los vértices.
De las otras 15 condiciones que quedan por impo-
ner, 8 de ellas se obtienen a partir de criterios de mi-
nimización de la energía interna de deformación del
elemento. Estos criterios de minimización de la ener-
gía interna del elemento sirven para construir un ele-
mento bien planteado. Para no tener que imponer las
consideraciones de minimización de la energía sobre
el problema global, el autor desarrolla un conjunto
de problemas reducidos que son lo suficientemente re-
presentativos y generales. Concretamente se definen 3
problemas reducidos para los 3 modos de deformación
de la lámina: deformación de flexión, deformación de
membrana (extensión en el plano) y deformación de
cortante en el plano (rotación de taladro).
El elemento BEST construido de esta manera
mantiene únicamente como incógnitas las posiciones
de los vértices (9 variables). Los 21 parámetros res-
tantes se resuelven internamente. La determinación de
estos 21 parámetros internos del elemento implica la
resolución de 9 sistemas de ecuaciones lineales de ran-
go 3 para cada elemento BEST.
Se ha conseguido aplicar con éxito el elemento
BEST al cálculo de láminas delgadas en régimen li-
neal y geométricamente no-lineal con un método im-
plícito. La no-linealidad se plantea con una formula-
ción Lagrangiana total.
El autor demuestra cómo descomponer los térmi-
nos de la descripción de la deformación y de las ma-
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accurate through-the-thickness pre-integration.
The through-the-thickness integrals are evalu-
ated just once: at the reference configuration.
There are just 14 through-the-thickness scalar
integrals to perform for each Gauss point.
The numerical examples results show that the
BEST element has the potential to achieve cu-
bic convergence. Although they also cast doubts
on the possibility of reproducing this result for a
wide range of problems. For in-plane shear domi-
nated problems, the formulation used in this the-
sis only achieves linear convergence. For mem-
brane oriented tests with curvature, the conver-
gence is quadratic.
The BEST element exhibits membrane lock-
ing behavior. The author suggests exploiting fur-
ther the drilling rotations kinematics in order to
solve membrane locking.
trices de cambio de coordenadas; permitiendo así una
pre-integración en el espesor computacionalmente efi-
ciente y geométricamente precisa. Solo es preciso eva-
luar las integrales a través del espesor una vez: en la
configuración de referencia. Las integrales en el espe-
sor se han reducido a 14 integrales escalares distintas
para cada punto de Gauss.
Los resultados de los ejemplos numéricos mues-
tran que el elemento BEST tiene potencial para alcan-
zar convergencia cúbica. Pero al mismo tiempo tam-
bién existen dudas sobre la posibilidad de reproducir
de manera consistente este resultado para un amplio
rango de problemas. Para problemas dominados por
la deformación de cortante en el plano, la formula-
ción utilizada en esta tesis solo alcanza convergencia
lineal. Para ejemplos orientados a la deformación de
membrana que incluyen curvatura, la convergencia es
cuadrática.
El elemento BEST presenta problemas de bloqueo
por membrana. El autor sugiere desarrollar más pro-
fundamente la cinemática de las rotaciones de taladro
para resolver el bloqueo por membrana.
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Foreword Preámbulo
FOR OVER 25 YEARS the International Cen-ter for Numerical Methods in Engineering
(Centre Internacional de Mètodes Numèrics en
Enginyeria (CIMNE))1 has grown a genuine in-
terest for naval issues and sailboats in partic-
ular. Many students and world-renowned re-
searchers fond of the topic (naval engineers,
sailors, captains, etc.) have worked and studied
at CIMNE. This has left a mark in the institu-
tion. All these people approached CIMNE with
the vision of developing the numerical tech-
niques that could allow a better understanding
on the functioning of sailboats.
Resulting from this historical background,
nowadays CIMNE has become one of the re-
search centers on numerical methods better
prepared and with a greater knowledge on the
issues affecting sailboats in the world. It isn’t
bold to say that a sailboat encloses one of
the trickiest functionings amongst all the ma-
chines conceived by mankind in history. This
is because the very tight degree of interaction
that exists between the different elements that
make a sailboat and the high sensibility of the
performance of the boat to this interaction. At
the same time all these elements are of very
different nature and each of them is subject to
a wide range of working regimes depending on
the sailing scenarios of a sailboat.
I can’t think of another research center bet-
ter suited in which to develop this PhD the-
sis because the topic fits perfectly within the
goals pursued by CIMNE and in various of its
most prominent research lines. For example,
I mention a few: the research line on Multi-
physics Simulation, the research line on Struc-
1The acronym corresponds to the original name in cata-
lan ”Centre Internacional de Mètodes Numèrics en Enginy-
eria”. www.cimne.com
DESDE HACE MÁS DE 25 AÑOS el Centro Inter-nacional de Métodos Numéricos en Ingeniería
(CIMNE)1 ha incorporado en sus líneas de investi-
gación el interés por el mundo naval; y en particu-
lar, por los barcos de vela. Por CIMNE han pasado
una cantidad importante de estudiantes y científi-
cos de prestigio con una vocación especial en este
ámbito (ingenieros navales, regatistas, capitanes de
yate, etc.) y ello ha dejado una notable impronta en
CIMNE. Toda esta gente se acercó a CIMNE con la
visión de desarrollar técnicas numéricas que facili-
taran la comprensión acerca del funcionamiento de
los barcos de vela.
Como fruto de este historial CIMNE es hoy
en día uno de los centros de investigación en
métodos numéricos con una mejor preparación y
mayor grado de conocimiento de la problemática de
los barcos de vela de cuantos existen en el mundo.
No es arriesgado afirmar que, como máquina, un
barco de vela tiene uno de los funcionamientos más
complejos de cuantas ha concebido el hombre a lo
largo de la historia. Esto es debido al altísimo gra-
do de interacción que tienen los distintos elementos
que la componen y de lo sensible que es el rendi-
miento del barco a dicha interacción. A su vez, todos
estos componentes son de muy distinta naturaleza;
y cada uno de ellos está sometido a gran disparidad
de regímenes en la casuística de navegación de un
barco a vela.
No se me ocurre otro centro de investigación me-
jor indicado en el que desarrollar mi tesis doctoral,
pues el tema se enmarca plenamente en los objetivos
perseguidos por CIMNE y en varias de sus líneas de
investigación más destacadas. Se nombran a modo
de ejemplo: la línea de investigación en Simulación
Multifísica, la línea de investigación en Análisis de
1Las siglas corresponden al nombre original en catalán
“Centre Internacional de Mètodes Numèrics en Enginyeria”.
www.cimne.com
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tural Shell Analysis, the research line on Com-
posite Materials and the research line on Fluid
Mechanics. This thesis has the objective of de-
veloping a New Rotation-Free Thin Shell Ele-
ment. The advances achieved with this devel-
opment shall enable significant improvements
in the computations performed nowadays and
which are so necessaray to target in the end
the full simulation, in three dimensions, and in
transient dynamic regime, of a sailboat. That
challenge is yet to be solved efficiently in or-
der to make a leap in the improvement of the
analysis and design tools for sailboats. Solv-
ing this challenge will in turn enable substan-
tial benefits to the performance of sailboats as
it will reduce the number of non-trivial simpli-
fications made for their simulation and analy-
sis. Chapter 1 includes a detailed explanation
on why the calculation of shells is relevant for
the analysis of sailboats.
I hope that along the reading of this PhD
thesis I can share with you the good expe-
riences, findings and intelectual satisfactions
that my dedication to it has provided me all the
time.
Láminas Estructurales, la línea de investigación en
el Estudio de Materiales Compuestos y la línea de
investigación en Mecánica de Fluidos. La presente
tesis doctoral tiene por objetivo el desarrollo de un
Nuevo Elemento Finito de Lámina Delgada Sin Ro-
taciones. Los avances obtenidos con este desarrollo
deben permitir significativas mejoras en los cálcu-
los que se realizan hoy en día; y son en buena parte
necesarios para abordar en última instancia la si-
mulación completa, en tres dimensiones, y en régi-
men dinámico transitorio, de un barco de vela. Este
es un desafío pendiente de resolver de manera efi-
ciente para que se puedan mejorar las herramien-
tas de análisis y de diseño de barcos de vela; y sin
embargo se considera que podrá aportar ventajas
sustanciales al rendimiento de los barcos de vela
por cuanto reduzca el número de simplificaciones
no inocuas a la hora de simularlos. En el capítu-
lo 1 se explica en detalle la importancia que tiene
el cálculo de láminas para el análisis de barcos de
vela.
Confío que con la lectura de esta tesis doctoral
puedan compartir las agradables experiencias, ha-
llazgos, y satisfacciones intelectuales que mi dedi-
cación a ella me han supuesto en todo momento.
Chapter 1
Motivation Motivación
WHEN I FINISHED MY ENGINEERING STUDIESin 2001 I had the opportunity to combine
for the first time my knowledge on structural
analysis with my passion for the sport of
sailing. The goal of that study was to explore
the options of using membrane analysis for
the calculation of sails. During the months
that preceded my study, a project related to
sails manufacturing had been conducted at the
International Center for Numerical Methods
in Engineering (CIMNE). For that project, the
sails were studied as shells. The topic raised
my interest immediately. In section 1.4 I sum-
marize some of the aspects of the beginnings of
my research.
After many considerations and after realiz-
ing the validity of the problem still today in the
scientific community and in the industry, I de-
cided to relaunch the study of the analysis of
sailboats.
1.1 The importance of shell Importancia del análisis de
analysis for sailboats láminas para barcos de vela
Studying the behavior of a sailboat requires de-
tailed understanding of its response to the ac-
tions and forces acting on it. Therefore it is
necessary to analyze the dynamics of the fluids
in which the boat is immersed (air and water)
and at the same time the static and dynamic
equilibrium of the structural ensemble. In the
following sections the main elements that con-
form the structure of a sailboat are described.
And the role played by shell structures in each
of these elements is specified.
AL TERMINAR MIS ESTUDIOS DE INGENIERÍAen el año 2001 tuve la ocasión de combinar
por primera vez mis conocimientos de cálculo de
estructuras con mi gran afición al deporte de la
vela. El objeto de aquél estudio era explorar las
opciones que ofrecía el análisis de estructuras de
membrana para el cálculo de velas. En los meses
previos a mi estudio, se había llevado a cabo en
el Centro Internacional de Métodos Numéricos en
Ingeniería (CIMNE) un proyecto relacionado con
la fabricación de velas de barcos en el que éstas se
habían estudiado como estructuras tipo lámina.
El tema despertó mi interés de manera inmediata.
En el apartado 1.4 resumo algunos aspectos de los
inicios de mi investigación.
Después de numerosas reflexiones y tras consta-
tar la vigencia que todavía tiene el problema en la
comunidad científica y en el ámbito industrial, deci-
dí relanzar el estudio del análisis de barcos de vela.
El estudio del comportamiento de un barco de vela
requiere de la comprensión en detalle de su respues-
ta ante las acciones y fuerzas a las que está some-
tido. Para ello es preciso analizar la dinámica de
los fluidos en los que está inmerso el barco (aire y
agua) al mismo tiempo que considerar el equilibrio
estático y dinámico del conjunto estructural. En los
siguientes apartados se describen cada uno de los
principales elementos que configuran la estructura
de un barco de vela y el papel que en cada elemento
juegan las estructuras de lámina.
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1.2 The hull El casco
When looking at the structure of a modern
sailboat, we can realize that the technology of
its construction differs a lot from that used
just half a century ago. While in the past
the structure was composed mainly of linear
elements (frames and planks) crisscrossed in
order to configure a frame that could sup-
port the external skin of the boat, nowadays
the use of plastics and more specifically the
fiber reinforced plastics (FRP) in sandwich or
laminate have enabled combining the struc-
tural and skin functions in a single element
with the characteristic of being inherently bi-
dimensional. The curvature used to design the
boats in order to optimize the hydrodynamics
as well as the slenderness required in order to
optimize the use of materials, lead inevitably
to consider the hull of a modern boat as a thin
shell.
1.3 Spars La arboladura
Unlike other kinds of boats, a sailboat’s struc-
ture continues above the deck of the hull (or
hulls in the case of multihulls). Sailboats in-
clude one or more masts, booms and poles
which are used to support and deploy mul-
tiple sails. Moreover the span of contem-
porary yachts’ masts (up to 40 meters tall
or more) requires them to be cable-stayed by
a sophisticated system of cables and spread-
ers named standing rigging which comprises:
stays, shrouds, back-stays, spreaders, etc.
Technology has also affected how the masts
are made. Solid wood masts has been replaced
by hollow and thin walled sections of extruded
metal (generally aluminum alloys), and more
recently of FRP (generally epoxy resin rein-
forced with carbon fibers). It’s with the use of
advanced composites that masts have reached
spectacular proportions thanks also by the de-
sign of the laminates. Even though the mast
is an inherently linear piece, a detailed study
of the mast requires considering the piece as a
cylindric or conic shell with sections of variable
geometry.
Si nos fijamos en la estructura del casco de un barco
de vela podemos observar que su tecnología de cons-
trucción actual se diferencia bastante de la utiliza-
da hace apenas medio siglo. Si en el pasado la es-
tructura estaba compuesta principalmente por ele-
mentos lineales (baos y cuadernas) entrecruzados
para componer un emparrillado que actuase de so-
porte de la piel exterior del casco, hoy en día la apli-
cación de los plásticos, y más concretamente de los
plásticos reforzados con fibras (FRP según sus si-
glas en inglés) en sándwich o en laminado han per-
mitido combinar la función estructural con la de la
piel del casco en un único elemento de característi-
cas inherentemente bidimensionales. La curvatura
con que se diseñan los cascos de barcos para opti-
mizar su hidrodinámica así como la esbeltez que se
requiere para optimizar el uso de los materiales con-
ducen necesariamente a considerar el casco de un
barco moderno como una lámina delgada.
Un barco de vela, a diferencia de otros tipos de bar-
cos, tiene la peculiaridad de que su estructura no
finaliza en el casco (o los cascos en el caso de mul-
ticascos); sino que a éste hay que añadir uno o más
mástiles, botavaras y tangones que sirven de soporte
para multitud de velas. Por si fuera poco, la enver-
gadura que adquieren los mástiles contemporáneos
(alturas de hasta 40 metros o más) requiere en ge-
neral que éstos estén atirantados por un complejo
sistema de cables llamado jarcia y que está com-
puesto por estayes, obenques, burdas, crucetas, etc.
El conjunto del mástil o mástiles con la jarcia que
los acompaña recibe el nombre de arboladura.
También en el caso de los mástiles la tecnolo-
gía de construcción ha permitido sustituir el mate-
rial con el que se construyen: pasando de la madera
maciza a secciones huecas de paredes delgadas for-
madas por metal extruido en primer lugar (general-
mente aleaciones de aluminio), y más recientemente
por plásticos reforzados con fibras (generalmente re-
sina epoxi reforzada con fibra de carbono). Es en es-
te último caso donde los mástiles están alcanzando
su máxima expresión, con arboladuras espectacula-
res por su altura y donde sus prestaciones vienen fa-
vorecidas por la construcción en laminado. Si bien
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1.4 Sails El velamen
A sailboat requires sails! My research work
started studying the funicular shape of a sail
under a set of loads.[133] In that study the
main hypothesis was that the behavior of a sail
could be represented structurally by a mem-
brane. This implies that the bending energy is
negligible. The goal was to obtain an initial ap-
proximation to the the shape of the sail allow-
ing to accelerate the computation of the struc-
tural response of the sail.
One of the conclusions reached during that
study was that calculating a membrane is not
in strictu sensu the calculation of a structure.
The argument lies in that lacking bending stiff-
ness, the membrane turns into a mechanism
with infinite swivels. In order to tackle the
problem posed (from the structural and numer-
ical point of view [133]) by the fact that a mem-
brane is a mechanism, it is required to apply
strategies to add energy and complete the sys-
tem to full rank.
Many authors have applied artificial bend-
ing stiffnesses to the swivels between elements
(either at the vertices or at the edges). In a pre-
vious work by R.L. Taylor [123] he uses another
technique to add the necessary energy by con-
sidering the dynamic effects into the problem.
That is, by avoiding to solve the solution to the
static problem the authors acknowledge the ex-
istence of a transient state during which the
membrane makes the transition from a state
out of equilibrium to the configuration that
counterbalances the loads applied upon it. By
means of including the effects of the inertia and
damping forces, we end up adding enough en-
ergy to the problem to avoid the numerical is-
sues caused by the mechanism and hence solve
the problem.
This discussion kept my interest during the
years past after I completed my undergraduate
studies in 2001 and until I restarted my PhD
studies in 2006. The reasoning that summa-
la pieza elástica del mástil es inherentemente lineal,
un estudio detallado del mismo requiere considerar
la pieza como una lámina cilíndrica o cónica con
sección de geometría variable.
Para completar el conjunto de un barco de vela es
indispensable contemplar las velas! Mi trabajo de
investigación empezó precisamente estudiando la
forma funicular de una vela sometida a un conjun-
to de cargas.[133] En aquél estudio la principal hi-
pótesis de trabajo era que el comportamiento de la
vela se podía asemejar estructuralmente al de una
membrana. Es decir, que la energía de deformación
por flexión es despreciable. Lo que se pretendía era
obtener una aproximación inicial de la forma de la
vela que permitiese acelerar el cálculo de la respues-
ta estructural de la vela.
Una de las conclusiones obtenidas de aquél estu-
dio fue la certeza de que el cálculo de una membra-
na no es en strictu sensu el cálculo de una estructu-
ra. El argumento reside en que al carecer de rigidez
a flexión, la membrana se convierte en un mecanis-
mo con múltiples rótulas. Para atajar el problema
que supone (desde el punto de vista estructural y nu-
mérico [133]) el hecho de que la membrana sea un
mecanismo es preciso aplicar técnicas que añadan
energía para que la matriz del sistema de ecuacio-
nes sea de rango completo.
Muchos autores han recurrido a la asignación
de rigideces artificiales en las rótulas de unión en-
tre elementos (ya sea en los vértices o en las aristas).
En un trabajo contemporáneo de R.L. Taylor [123]
se utiliza otra técnica para añadir la energía nece-
saria mediante la introducción de la dinámica en el
problema. Es decir, huyendo de buscar directamen-
te la solución estática del problema, se reconoce la
existencia de un estado transitorio en el que la mem-
brana transita dinámicamente de un estado en des-
equilibrio a la configuración estable que equilibra
las cargas aplicadas sobre ella. Mediante la consi-
deración de las fuerzas de inercia y de amortigua-
miento en el problema, asignamos suficiente energía
al problema para evitar los inconvenientes numéri-
cos del mecanismo y poder así resolver el problema.
Toda esta problemática ha mantenido despier-
to mi interés durante los años que han transcurri-
do desde que terminé la carrera en 2001 hasta que
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rizes my thinking is as follows.
1. If the transient dynamic solution leads
to a static stationary result, then such
static stationary result exists and should
be reachable by means of a static calcu-
lation. Note that in [123], when the solu-
tion converges towards the static solution,
the dynamic conditions of the calculation
are dropped and a final static step is per-
formed.
2. If there is a need to add modes or en-
ergy to complete the system to full rank
in order to reach the static result, it’s be-
cause such energy actually exists and it
has been stripped in our classical hypoth-
esis. The main of which is considering the
sail as a membrane.
Can the sail indeed resist bending? What if the
bending energy is not negligible? Why adding
artificial bending energy instead of taking it
into account naturally? These were questions
that kept pounding me.
In section 1.5 the author attempts to pro-
vide an answer to these questions from an in-
tuitive and engineering point of view.
1.5 Shells vs Membranes Láminas versus Membranas
Let’s revisit the decision to model sails as mem-
branes. Despite this consideration was not
documented in my undergraduate thesis [133]
truth is that the main reason behind consider-
ing the sails as membranes was because they
had been modeled as shells without much suc-
cess in a previous work by Lara Pellegrini [99]
also at CIMNE.1 At the time I had the chance
to discuss with Ms. Pellegrini her experiences
on the study of sails, and one of them were that
the shell elements used did not provide sat-
isfactory results. The shell element used for
those simulations was the DKT element. The
main reason behind this lack of performance
was locking of the elements. That is, the dis-
1The decision was also affected by the trend set
by North Sails with the program MemBrain. See ap-
pendix A.1.
reemprendí mis estudios de doctorado en 2006. El
pensamiento que resume mis reflexiones es el que si-
gue.
1. Si la solución dinámica y transitoria condu-
ce a un resultado estacionario, es que dicho
resultado estacionario existe y se debe poder
alcanzar mediante un cálculo estático. Nóte-
se que en [123], cuando la solución transitoria
converge y se aproxima a la solución estática,
se relajan las condiciones del cálculo dinámi-
co y se realiza un último cálculo estático.
2. Si para obtener el resultado estático es preciso
añadir modos o energía que completen el ran-
go del sistema, es porque dicha energía existe
en realidad y la estamos quitando en nuestras
hipótesis. La principal de todas ellas es consi-
derar la vela como una membrana.
¿Y si la vela efectivamente es capaz de resistir fle-
xiones? ¿Y si en definitiva la energía de flexión no es
despreciable? ¿Porqué añadir energía de flexión ar-
tificialmente en lugar de considerarla naturalmen-
te? Estas eran preguntas que una y otra vez resur-
gían y me inquietaban.
En el apartado 1.5 se trata de dar respuesta a
estas preguntas desde un punto de vista intuitivo e
ingenieril.
Revisitemos la decisión de modelar las velas como
membranas. Aunque esta reflexión no quedase do-
cumentada en mi tesina de final de carrera [133], lo
cierto es que la principal motivación para conside-
rar las velas como membranas es que se había hecho
sin demasiado éxito como láminas en un trabajo an-
terior de Lara Pellegrini [99] también en CIMNE.1
Tuve la ocasión en su momento de comentar con la
Sra. Pellegrini sus experiencias del estudio de ve-
las y una de ellas era que los elementos de lámi-
na utilizados no ofrecían resultados suficientemente
satisfactorios. El elemento de lámina utilizado pa-
ra aquellos cálculos era el elemento DKT. El prin-
cipal motivo era el bloqueo de la solución. Es decir,
que los desplazamientos obtenidos mediante cálcu-
1La decisión también estuvo influenciada por la tendencia
iniciada por North Sails con su programa MemBrain. Ver el
apéndice A.1.
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placements obtained by calculation were far
smaller than the displacements expected be-
cause other deformation modes where absorb-
ing all the energy instead of allocating the en-
ergy adequately to the membrane deformation
mode. That’s why my undergraduate thesis
tried to start with a geometric configuration
closer to the final shape by means of the funic-
ular shape of the loads.
1.5.1 The shell-like nature of sails La naturaleza laminar de las velas
During this chapter I have repeatedly men-
tioned how the introduction of new materi-
als and new construction technologies have af-
fected the development of boats. Sails are not
different. While in the old times sails were
manufactured using textiles only —in [57] Ick-
ert illustrates how cotton was used was still
used to make sails in mid of the 20th century—
and this technology determines making the
consideration that there are indeed an infinite
number of swivels in the dis-continuum mate-
rial of the sail; more recently FRP have dis-
rupted the sail’s manufacturing technology. In
the beginning the textile material was treated
to make it airtight and thus increase its aero-
dynamic efficiency as it decreases the losses of
the pressure gradient generated by the sails
as they deflect the airflow. This technique has
evolved and nowadays the resin matrices used
allow the use of a coarser fabric or even the
use of unwoven fibers. In the limit, for the
more demanding situations, the sails are no
longer manufactured by joining together differ-
ent panels (sewn at first and glued later) but
instead by laying the fibers one by one onto a
mold that provides the shape to the sail and
laminating both sides with the resin matrix
chosen. Precisely, the technique described con-
stitutes the most popular advance in the tech-
nology of sail-making in the last decades. This
was object of a controverted patent named 3DL
[7].
Therefore, the technology used to manu-
facture the sails provides the answer to the
dilemma between shells and membranes. Look-
ing at the technological evolution there aren’t
fundamental differences between the manufac-
turing methods used for hulls, masts, or sails.
lo eran muy inferiores a los esperados debido a que
otros modos de energía absorbían toda la energía de
deformación al modo de energía por deformación de
membrana. Por ello se pretendía partir de una con-
figuración geométrica más cercana a la final con el
cálculo de la forma funicular de las cargas.
En este capítulo se ha mencionado reiteradamente
como la introducción de nuevos materiales y nuevas
tecnologías de construcción han afectado el desarro-
llo de los barcos. El caso de las velas no es distin-
to. Si bien primitivamente las velas se confecciona-
ban a partir de tejidos exclusivamente —en [57] Ic-
kert ilustra como todavía en los años 50 del siglo
XX las velas se confeccionaban a partir de tejido de
algodón— y esta tecnología invitaba a la considera-
ción de que en efecto existían un sinfín de rótulas
en el dis-continuo del material que componía la ve-
la; más recientemente los materiales reforzados con
fibras también han hecho su irrupción en la tecnolo-
gía de fabricación de velas. Inicialmente se aplica-
ban tratamientos que impermeabilizaban el tejido,
permitiendo aumentar su eficiencia aerodinámica
al evitar pérdidas del gradiente de presión que las
velas generan cuando deflectan el flujo de aire. La
técnica se fue depurando y hoy en día las matrices
de resina que se utilizan permiten que el entrama-
do de fibras no tenga que ser tupido y mucho menos
que tenga que ser tejido. Hasta el extremo de que las
velas en los casos más exigentes ya no se fabrican
mediante paños unidos (cosidos primero y soldados
después) sino que se fabrican disponiendo las fibras
una a una sobre el molde que da la forma a la vela
y se laminan ambas caras con la matriz de resina
elegida. El avance más popular de los últimos años
en lo que a tecnología de fabricación de velas con-
cierne es precisamente el último descrito, y que fue
objeto de la patente denominada 3DL [7].
Así pues, la respuesta al dilema entre láminas y
membranas nos la da la tecnología utilizada para
fabricar las velas. A la vista de la evolución tecnoló-
gica, ya no existen diferencias fundamentales entre
el modo como se fabrican el casco, el mástil, o las
velas, y por lo tanto tampoco debería haberlas en el
modo como las concebimos estructuralmente.
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And thus there shouldn’t be differences ei-
ther between the ways we conceive them struc-
turally.
1.5.2 Spinnakers: a different case Los spinnaker: un caso aparte
There is a kind of sails that deserves a special
consideration that given their characteristics
and behavior are different from the other sails
hoisted in a sailboat. The spinnakers (symmet-
ric or asymmetric) are a family of sails designed
to propel the boat when the wind blows in fa-
vor. This very circumstance makes their use
uncompromising for the stability of the boat be-
cause they don’t generate large lateral forces
that could tip the boat over. As a result, these
sails reach gigantic dimensions. Given the
enormous area of these sails it becomes neces-
sary to minimize their surface density as much
as possible. —In fact, it is not uncommon to
see these sails “explode” when the wind pres-
sure overcomes their structural resistance.—
This design restriction has thus far implied a
de facto barrier to the introduction of the lam-
inate manufacturing technology in spinnakers.
Not just because of weight considerations, but
also because of another more pragmatic con-
sideration: in order to stack these sails they
need to take as little volume as possible and
therefore they have to withstand being folded
and pressed with little regard. The delicate
materials used to manufacture laminated sails
cannot withstand such careless manipulation
without affecting the durability of the mate-
rial. This consideration has allowed the woven
textile manufacturing technology to survive for
the case of spinnakers. The future evolution
of this situation is uncertain. The recent ap-
pearance of new and radical sail designs such
as Code Zero [43] opens an opportunity to start
thinking on the manufacturing of spinnakers
using composite materials.
However it be, it is not incorrect to con-
sider the analysis of a spinnaker sail as a mem-
brane. But it wouldn’t be erroneous neither
to analyze it as a thin shell. If the extreme
slenderness of the sail can be taken into ac-
count and accurately represented by a thin
shell model, the differences between the results
using one model or the other should be neg-
Merecen una mención aparte una familia de velas
que por sus características y prestaciones se diferen-
cian del resto de velas que enarbola un barco de ve-
la. Los spinnaker (simétricos o asimétricos) son una
familia de velas diseñadas para empujar la embar-
cación en rumbos portantes, esto es, favorecidos por
la dirección del viento. Debido a esto, su uso no sue-
le causar peligrosas fuerzas laterales de escora en
el barco y estas velas alcanzan proporciones gigan-
tescas. Dado el enorme metraje de estas colosales
velas es imprescindible minimizar su gramaje to-
do lo posible. —De hecho no es extraño ver “explo-
tar” estas velas cuando la presión del viento vence
su resistencia estructural—. Esta restricción de di-
seño ha supuesto hasta ahora una barrera a la in-
troducción de la tecnología de fabricación lamina-
da en los spinnaker. No únicamente por considera-
ciones de peso sino también de cariz más práctico:
cuando se tienen que plegar estas velas es necesa-
rio que ocupen muy poco espacio una vez estibadas
y por ello tienen que poder permitir ser replegadas
en desmesura. Los delicados materiales utilizados
para laminar velas no permiten un tratamiento tan
desconsiderado sin afectar a la durabilidad del ma-
terial y ello ha permitido a la tecnología textil so-
brevivir en la fabricación de los spinnaker. Está por
ver la evolución futura de esta situación, ya que la
aparición de los novedosos y extremos Códigos Cero
[43] abre una brecha para que se empiece a pensar
en la fabricación de spinnakers a base de materiales
compuestos.
Por ahora, sin embargo, no es incorrecto concebir
el análisis de un spinnaker como una membrana.
Sin embargo, tampoco sería muy incorrecto anali-
zar un spinnaker como una lámina delgada. Dada
la extrema esbeltez de la vela, si esta puede ser re-
producida por el modelo de lámina delgada, las di-
ferencias en los resultados analizando con un mo-
delo u otro serán prácticamente inexistentes. Con la
diferencia de que el modelo de membrana requeri-
rá en todo caso un enfoque dinámico transitorio (u
otra técnica equivalente), mientras que el modelo de
lámina podrá abordar directamente el problema es-
tático. Esta es bajo mi punto de vista una ventaja
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ligible. But while the membrane model will
inevitably require a dynamic transient analy-
sis (or another analogous technique), the shell
model can tackle the static problem straight
away. This is, in my opinion, a clear advan-
tage that tips the balance clearly in favor of the
rotation-free shell elements with respect to the
membrane elements.
1.6 Justification of the use of Justificación del uso de alta
high technology in sailing tecnología en el deporte de la vela
The discussion I am about to present has
mainly economic reasons, and the reader might
not understand that a scientific work with an
engineering tone is justified by economic moti-
vations —besides, this is not exactly the case—.
But it is true that the author is not indifferent
to the arguments set forth below.
1.6.1 The competition rules Las reglas de competición
between boats of diferent kind entre barcos de vela distintos
Despite how strange it may sound, the creation
of the Chesapeake Sailing Yacht Symposium
(CSYS) doesn’t happen in response the the
interests of the scientific community around
the America’s Cup as the pinnacle of sailing.
When reviewing the topics presented during
the first editions of the symposium, it’s reveal-
ing to realize that the large majority discusses
about the rules that allow comparing differ-
ent boats competing together. At that moment,
the rule that had been created shortly be-
fore was the International Offshore Rule (IOR).
From a market standpoint there is a great eco-
nomic interest in enabling different boats to
compete together between them, grouped by
classes or similarities; and hence this focus on
the rules. Enabling this possibility implies that
more yacht owners can compete with their gen-
eral purpose yacht. And the economic value of
this market is huge.
Therefore it’s interesting to review, albeit
briefly, how these rules have evolved. The first
rules dominated globally because the first ef-
forts were scarce. However the rules were im-
perfect, allowing the designers to exploit their
defects. This implies that the rules haven’t
que decanta la balanza claramente en favor de los
elementos de lámina sin rotaciones en frente de los
elementos de membrana.
La justificación que voy a exponer tiene motiva-
ciones principalmente económicas, y no se entende-
ría que un trabajo científico de carácter ingenieril
se justificase de inicio por motivos económicos —
cuando por añadidura no es exacto—. Pero sí que es
cierto que el autor no es insensible a los argumentos
que presenta a continuación.
Por extraño que pueda parecer, el nacimiento del
Chesapeake Sailing Yacht Symposium (CSYS) no
responde a los intereses de la comunidad científica
alrededor de la Copa del América como pináculo del
deporte de la vela. Si repasamos los asuntos trata-
dos en sus primeras ediciones resulta revelador que
en su mayoría se hable de las reglas que permiten
comparar distintos barcos que compiten entre sí. En
ese momento, la regla que se había creado reciente-
mente era la International Offshore Rule (IOR). Es-
te énfasis en las reglas se entiende fácilmente por el
gran interés económico y de mercado que tiene per-
mitir que distintos barcos puedan competir entre sí;
agrupados por clases/similitud. Abrir esa posibili-
dad implica que más propietarios de barcos puedan
competir con sus utilitarios y por lo tanto tengan un
mayor incentivo para poseer una embarcación. Y el
valor económico que tiene este mercado es enorme.
Por lo tanto tiene interés repasar aunque sea
muy someramente cuál ha sido la evolución de es-
tas reglas de comparación para que distintos bar-
cos puedan competir entre sí. Las primeras reglas
dominaban internacionalmente, pues estos esfuer-
zos primitivos eran escasos. Sin embargo las re-
glas eran imperfectas, permitiendo a los diseñado-
res explotar los defectos de las reglas. Esto implica
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always promoted a positive technological evo-
lution of the sailboats. On the contrary, in
many cases boats with worse characteristics
can result winners in front of better boats be-
cause of the errors in the rules2. Neverthe-
less, market drivers tend to prevail and the de-
signs —taken in average— have evolved pos-
itively with time; which has forced a review
of the rules in order to take into account the
design innovations —see the recent modifica-
tions to the latest version of the VPP (Velocity
Prediction Program) used for the International
ORC rule [91]—. Moreover, as the global sail-
ing competition market has grown, different
regions of the planet have developed specific
rules. To the point that nowadays the rules are
established and administrated by the national
authorities of each country or group of coun-
tries. It is not completely ridiculous to think
that each club might end up with its specific
competition rule.
There is another explanation for this prolif-
eration of organisms that manage a particular
competition rule. It consists in the acceptance
of the obligation to possess a certificate comply-
ing with a given rule in order to compete in a
regatta administered by that specific rule. This
certificate has a cost that has to be renewed pe-
riodically even if the boat has not undergone
any change. This paradigm is reaching unde-
sirable situations because the last decade has
seen a drastic decline in the number of boats
competing in regattas open to boats different
between them. Thus loosing a great market op-
portunity.
The hope brought by science is the possi-
bility of aligning the interests of yacht own-
ers willing to compete between them despite
having different boats and the unstoppable
technological advance of the newer designs.
This objective shall be achieved without gen-
erating absurd scenarios as science’s goal can
never be the absurdity. Therefore, unlike
the large majority of sports where the use of
high-end technology is only justified for high
performance competition; high technology in
2DeBord et al. [59, p. 4] explain very eloquently how
this paradox can occur in their paper on the America’s Cup
designs and the IACC rule.
que las reglas no siempre han conseguido promo-
ver una evolución tecnológica positiva de los diseños
de los barcos. Al contrario, en numerosos casos, bar-
cos con peores características pueden resultar ven-
cedores frente a mejores barcos debido a los defectos
de las reglas2. A pesar de ello, las fuerzas del mer-
cado siempre terminan triunfando y los diseños —
tomados en promedio— han ido evolucionando po-
sitivamente con el tiempo; lo que ha ido obligando a
revisiones de las reglas para tener en cuenta las in-
novaciones en los diseños —véanse las recientes mo-
dificaciones a la última versión del programa VPP
(Velocity Prediction Program) para la regla ORC
International [91]—. Más aún, con el crecimiento
de lo que podríamos llamar el mercado de la com-
petición de la vela a nivel mundial, varias regiones
del mundo fueron desarrollando reglas específicas.
Hasta el punto que hoy en día, las reglas son regula-
das y administradas por las autoridades nacionales
de cada país o conjunto de estados. No es descabe-
llado pensar en el extremo de que cada club tenga
su propia regla de competición.
Existe otro motivo que explica esta proliferación
de organismos que se erigen como administradores
de una regla de competición particular. Y consiste
en la aceptación de que para poder participar en
una regata administrada bajo una determinada re-
gla de competición cada barco participante debe es-
tar en posesión de un certificado de acuerdo con esa
determinada regla. Certificado que tiene un coste y
que es preciso renovar periódicamente, aunque el
barco no haya sufrido ninguna modificación. Esta
situación está llegando a extremos indeseables, pues
se ha visto en la última década una drástica reduc-
ción en el número de embarcaciones participantes
en regatas abiertas a barcos distintos entre sí. Por
lo que se está perdiendo una gran oportunidad de
mercado.
La esperanza que trae la ciencia es poder unir
los intereses de los propietarios de barcos que quie-
ren competir entre sí aunque tengan barcos distin-
tos, y el irrefrenable avance tecnológico de los dise-
ños de barcos. Conseguir este objetivo es hacerlo sin
por ello generar oportunidad para situaciones ab-
surdas, pues no es nunca el objetivo de la ciencia
producir un absurdo. Por lo tanto, a diferencia de
2DeBord et al. [59, p. 4] explican de manera concisa cómo se
puede producir esta paradoja en su artículo sobre los diseños en
la Copa del América y la regla IACC.
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sailing —besides being applied to the elite
competition— is absolutely necessary in order
to compete at amateur level. This peculiar-
ity happens because the yachts (the required
equipment to practice the sport) has an eco-
nomic cost that surpasses in several orders of
magnitude the cost of the equipment necessary
in the majority of sports. Science makes the
promise to make comparable boats that per-
form differently and therefore make it possi-
ble to evaluate the sportsman minimizing the
differences established by the equipment. The
present thesis attempts to bring just some of
the elements that can be necessary in order for
science to fulfill its promise.
la gran mayoría de deportes, en los que la aplica-
ción de alta tecnología solo se justifica para la prác-
tica de la competición de élite; en el deporte de la
vela la alta tecnología —además de aplicarse en la
competición de élite— es imprescindible para poder
practicar la competición a nivel amateur. Esta pecu-
liaridad es debida a que los barcos (el equipamiento
necesario para la práctica de la vela) tienen un coste
económico que supera en varios órdenes de magni-
tud al equipamiento necesario en la mayoría de los
deportes. La ciencia nos ofrece la promesa de hacer
comparables barcos que rinden distintamente y por
lo tanto poder valorar al deportista minimizando
las diferencias debidas al equipamiento. La presen-
te tesis pretende aportar solo algunas de las piezas
que pueden ser necesarias para que la ciencia cum-
pla su promesa.

Chapter 2
Objectives Objetivos
IN ORDER TO RESPOND TO THE MOTIVATIONSset forth in chapter 1 and state the objectives
of this thesis, let’s analyze which are the com-
putational tools (capabilities) needed to increase
the level of detail in the simulation and enable
a further understanding and analysis of the
response of sailboats. An enumeration of some of
them follows:
• Dynamic simulation of membranes in 3D
– Large displacements non-linear theory.
– Orthotropic materials model.
• Dynamic simulation of shells in 3D
– Large displacements non-linear theory.
– Large strains non-linear theory.
– Anisotropic laminated composite mate-
rials model.
– Assign the principal directions of the
material properties.
• Dynamic simulation of beams in 3D
– Large displacements non-linear theory.
– Large strains non-linear theory.
– Anisotropic laminated composite mate-
rials model.
• Dynamic simulation of cables in 3D
– Large displacements non-linear theory.
– Non-linear materials model.
• Dynamic simulation of 3D fluids
PARA PODER DAR RESPUESTA A LAS MOTIVACIONESexpuestas en el capítulo 1 y enunciar los objetivos
de la presente tesis, veamos qué herramientas compu-
tacionales (capacidades) se precisan para simular con
un nivel de detalle que permita dar un paso más allá
en el análisis y comprensión del comportamiento de
barcos de vela. A continuación se enumeran algunas
de ellas:
• Simulación dinámica de membranas en 3D
– Teoría no lineal con grandes desplazamien-
tos.
– Modelo de materiales ortótropos.
• Simulación dinámica de láminas en 3D
– Teoría no lineal con grandes desplazamien-
tos.
– Teoría no lineal con grandes deformaciones.
– Modelo de materiales laminares compues-
tos anisótropos.
– Asignación de direcciones principales.
• Simulación dinámica de vigas en 3D
– Teoría no lineal con grandes desplazamien-
tos.
– Teoría no lineal con grandes deformaciones.
– Modelo de materiales compuestos lamina-
res anisótropos.
• Simulación dinámica de cables en 3D
– Teoría no lineal con grandes desplazamien-
tos.
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– Non compressible Newtonian fluids.
– Free surface problem.
• Fluid-Structure interaction
– Strong coupling Air  Boat  Water.
– Coupling interfaces in 3D.
– Large deformations of the fluid mesh.
• Dynamic control of the boat
– Equilibrium with several degrees of
freedom to satisfy both static or dy-
namic conditions.
• Parallel computing
– Preferably implemented in shared
memory (OpenMP protocol).
• Sailboats singularities
– The boat is a prestressed structure,
and thus it is necessary to reproduce
the different states of prestress of the
structure imposing the compatibility of
uncoupled relative displacements.
* Loading of the spars and stand-
ing rigging (tensioning of stays and
shrouds).
* Setting the battens (compatibility
of the batten geometry with that of
its bag in the sail).
* Hoisting the sails (compatibility of
the geometry of the sail with that
of the spars).
* Trimming the rig: sheets, vang,
outhaul, downhaul, etc.
Appendix A presents succinctly the evolution
of the use of numerical methods in the calculation
and design of high performance sailboats; while
also signaling the principal tools used by the in-
dustry. Undoubtedly the argument of this histor-
ical review uses the America’s Cup as a backdrop,
although the author uses also other top level ref-
erences to enrich the argument with a particu-
lar point of view like the ocean going round-the-
world regattas and the advances of the industrial
leaders in the field.
– Modelo de materiales no lineales.
• Simulación dinámica de fluidos en 3D
– Fluidos newtonianos no compresibles.
– Problema de superficie libre.
• Interacción Fluido-Estructura
– Acoplamiento fuerte Aire  Barco  Agua.
– Interfases de acoplamiento en 3D.
– Grandes deformaciones de la malla del flui-
do.
• Control dinámico del barco
– Equilibrio de varios grados de libertad pa-
ra satisfacer restricciones estáticas o diná-
micas.
• Cálculo en paralelo
– Preferiblemente en memoria compartida
(protocolo OpenMP).
• Singularidades de los barcos de vela
– El barco es una estructura pretensada, y
por ello es preciso reproducir los distin-
tos estados de pretensado de la estructura
mediante la compatibilización de desplaza-
mientos relativos desacoplados.
* Puesta en carga de la jarcia (tensado de
estayes y obenques).
* Colocación de sables forzados (compati-
bilización de la geometría del sable con
la de su funda en la vela).
* Izado de las velas (compatibilización de
la geometría de la vela con la geometría
de la arboladura).
* Trimado del aparejo. Cazado de esco-
tas, contra, pajarín, cunningham, etc.
El apéndice A presenta sucintamente cómo ha evo-
lucionado la presencia de los métodos numéricos en
el cálculo y diseño de veleros de competición; al tiem-
po que indica las principales herramientas usadas en
la industria. El hilo conductor de esta revisión es sin
lugar a dudas la Copa América, aunque también se
usan otras referencias de primer nivel que enriquecen
el punto de vista como las competiciones oceánicas de
vuelta al mundo y los avances de los líderes industria-
les del sector.
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2.1 Narrowing down the objective Focalizando el objetivo
In view of the introductory list of the necessary
capabilities and the review of the technologies
used nowadays by sailboat designers, there is a
need to concentrate the efforts in order to develop
those which are particularly relevant to improve
the calculation tools for sailboats. Therefore let’s
divide the complex system which is a sailboat into
3 large subsystems from the computational me-
chanics point of view:
Structure: comprising all the solid resisting el-
ements in the boat, including the hull, the
appendages, the spars, the sails and the
standing rigging.
Fluid: comprising both the liquid medium (wa-
ter) on which the boat floats and the
gaseous medium which propels it (air).
Fluid-Structure interface: is the part that
needs to be accounted for from a compu-
tational mechanics point of view when the
system is solved tackling its parts sepa-
rately. This technique is more efficient in
general, but implies some difficulties that
need to be solved.
A la vista de la enumeración anterior de capacida-
des necesarias, es preciso concentrar los esfuerzos para
desarrollar aquellas que resultan especialmente rele-
vantes para mejorar las herramientas de cálculo de
barcos de vela. Es por ello que vamos a descomponer
el sistema complejo que representa un barco de vela
en 3 grandes subsistemas desde el punto de vista de la
mecánica computacional:
Estructura: que comprende todos los elementos só-
lidos resistentes en el barco, incluyendo el cas-
co, los apéndices, la arboladura, el velamen y el
aparejo.
Fluido: que contempla tanto el medio líquido (agua)
en el que se soporta la embarcación como el me-
dio gaseoso que lo propulsa (aire).
Interfase Fluido-Estructura: es la parte que es
preciso tener en cuenta desde un punto de vista
de la mecánica computacional cuando se resuel-
ve el sistema abordando sus partes separadas.
Esta técnica es por lo general más eficiente, pero
tiene algunos inconvenientes que es preciso resol-
ver.
The reader will notice that the list above ex-
pressly omits some of the capabilities listed in the
beginning; like for example the dynamic control
of the boat. The capabilities included in the list in
the introduction of the present chapter represent
beyond any doubt the ensemble of my scientific
ambitions in the field of computational mechan-
ics at the moment of starting my academic career
(without becoming limited by them), but it would
be unrealistic to imagine that all of them are at-
tainable in the framework of a doctoral thesis. In
fact, I look forward at progressing in my career
solving consecutively the various challenges set
forth in this introduction.
Specifically, in this thesis I have set the fo-
cus on the first of the three great subsystems de-
scribed in the previous section: the structure.
The reason for setting aside the subsystem
representing the fluid is that it is a field under
very quick development within the international
computational mechanics community. Including
this topic in a doctoral thesis would imply imme-
Se puede apreciar que en esta clasificación hemos
omitido expresamente algunas de las capacidades lis-
tadas en un principio como por ejemplo el control di-
námico del barco. Las capacidades listadas en la in-
troducción de este capítulo representan sin duda al-
guna el conjunto de mis ambiciones científicas en el
campo de la mecánica computacional en el momen-
to de abordar mi carrera académica (sin limitarme a
ellas), pero sería poco realista asumir que todas ellas
son alcanzables en el marco de una tesis doctoral. De
hecho, confío poder continuar mi carrera académica
resolviendo de manera consecutiva los distintos retos
planteados en esta introducción.
Específicamente en esta tesis me he centrado úni-
camente en el primero de los tres grandes subsistemas
descritos en el punto anterior: la estructura.
El motivo para dejar a un lado el subsistema que
representa el fluido es que se trata de un campo en
muy rápido desarrollo en la comunidad de la mecá-
nica computacional a nivel mundial, e incorporar es-
ta temática en una tesis doctoral implicaría inmedia-
tamente dedicar la totalidad de la tesis a este tema.
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Table 2.1: Summary of tools and technologies used in the industry to simulate sailboats.
Subsystem
Subsistema
Part
Parte
Capabilities needed
Capacidades requeridas
Computational tools used
Herramientas computacionales utilizadas
Structure
Hull
Static and dynamic simulation of shells.
Small displacements.
Linear theory.
Fairly well solved using
Reissner-Mindlin-type elements.
This implies using rotational degrees of
freedom.
Rotation-free elements haven’t reached yet
the same level of maturity as elements
with rotations.
Spars
Static and dynamic simulation of
beams and cables.
Small displacements.
Linear theory.
Sails
Static and dynamic simulation of
shells and membranes.
Large displacements.
Non-linear theory.
MemBrainTM (only for membranes
and only dynamic).
There aren’t computational tools
to simulate sails as shells.
Fluid
Air Potential flow for upwind,Navier-Stokes for other cases.
FlowTM, FLUENTTM, etc.
Very good existing solvers from
the aeronautical industry.
Water Navier-Stokes equations,free surface.
Panel solvers, FEM solvers
(potential flow and RANS). For example:
FANSTM, FLUENTTM, SplashTM, etc.
Fluid-
Structure
interaction
Air
⇵
Boat
Strong coupling
and mesh deformation.
In order to improve coupling it is
desirable to use the same kinematic
variables =⇒ no rotations.
Structure decomposition:
rig separated from hull and
considered fix in air flow.
Boat
⇵
Water
Structure decomposition:
hull separated from rig and
considered fix in the water.
Air
⇵
Boat
⇵
Water
Results from AirBoat
and BoatWater tabulated
and entered as input for
VPP model and equilibrium obtained
for 3 or 4 degrees of freedom.
diately concentrate all the efforts to this topic.
Moreover, the thesis would necessarily concen-
trate on some very specific aspect of fluid com-
putational mechanics, and this is not the spirit of
this research work. For that reason, on anything
related to the solution of the fluid domain of the
problem, I will rely on previous methods already
implemented in existing computational codes.
Likewise, improving the fluid-structure inter-
action algorithms requires a research work that
falls outside of the scope of this thesis. However,
the research conducted within the thesis includes
Además, la tesis se enfocaría necesariamente en algún
aspecto muy particular de la mecánica computacional
de fluidos, cosa que no es el espíritu de este trabajo. Por
ello, en todo lo que hace referencia a la resolución del
dominio fluido del problema, me apoyaré en métodos
previos y ya implementados en códigos computaciona-
les existentes.
Del mismo modo, la mejora de los algoritmos de in-
teracción fluido-estructura requiere de un trabajo de
investigación y desarrollo que queda fuera del alcan-
ce de la presente tesis. Sin embargo, la investigación
realizada incluye aspectos que pueden ser aprovecha-
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some aspects that can be used to improve the sim-
ulation algorithms where the geometry smooth-
ness is important for a correct solution of the
fluid-structure interaction smoothness.
2.2 Rotation-Free Elemento de Lámina Delgada
Thin Shell Element sin Rotaciones
Structure-wise, in the previous pages the author
has pinpointed different kinds of structural typol-
ogy: membranes, shells, beams and cables. Out
of these types of structural typologies this thesis
focuses on shells; more precisely on thin shells.
The argument for this election is two-fold. On
the one side, the one-dimensional typologies such
as beams and cables as well as the typology of
membranes have been continuously thoroughly
studied and it’s fair to say that satisfactory solu-
tions have been achieved in all cases. The imple-
mentations considering the non-linear theory of
large strains/displacements or anisotropic mate-
rials aren’t anything more than that: implemen-
tations. Their corresponding methodology has
been widely developed and its inclusion in a doc-
toral research work would not be justified. On
the other side, shells are prominently used in the
construction technology of sailboats. A detailed
justification of this statement is presented in sec-
tion 1.1. Therefore, the selection of the shells
structural typology as the object of study of the
present thesis is supported by both scientific ob-
jectives and technological objectives.
The selection of the thin shells subtypology re-
sponds to the challenge presented by the sails of
boats. In many cases involving composite lami-
nated materials, there is agreement that the shell
needs to be analyzed under the Reissner-Mindlin
assumptions (see section 3.2.2). In other words,
the shear strain is not negligible. This is why
it is questionable to use the thin shells theory
to analyze the structural response of the other
structural elements of the boat built with com-
posite laminated materials. There will be cases
where the Kirchhoff-Love hypotheses suffice, and
there will be cases where the Reissner-Mindlin
hypotheses are needed.
Therefore, a specific objective of this thesis
consists in developing a versatile thin shell el-
ement. The author focuses on the rotation-free
bles en la mejora de los algoritmos de simulación en
los que la suavidad geométrica puede ser capital para
la correcta resolución de los problemas de interacción
fluido-estructura.
Por lo que respecta a la estructura, en las páginas an-
teriores se han distinguido varias tipologías estructu-
rales: membranas, láminas, vigas y cables. De todas
ellas, esta tesis se centra en la tipología estructural de
láminas; y más concretamente en las láminas delga-
das. El motivo de esta elección es doble. Por un lado las
tipologías unidimensionales de viga y cable así como
la tipología de membranas han sido objeto intenso de
estudio de manera continuada y se puede considerar
que se han alcanzado soluciones muy satisfactorias
en todos los casos. Las implementaciones con teoría
no lineal de grandes deformaciones/desplazamientos
o con materiales no isótropos no son más que eso: im-
plementaciones. La metodología para las cuales ha si-
do ampliamente desarrollada y no se justificaría su
inclusión en un trabajo de investigación doctoral. Por
otro lado las láminas tienen una destacada presen-
cia en la tecnología de construcción de barcos a vela.
Desarrollo una justificación detallada de esta afirma-
ción en el apartado 1.1. Por lo tanto, se puede afirmar
que la elección de la tipología de láminas como obje-
to de estudio específico de esta tesis es a la vez una
elección motivada por objetivos científicos y objetivos
tecnológicos.
La elección de la subtipología de láminas delgadas
responde al reto que supone el cálculo de las velas de
los barcos. En el caso de materiales compuestos lami-
nados, en muchos casos se considera que es necesario
analizar las láminas bajo las hipótesis de Reissner-
Mindlin (ver apartado 3.2.2). Es decir, que la deforma-
ción por cortante no es despreciable. Por ello, la cons-
trucción de los otros elementos estructurales del barco
con laminados de materiales compuestos pone en du-
da la idoneidad de la teoría de láminas delgadas para
analizar la respuesta estructural de dichos elementos.
Habrá casos en los que las hipótesis de Kirchhoff-Love
sean suficientes, y habrá otros casos en los que sea pre-
ciso recurrir a las hipótesis de Reissner-Mindlin.
Por todo lo anterior, un objetivo específico de esta
tesis doctoral consiste en el desarrollo de un elemen-
to de lámina delgada versátil. Nos concentraremos en
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shell elements kind. This new rotation-free thin
shell element shall permit to include the par-
allel advances being made by other CIMNE re-
searchers (professor Eugenio Oñate and profes-
sor Francisco Zárate [145]) on a new general
framework to complement the rotation-free shell
elements with the rotation variables enabling the
reproduction of the thick shell theory by Reissner
and Mindlin.
One of the main advantages of the rotation-
free shell elements is their natural combination
with solid elements. Moreover, the rotation vari-
ables lack the additive property, which makes
their use in non-linear theory with large strains
and large displacements very difficult.
The present thesis will attempt to solve the
following challenges posed by rotation-free thin
shell elements:
• To guarantee the accuracy of the membrane
response of the element.
• To prevent the dependency of curvature
computation on mesh distortion.
• To design the element as simple as possible
in order to limit the stiffness matrix band-
width.
• To simplify the application of boundary con-
ditions.
2.3 Summary Sumario
This chapter has listed the computational tools
(capabilities) needed to increase the level of de-
tail in the simulation and enable a further un-
derstanding of the response of sailboats. It then
narrows down on the computational mechanics
domains affected by the sailboat problem (struc-
ture, fluid and fluid-structure interface). And
starts taking apart the components of the me-
chanical problem. The author takes advantage of
this segmented viewpoint of the boat to analyze
which are the current tools in use by the industry
and whether there is room for improvement. The
reader can find an explanation on the evolution
and actual use of all these tools in appendix A.
The author justifies that it is worthwhile to focus
the efforts of the thesis on the structure system
la tipología de los elementos de lámina sin rotaciones.
Dicho elemento de lámina delgada sin rotaciones de-
berá poder incorporar los avances que se están reali-
zando en paralelo por otros investigadores de CIMNE
(el profesor Eugenio Oñate y el profesor Francisco Zá-
rate [145]) en el desarrollo de un marco general para
complementar elementos de lámina sin rotaciones con
las variables de rotación que les permita reproducir la
teoría de láminas gruesas de Reissner y Mindlin.
Una de las ventajas que presentan los elementos
de lámina sin rotaciones es que se pueden combinar
de manera natural con elementos de sólido. Además,
las rotaciones carecen de la propiedad aditiva, por lo
que su tratamiento en teoría no-lineal con grandes de-
formaciones y grandes desplazamientos se hace suma-
mente complicado.
La presente tesis pretende resolver los siguientes
retos que presentan los elementos de lámina sin rota-
ciones:
• Garantizar la precisión de la respuesta membra-
nal del elemento.
• Evitar la dependencia del cálculo de la curvatu-
ra respecto de la distorsión de la malla.
• Diseñar el elemento lo más simple posible para
limitar el ancho de banda de la matriz.
• Simplificar la aplicación de las condiciones de
contorno.
Este capítulo ha enumerado la lista de las herramien-
tas computacionales (capacidades) necesarias para si-
mular barcos de vela con un nivel de detalle que per-
mita dar un paso más allá en el análisis y compren-
sión de su comportamiento. A continuación cierra el
foco para centrarse únicamente en los aspectos relati-
vos a los dominios de la mecánica computacional del
problema del barco de vela (estructura, fluido e inter-
fase fluido-estructura). Y procede a descomponer los
componentes del problema mecánico. El autor apro-
vecha esta visión segmentada del barco de vela para
determinar qué herramientas de análisis usa actual-
mente la industria y si existe margen para mejorarlas.
Se puede encontrar una explicación sobre el estado de
la técnica de todas estas herramientas en el apéndi-
ce A. El autor justifica que es pertinente centrar los
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of the boat. And more specifically on developing a
new rotation-free thin shell element. The reasons
are two-fold:
Firstly, because there’s a need to analyze sails
as shells under non-linear assumptions of large
strains/displacements. And secondly, because the
use of this technology can subsequently be used
broadly in the structural analysis of the sailboat.
The new rotation-free thin shell finite element
shall comply with the following requirements:
• Non-linear theory for large displacements
• Non-linear theory for large strains
• Transient dynamic analysis
• Account for the intense use of anisotropic
materials
• Interact naturally with the CFD analysis
esfuerzos de la tesis en el sistema de la estructura del
barco de vela. Y en particular en desarrollar un nue-
vo elemento finito de lámina delgada sin rotaciones.
Para ello se esgrimen dos motivos:
En primer lugar, por la necesidad de analizar las
velas como láminas en condiciones de no-linealidad y
asumiendo grandes deformaciones/desplazamientos.
Y en segundo lugar, porque el uso de esta tecnología se
puede aplicar posteriormente al análisis general de la
estructura del barco de vela.
El nuevo elemento finito de lámina delgada sin ro-
taciones debería cumplir los siguientes requisitos:
• Teoría no-lineal para grandes desplazamientos.
• Teoría no-lineal para grandes deformaciones.
• Análisis dinámico transitorio.
• Considerar el uso intenso de materiales anisó-
tropos.
• Interactuar naturalmente con los análisis CFD.

Chapter 3
State of the Art Estado del Arte
IN THIS CHAPTER we will review the state ofthe art regarding the calculation technolo-
gies for thin shell structures. Thin shell struc-
tures are, as we have justified in section 1.1 the
most relevant type for the analysis of the struc-
tural behavior of the elements of a sailboat. We
have already reviewed in appendix A the state
of practice regarding the use of computer pro-
grams in the industry to calculate sailboats;
both on what relates the sails and on what re-
lates the hulls.
Section 3.1 introduces the different ap-
proaches employed to tackle the computation
of sails using various computational strategies.
Section 3.2 uses a very brief description of the
mechanical characteristics of thin shells to sup-
port a short list of advantages and disadvan-
tages of the elements based on the Kirchhoff-
Love theory with respect those based on the
Reissner-Mindlin theory for the analysis of thin
shells. The main recent research lines based
on the use of rotation-free elements to analyze
thin shells under the Kirchhoff-Love assump-
tions are also introduced.
3.1 Academic approaches to Enfoques académicos de la
computer simulation of sails simulación de velas por computador
It’s important referring to the works of the dif-
ferent schools of thought that have tackled the
problem of simulating sails. The most simple
modeling of sails is presented by Le Maître,
Souza de Cursi and Huberson in [78]. It con-
sists on first meshing the sail surface and then
taking into account only the edges of the ele-
EN EL PRESENTE CAPÍTULO revisaremos el esta-do del arte en cuanto a la tecnología de cálculo
de estructuras laminares delgadas que como hemos
justificado en la apartado 1.1 es la más relevante
para el cálculo estructural de los componentes de un
velero. Ya hemos revisado también en la apéndice A
el estado de la práctica relativo al uso de programas
en la industria para el cálculo de veleros, tanto en
lo que concierne a las velas como en lo que concierne
a los cascos.
El apartado 3.1 presenta los enfoques que
abordan el cálculo de velas usando distintas
estrategias computacionales. Basándose en una bre-
vísima descripción de las características mecánicas
de las estructuras de lámina, en el apartado 3.2 se
incluye una breve relación de las ventajas y des-
ventajas de los elementos basados en la teoría de
Kirchhoff-Love frente a aquellos basados en la teo-
ría de Reissner-Mindlin para analizar láminas del-
gadas y se comentan las principales líneas de in-
vestigación recientes que emplean elementos sin ro-
taciones para analizar láminas delgadas bajo las
hipótesis de Kirchhoff-Love.
Es importante hacer referencia al trabajo de las dis-
tintas escuelas de pensamiento que han abordado el
problema de simular las velas de los barcos. La mo-
delización más simplificada de velas de barcos la
presentan Le Maître, Souza de Cursi y Huberson en
[78], y consiste en mallar primero la superficie de
la vela y a continuación considerar únicamente las
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ments in the mesh. Thus modeling them as
elastic chords articulated in every node.
An evolution of this method presented by
Charvet, Hauville and Huberson [23] consists
on dividing the sail response in 2 different
steps. The first step is used to find a start-
ing geometry of the sail that balances the wind
pressures. In this first step there is the as-
sumption that the sail tissue has no bending
resistance and cannot stretch. The structural
response is computed in the second step obtain-
ing the sail deformations using a shell model.
This method is very similar to the one devel-
oped by Ubach in [133] and is summarized in
section 1.4 on page 3.
An original contribution for sail analysis
was made by Pérez del Castillo and García in
[21]. Their method consists on considering the
structural response of a sail modeled as a mem-
brane [123] as an energy minimization prob-
lem. And for that they solve the system of equa-
tions using an optimization method. This ap-
proach is also used by Ortigosa in her PhD the-
sis (see [5] and its references) and in the paper
by García, Ortigosa and Fernandez [46].
The problem of membrane simulation, and
in particular the phenomenon of wrinkling, is
studied in depth by Rossi, Lazzari, Vitaliani
and Oñate in [111]. However, wrinkling mod-
eling in membranes results in a smooth simu-
lated geometry instead of a wrinkled one. That
is because the model simulates the effect of the
wrinkle on the overall shape of the membrane
as argue Razenbach and Xu [106]. Another
kind of sails, solar sails, do require a detailed
analysis of the wrinkles formed in the mirror.
Tessler, Sleight and Wang [125] proceed to sim-
ulate solar sails modeling them as shells in or-
der to capture their wrinkling behavior.
Finally, scientists from Southampton Uni-
versity and INRIA (France) have also sug-
gested recently the need to model the sails of
boats as thin shells [128].
With respect to shell analysis, a short re-
view of the calculation methods of both shells
and membranes was written by Valdés in [134].
For more thorough reviews the author recom-
mends the books by Zienkiewicz and Taylor
[144] and by Oñate [93]. Some authors have
done reviews from a historical viewpoint; that’s
aristas de los elementos de la malla; modelizándo-
las como cuerdas elásticas articuladas en todos los
nodos.
Una evolución de este método y propuesto por
Charvet, Hauville y Huberson [23] consiste en divi-
dir la respuesta de la vela en 2 partes diferenciadas.
En un primer paso se calcula una forma inicial de
la geometría de la vela que equilibra las presiones
ejercidas por el viento. En este primer paso se con-
sidera que el tejido de la vela no tiene resistencia
a flexión y que es inextensible. En un segundo paso
se calcula la respuesta estructural en deformacio-
nes de la vela a partir de un modelo de lámina. Este
enfoque es muy similar al que desarrolló Ubach en
[133] que se resume en el apartado 1.4 en la pági-
na 3.
Una propuesta original para el cálculo de velas
la hacen Pérez del Castillo y García en [21]. La pro-
puesta consiste en considerar la respuesta estructu-
ral de la vela modelizada como membrana [123] co-
mo un problema de minimización de energía y para
ello resolver las ecuaciones mediante un método de
optimización. Este enfoque también lo utiliza Orti-
gosa en su tesis doctoral (véase [5] y sus referencias)
y en el artículo publicado por García, Ortigosa y
Fernández [46].
El problema de resolución del cálculo de mem-
branas, y en particular del tratamiento de las arru-
gas, está tratado en profundidad por Rossi, Lazzari,
Vitaliani y Oñate en [111]. A pesar de todo, la mode-
lización de las arrugas en una membrana conduce
a una solución suave de la geometría en vez de una
geometría arrugada. Ello se debe a que el modelo
de arrugas simula el efecto que tiene la arruga so-
bre la geometría global de la membrana, tal y como
explican Razenbach y Xu [106]. Tenemos que irnos
a otro tipo de velas, las velas solares, para encontrar
simulaciones que capturen el detalle de las arrugas
que se forman en el espejo. Para conseguirlo, Tess-
ler, Sleight y Wang [125] analizan las velas solares
como láminas.
Finalmente, científicos en la Universidad de
Southampton y en el INRIA (Francia) han propues-
to también recientemente la necesidad de calcular
las velas de barcos directamente como láminas del-
gadas [128].
En lo que respecta al cálculo de láminas, una
breve revisión de métodos de cálculo tanto de lámi-
nas como de membranas fue realizada por Valdés
en [134]. Para revisiones más exhaustivas se reco-
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the case of Stolarski et al. [121], MacNeal [73],
Yang et al. [141] and Gal and Levy [45].
3.2 Thin shell finite elements Elementos finitos de lámina delgada
The need for modeling sails as thin shell struc-
tures has been discussed in detail in chapters 1
and 2. Next we will review briefly what are
the finite element methods developed to per-
form this kind of calculations, but before that
the reader needs to understand the nature of
shells as structural elements and how they re-
spond to external loads.
3.2.1 Mechanic response of a shell Respuesta mecánica de una lámina
Shells are a structural typology which dif-
fers significantly from the most common struc-
tures we are used to see (and thus to under-
stand). The primadonna of structures as called
by Ramm [103, 104], shells combine in a unique
way the possibility of resisting axial stresses as
well as bending moments while spanning sur-
faces of arbitrary shape. There are many clas-
sical treaties on the mechanics and theory of
shells. Therefore, it is not in the scope of this
thesis to cover those contents. I will here just
pinpoint the main traits that are relevant for
understanding the mechanics and kinematics
of shells in order to design a finite element suc-
cessfully.
A shell can be defined as a structure in
which one dimension is much smaller than the
other two and which can exhibit [double] cur-
vature. Considering the section of the surface,
a shell can exhibit a membrane-like load carry-
ing mechanism. That is, the shell will oppose
a resistance to exterior forces acting aligned to
the midsurface of the shell. Also, it can resist
external moments acting on the shell’s midsur-
face via a non-uniform distribution of stresses
across the thickness (bending/plate-like load
carrying mechanism). As for external moments
orthogonal to the shell’s midsurface, the shell
resists exhibiting in-plane shear stresses. Fi-
nally, regarding forces perpendicular to the
miendan los libros de Zienkiewicz y Taylor [144] y
de Oñate [93]. Autores que han realizado distintas
revisiones desde una perspectiva histórica son Sto-
larski et al. [121], MacNeal [73], Yang et al. [141] y
Gal y Levy [45].
En los capítulos 1 y 2 ya se trata en detalle la necesi-
dad de modelizar las velas como estructuras de lá-
mina delgada. A continuación vamos a revisar bre-
vemente los métodos de elementos finitos desarro-
llados para realizar cálculos de este tipo, pero antes
el lector debe entender la naturaleza de las láminas
en tanto que estructuras y como éstas responden a
cargas externas.
Las láminas representan un tipo de estructura que
se diferencia sustancialmente del resto de estructu-
ras que estamos acostumbrados a ver (y por consi-
guiente a entender). Ramm las llama la primadon-
na de las estructuras [103, 104], y es que las lámi-
nas combinan de manera única la posibilidad de
resistir tensiones en su plano y momentos flectores;
al tiempo que cubren superficies con formas arbitra-
rias. Existen varios tratados clásicos sobre la me-
cánica y teoría de láminas. Sin embargo no encaja
en el ámbito de esta tesis cubrir dichos contenidos.
Simplemente señalaré los aspectos principales que
son necesarios para entender la mecánica y cinemá-
tica de las láminas para así poder diseñar un ele-
mento finito con éxito.
Una lámina se define como una estructura en la
que una dimensión es mucho menor a las otras 2
y que puede manifestar curvatura [doble]. Si ana-
lizamos la sección de la superficie que representa
la lámina, ésta puede resistir cargas en su plano
(mecanismo resistente tipo-membrana). Es decir, la
lámina ofrece resistencia a fuerzas externas que ac-
túan alineadas a la superficie media de la lámina.
Pero la lámina también puede resistir momentos ex-
ternos actuando en la superficie media de la lámi-
na gracias a una distribución no-uniforme de las
tensiones a través del espesor (flexión/mecanismo
resistente tipo-placa). En lo que atañe a momentos
perpendiculares a la superficie media de la lámina,
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shell’s midsurface, these will generate a combi-
nation of in-plane axial stresses (uniform and
non-uniform) —activating both the membrane
and bending modes— according to the curva-
ture characteristics of the shell. All these re-
sisting mechanisms —and in particular their
combinations— a shell is capable of, confer
them with their highly regarded stiffness yet
lightness so valuable for structural engineers.
For a complete review (if anyone can ever
claim completeness in any given field of knowl-
edge) the reader can refer to the following ref-
erences:
Timoshenko [127]: Probably the most cited
book for classic analysis of plates and
shells.
Flügge [44]: This is another excellent book by
one of the most relevant engineers of the
fine tradition of German scholars.
Ventsel and Krauthammer [135]: For a
more contemporary publication focused
specifically on thin shells and containing
a wealth of information and references
to the historic understanding of shells, I
unreservedly recommend this work. This
encyclopædic effort cannot be thanked
enough by those students who want to dig
in the field of thin shell structures and
use a single point of reference to start
with.
3.2.2 A glimpse on the development Un vistazo rápido al desarrollo de
of thin shell finite elements elementos finitos de lámina delgada
Modern theories for thin shells are based on
Kirchhoff ’s hypothesis [65] for the kinematics
of plate bending and translated into shells by
Love [72]. Many theories refining or improving
those hypotheses have been formulated to solve
classical problems of shells. The Kirchhoff-Love
kinematic hypotheses for thin shells are:
la lámina los resiste en la forma de tensiones de cor-
tante en el plano. Y por último, en el caso de fuerzas
perpendiculares a la superficie media de la lámina,
estas fuerzas generarán una combinación de tensio-
nes axiales en el plano de la lámina (uniformes y
no-uniformes) —de manera que se activan los mo-
dos de membrana y de flexión de la lámina— según
las características de curvatura de la superficie de
la lámina. Son todos estos mecanismos resistentes
—y particularmente sus combinaciones—, los que
confieren a las láminas una gran rigidez aún a pe-
sar de su esbeltez. Esta es una característica suma-
mente apreciada por los ingenieros de estructuras.
Para una revisión completa (si es que alguien
puede hablar de completitud en cualquier campo
del conocimiento) el lector puede acudir a las si-
guientes referencias:
Timoshenko [127]: Se trata probablemente del li-
bro de mecánica clásica de placas y láminas
más citado de cuantos existen.
Flügge [44]: Este es otro libro excelente escrito por
uno de los ingenieros más relevantes de la
magnífica escuela alemana.
Ventsel y Krauthammer [135]: Para una publi-
cación más contemporánea, enfocada específi-
camente en láminas delgadas y que contiene
una cantidad ingente de información y refe-
rencias para la seguir la evolución histórica
de la comprensión de las láminas, recomien-
do sin ninguna reserva esta obra. Este esfuer-
zo enciclopédico no se puede agradecer lo su-
ficiente por parte de aquellos estudiantes que
deseen profundizar en el campo de las lámi-
nas delgadas y quieran usar un único punto
de referencia para empezar.
Las teorías modernas de láminas delgadas se desa-
rrollan a partir de las hipótesis de Kirchhoff [65]
sobre la cinemática de la flexión de placas y apli-
cadas por Love para láminas [72]. Han sido mu-
chos los autores que han aportado diversas teorías
que refinan y mejoran en uno u otro aspecto las teo-
rías para resolver problemas clásicos de láminas.
Las hipótesis cinemáticas de Kirchhoff-Love para
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• The thickness of the shell remains con-
stant after the deformation.
• A straight fiber perpendicular to the shell
midsurface remains straight after the de-
formation.
• A straight fiber perpendicular to the shell
midsurface remains perpendicular after
the deformation.
The first finite elements based on the
Kirchhoff-Love hypotheses for thin shells had
to face the challenge of maintaining C1 con-
tinuity across different elements. This condi-
tion arises from the need to compute the curva-
ture of the shell’s midsurface as this is essential
in order to reproduce the bending mode of the
shell. More precisely the challenge is to main-
tain G1 continuity, which is a relaxation over
C1, but still hard for finite elements to comply
across element boundaries. This condition re-
sulted in overly complex elements. A good ex-
ample is the tri-cubic triangle by Clough and
Tocher [27, 37, 73].
The use of the Reissner-Mindlin hypothe-
ses [81, 107, 108] soon gathered popularity
among those scholars developing new shell fi-
nite elements. Reissner developed a theory for
plates and shells dropping the third hypothesis
of those stated above. The objective is to try to
increase the range of validity of the theory also
for thick shells. It was clear that as the thick-
ness of the shell increases, the third hypoth-
esis is no longer valid. Translated into finite
elements, the Reissner-Mindlin hypotheses re-
quire to take into account the rotations of the
transverse fibers as additional degrees of free-
dom. But maybe the main reason for the popu-
larity of Reissner-Mindlin elements is that only
C0 continuity is required. However, the schol-
ars soon found out that using the Reissner-
Mindlin hypothesis had numerical drawbacks.
By including the rotations as independent de-
grees of freedom, the elements did not have
control over how much energy the shear mode
absorbs as the thickness tends to 0; leading
to what is known as shear locking1. Some of
1The reader can find a full chapter devoted to the dis-
cussion of shear locking and the advantages/disadvantages
of Reissner-Mindlin elements in [93].
láminas delgadas son las siguientes:
• El espesor de la lámina se mantiene constante
después de la deformación.
• Las fibras rectas y perpendiculares a la super-
ficie media de la lámina se mantienen rectas
después de la deformación.
• Las fibras rectas y perpendiculares a la super-
ficie media de la lámina se mantienen perpen-
diculares después de la deformación.
Los primeros desarrollos de elementos finitos
de lámina delgada basados en las hipótesis de
Kirchhoff-Love tenían que enfrentarse al desafío de
mantener continuidad C1 entre los elementos. Este
condicionante surge de la necesidad de calcular la
curvatura de la superficie media de la lámina; ya
que esta magnitud es esencial para reproducir el
modo de flexión de la lámina. Siendo más exactos,
el desafío consiste en mantener continuidad G1, que
es una relajación con respecto a la continuidad C1,
pero aún complicada de imponer por los elementos
finitos entre elementos. De hecho, este condicionante
dio lugar a elementos enormemente complejos. Un
buen ejemplo de ello es el elemento triangular tri-
cúbico de Clough y Tocher [27, 37, 73].
Ante esta dificultad los científicos que desarro-
llaban nuevos elementos de lámina popularizaron
rápidamente el uso de las hipótesis de Reissner-
Mindlin [81, 107, 108]. Reissner desarrolló una teo-
ría de placas y láminas en las que obviaba la tercera
de las hipótesis indicadas anteriormente. La inten-
ción de Reissner era aumentar el rango de validez
de la teoría para poder incluir láminas gruesas. Re-
sultaba evidente que a medida que aumentaba el
espesor de la lámina, la tercera hipótesis dejaba de
ser válida. Al trasladarlas a los elementos finitos,
las hipótesis de Reissner-Mindlin implican tomar
en cuenta las rotaciones de las fibras transversales
como nuevos grados de libertad. Pero la principal
razón por la que los elementos de Reissner-Mindlin
obtuvieron tanta popularidad fue seguramente por-
que ya no se requería continuidad C0. Sin embargo
los científicos pronto se percataron de que usar las
hipótesis de Reissner-Mindlin tenía efectos numéri-
cos indeseados. Al incluir las rotaciones como gra-
dos de libertad independientes, los elementos dejan
de discernir cuanta energía debe absorber el modo
de cortante a medida que el espesor tiende a 0; lo
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the strategies developed to overcome this prob-
lem are reduced [selective] integration and as-
sumed strain fields. Although these techniques
were thought initially to solve the shear lock-
ing problems, nowadays it is known that they
only partially alleviate the problem [35]. Be-
sides, there are many more challenges associ-
ated. For a complete historic review of the chal-
lenges and difficulties faced by scholars in the
development of shell finite elements, the follow-
ing references and the ones contained therein
are recommended: [73, 141]. It is important
to note that 50 years have passed by since the
development of the first shell finite elements.
Rotation-free elements as a resort Elementos sin rotaciones como recurso para
to develop thin shell elements desarrollar elementos de lámina delgada
Recently, the interest for using Kirchhoff-Love
hypotheses has picked-up with the advent of
rotation-free elements. Gärdsback and Tibert
offer a comparison of various elements of this
kind [49]. In their paper they discuss the ad-
vantages offered by the rotation-free shell el-
ements with respect to other families of thin
shell elements. The following are highlighted:
• Reduced number of degrees of freedom in
the model.
• As the span/thickness ratio increases, us-
ing rotation-free elements results in sys-
tem matrices with a lower condition num-
ber than if regular shell elements with ro-
tations were used.
• The same applies when the meshes are
refined.
• 3D rotations don’t have the commutative
property. Moreover, rotations are difficult
to derive for large displacements applica-
tions.
With respect to the disadvantages mentioned
in [49]:
• The precision of the membrane response
of the element becomes limited. This is
because the elements reviewed are using
que conduce a lo que se denomina bloqueo por cor-
tante1. Algunas de las estrategias que se aplicaron
para resolver este problema es la integración redu-
cida [selectiva] o los campos de deformación condi-
cionados. A pesar de que en un inicio se pensó que
estas técnicas servían para resolver los problemas
de bloqueo por cortante, hoy en día se sabe que sólo
sirven para aliviar el problema parcialmente [35]. A
parte, existen muchas otras dificultades asociadas.
Para una revisión histórica completa de los desafíos
confrontados y las dificultades encontradas por los
científicos que desarrollan elementos finitos de lá-
mina, el lector puede acudir a las siguientes referen-
cias y las contenidas en ellas: [73, 141]. Es oportuno
recordar que han pasado 50 años desde el desarro-
llo de los primeros elementos finitos de lámina.
Recientemente, el interés por la resolución adecua-
da de las láminas delgadas modelizadas con la teo-
ría de Kirchhoff-Love ha experimentado un resurgi-
miento con la aparición de los elementos sin rotacio-
nes. Gärdsback y Tibert ofrecen una comparación de
varios de estos métodos en [49]. En dicho artículo se
presentan las ventajas que ofrecen los elementos de
lámina delgada sin rotaciones frente a otras fami-
lias de elementos. De entre ellas destaco las siguien-
tes:
• Menos grados de libertad en el modelo.
• A medida que la relación de esbeltez de la lá-
mina se acentúa, la aplicación de los elemen-
tos de lámina sin rotaciones resulta en siste-
mas matriciales mejor condicionados que si
aplicamos elementos con grados de libertad de
rotaciones.
• Sucede lo mismo a medida que se refinan las
mallas de cálculo.
• Las rotaciones carecen de la propiedad con-
mutativa en el espacio 3D. Más aún, en aplica-
ciones con grandes desplazamientos, las gran-
des rotaciones son difíciles de derivar.
1El lector encontrará un capítulo entero dedicado al tema
del bloqueo por cortante y las ventajas en inconvenientes de los
elementos de Reissner-Mindlin en [93].
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low order interpolations to describe the
membrane kinematics.
• The computation of the curvature of the
element is sensible to mesh distortion.
• The bandwidth of the stiffness matrix in-
creases because now the connectivities
are increased in order to compute the cur-
vatures.
• Connecting rotation-free elements to
other element typologies is not always
trivial.
The present thesis tackles and tries to solve the
problems encountered by Gärdsback and Tib-
ert, and other additional issues found in pre-
vious efforts (i.e. simplifying the application
of boundary conditions, which may be cumber-
some in some cases [142]).
Aside from the family of rotation-free shell
elements developed by Oñate et al. [41, 95,
96] other element families are cited in the ref-
erences of [49]. In fact, there are not many
rotation-free shell elements in the literature.
And very few have been applied for geomet-
rically nonlinear problems. The reader is re-
ferred on the one side to the works by Gärds-
back and Tibert [49], Zhou and Sze [142], Lin-
hard et al. [71], and Oñate, Flores and Zárate
[41, 95, 96] and references therein. On the
other side, Cirak, Ortiz et al. [24] have devel-
oped a new paradigm to simulate rotation-free
shells. This paradigm is based on the applica-
tion of developments in the field of computer
graphics, so that mesh subdivision algorithms
are used to obtain new meshes suitable to inter-
polate a cubic function in regular patches of el-
ements. Finally, a new trend with a broad sup-
port has emerged from the group led by T.J.R.
Hughes based on the paradigm of isogeometric
analysis [56]. The first application of the iso-
geometric analysis to the simulation of shells
is the one by Benson [11] using the Reissner-
Mindlin hypotheses. However, a great advan-
tage of the isogeometric analysis is the possibil-
ity of representing the geometry with C∞ conti-
nuity. Therefore, it should now be possible to
achieve C1 continuity in the geometric repre-
sentation of shells and use the Kirchhoff-Love
En cuanto a las desventajas que se anuncian en
[49]:
• Limitación de la precisión a la precisión de la
parte membranal del elemento. Esto se debe a
que los elementos revisados usan interpolacio-
nes de bajo orden para describir la cinemática
asociada al modo de membrana.
• Sensibilidad a la distorsión de la malla para
la parte de flexión del elemento.
• Aumenta el ancho de banda de la matriz de ri-
gidez debido a que para calcular las curvatu-
ras es preciso incrementar las conectividades.
• La conexión de los elementos de lámina sin
rotaciones a otras tipologías de elementos no
siempre es trivial.
En la presente tesis se procura resolver o minimizar
los inconvenientes encontrados por Gärdsback y Ti-
bert y otros inconvenientes encontrados en trabajos
anteriores, como por ejemplo simplificar la aplica-
ción de las condiciones de contorno, que puede ser
rebuscado en algunos casos [142]).
Aparte de la familia de elementos de lámina sin
rotaciones desarrollada por Oñate y colaboradores
[41, 95, 96] se pueden encontrar otras familias de
elementos en las referencias de [49]. Aunque de he-
cho no existen muchos elementos de lámina sin ro-
taciones en la literatura. Y de ellos, muy pocos se
han llevado a problemas geométricamente no linea-
les. El lector puede acudir por un lado a los traba-
jos de: Gärdsback y Tibert [49], Zhou y Sze [142],
Linhard, Wüchner y Bletzinger [71], Oñate, Flores
y Zárate [41, 95, 96] y las referencias contenidas en
ellos. Y por otro lado Cirak, Ortiz y otros colabora-
dores han desarrollado un nuevo paradigma para
el cálculo de láminas sin rotaciones [24]. Este pa-
radigma se basa en aplicar desarrollos propios del
campo de la gráfica computacional, de modo que
usando algoritmos de subdivisión de mallas se ob-
tienen nuevas mallas que son útiles para interpo-
lar una función cúbica sobre parcelas regulares de
elementos. Finalmente, otra nueva tendencia surge
desde el grupo liderado por Tomas J.R. Hughes y
que cuenta con un seguimiento muy amplio. La idea
consiste en el paradigma del análisis isogeométri-
co [56]. La primera aplicación del análisis isogeo-
métrico a la simulación de lámina es la realizada
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assumptions. The first group to achieve it are
Kiendl, Bletzinger et al. [63]. However, philo-
sophical issues with isogeometric analysis re-
main still unsettled. For example, there is not
a direct way to apply boundary conditions on
boundaries defined by trimmed surfaces [102].
A more in depth review of the rotation-free el-
ements with their advantages and disadvan-
tages is provided in section 4.1.1.
por Benson [11] utilizando las hipótesis de Reissner-
Mindlin. No obstante, una de las grandes ventajas
del análisis isogeométrico consiste en la posibilidad
de representar la geometría de cálculo con continui-
dad C∞. Por ello, debería ser posible alcanzar conti-
nuidad C1 en la representación geométrica de las lá-
minas y usar las hipótesis de Kirchhoff-Love. El pri-
mer grupo en conseguirlo ha sido Kiendl, Bletzinger
et al. [63]. Sin embargo, todavía existen aspectos sin
zanjar; como por ejemplo la asignación de condicio-
nes de contorno a bordes definidos por superficies
trimadas [102]. Una revisión más profunda de los
elementos de lámina sin rotaciones con sus ventajas
e inconvenientes se encuentra en el apartado 4.1.1.
Chapter 4
Ideas for a new rotation-free
shell element
IN THIS CHAPTER I will introduce the core ideas on which the new ele-ment is based. I will provide evidences of the first failures as well as
explanations for those. The objective of this chapter is to introduce the
reader into the difficulties entrenched and provide the foundations to un-
derstand the solution adopted in chapter 5.
The following sections are based on the work reported in [132] pub-
lished by Ubach and Oñate, and provide a broader introduction to the work
than the one reported in the paper itself.
In the following pages the author presents the original ideas that sup-
port the development of the new shell element formulation. The triangle
presented in this chapter is flawed: it exhibits hourglassing. That is, spu-
rious or zero energy modes that affect the solution. In spite of it, this
chapter serves to present the fundamental ideas that support the advan-
tages of the final formulation: simplicity and generality. Simplicity, be-
cause the formulation is free from rotation degrees of freedom. Generality,
because the triangle here presented can be used regardless of the mesh
topology, thus generality is conserved for any mesh-represented surface
(see the topology requirements by other previous rotation-free shell ele-
ments in the literature in section 4.1.1). The element uses the neighboring
elements (sharing the nodes) in order to enrich the information about the
normals, but it does not require them nor a minimum number of them to
perform the computations.
Section 4.1 presents the design requirements for the new element and
the different strategic decisions made to build the new element. These de-
cisions will hold throughout this thesis development. Section 4.2 presents
the geometric principle that allows computing the curvature as a prod-
uct of first derivatives while defining the normal orientation of the shell
surface in a continuous way, and thus opening a door to overcome the C1
condition. Section 4.3 develops this idea into a first concept triangular
element. This development already shows the use of the design guide-
lines introduced in section 4.1. In section 4.4 the author reports several
attempts to control the spurious energy modes detected in the previous
section. Finally, in section 4.5 the author reflects on the root cause for the
27
28 CHAPTER 4. IDEAS NEW SHELL ELEMENT
zero energy modes and presents the path that will ultimately lead to the
successful development of a new rotation-free shell element.
4.1 Design requirements for the new shell element
It is common to specify a number of design requirements for any new shell
element. It is no different in this case. The motivation already establishes
some hard conditions. First of all, the new element should combine eas-
ily with other elements solving different physics like fluids, but also other
structural typologies like beams or solids. Also, it is required that the ele-
ment solves geometrically nonlinear problems. The dynamics of the shell
should also be taken into account. Finally, many modern shell structures
are made out of composite materials. This renders them highly anisotropic
properties.
4.1.1 Going rotation-free
The first and most important design decision made early on has been to opt
for a rotation-free element. Avoiding the use of rotations ensures parting
from the possibility of suffering shear locking. It also has the advantage of
not having to deal with the difficult topic of finite rotations in the geomet-
rically nonlinear regime. Chapter 3 provides an overview of the different
rotation-free shell element approaches adopted to the date. Let’s analyze
them in more detail in order to draw some conclusions for this new devel-
opment. We classify the different methods in three main families. We will
only include in this review the most contemporary developments, except
for the historic case of the Clough-Tocher interpolant.
Clough-Tocher interpolant
This element is included here for being the first thin shell element to sat-
isfy the C1 continuity condition. It was presented in 1965 [27]. It is a
complicated element because it is a triangle split into three sub-triangles.
Each sub-triangle is cubic and some degrees of freedom are restrained
in order to maintain C1 continuity across the sub-triangles. In order to
achieve slope continuity across the macro triangles, it uses the rotations
at the nodes as degrees of freedom, but also the cross boundary derivatives
at the center of the sides.
4 element patches
This family involves all those elements that overcome the C1 continuity
condition by computing the curvature over an element using a patch of 4
elements (the main element and the 3 elements sharing one edge). This
family includes the basic shell triangle (BST) elements developed by Oñate
et al. [41, 95, 96], the formulations by Phaal and Calladine [100], Zhou and
Sze [142], Sabourin and Brunet [112] and many other formulations re-
viewed in depth in the works by Gärdsback and Tibert [49] and by Oñate
in [92]. These formulations perform a computation of the average cur-
vature in the element. Either they compute a constant two-dimensional
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curvature taking into account all 4 elements in the patch, or more usu-
ally, they compute a direction-wise curvature for every pair of triangles. It
must be noted that most of these shell elements are an evolution of their
thin plate formulation counterparts to which a membrane formulation has
been added in order to analyze shell structures. This is the case for ex-
ample with the BST, which evolved from the basic plate triangle (BPT)
designed by Oñate and Cervera [94]. Indeed, this is a simplification and
can work when the curvature is small or when the mesh is sufficiently
fine. All these formulations represent a sincere effort to make a rotation-
free element as simple as possible. But in many cases it can lead to errors
as reported. There is also a topology requirement in that an element must
be surrounded by 3 others. Most authors propose to drop this requirement
at the boundary, but [142] maintains it and creates ghost slave elements
to fulfill the condition. Some membrane locking issues are also reported
which are partially alleviated when using a quadratic interpolation for the
membrane behavior of the element and when the mesh is refined.
Subdivision paradigm
This is an original development proposed by Cirak, Ortiz et al. [24–26].
They propose to take advantage of subdivision algorithms developed for
computer graphics applications to generate regular meshes. They start
with a coarse mesh generated using conventional methods. Then, they
use subdivision algorithms for surfaces that guarantee C1 continuity in
the limit for all the set of points generated. The practical application
for using these subdivision algorithms is that all the new points gener-
ated are regular points. A point in a mesh of triangles is regular if it is
surrounded exactly by 6 triangles. Using this property, the authors gen-
erate cubic representations of the surface using patches of 13 elements
(12 nodes). Following this strategy the descriptions for two adjacent tri-
angles are C1 continuous. This approach, however, has some drawbacks.
First, those vertices of the original mesh which are irregular, remain ir-
regular throughout the subdivision process. Therefore, there are regions
of the surface for which the new paradigm does not provide a solution. It is
true, though, that those regions can be made arbitrarily small by means of
successive subdivision steps. Nevertheless, this constitutes a very strong
topology requirement. Furthermore, the subdivision process requires the
application of edge detection algorithms in order to prevent smoothing of
the structure’s surface. One of the main contributions of these works is
to show that it is possible to generate cubic representations of a surface
represented by a tessellation of linear triangles. Most importantly, these
works open the path for finally attaining C1 continuity.
Discontinuous Galerkin methods
This methodology has become popular in a number of fields in computa-
tional mechanics and also in fluid dynamics problems. The method con-
sists on imposing the continuity of the unknown variables in a weak form.
Thus, some authors have found it suitable for enforcing the C1 continuity
condition across elements and avoid the need to use rotational degrees of
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freedom. Güzey, Stolarsky, Cockburn and Tamma [50] propose a discon-
tinuous Galerkin formulation to build a new bilinear quadrilateral shell
element. This method also depends on the selection of a set of arbitrary
constants that modify the behavior of the function jumps in the discontin-
uous fields. Later, in separate works by Dung and Wells [34] and by Noels
and Radovitzky [86] have proposed a discontinuous Galerkin approach to
build quadratic and bicubic thin shell elements. The problem with the dis-
continuous Galerkin method is that in general, by relaxing the continuity
requirements, they lose accuracy. It is also cumbersome to implement and
computationally expensive because both surface integrals and boundary
integrals are required—the latter in order to apply the weak form of the
continuity condition—.
Isogeometric analysis (IGA)
The last approach is the one proposed by Hughes, Cottrell and Bazilevs
[56] and implemented for thin shells by Kiendl, Bletzinger et al. [63]. This
approach proposes the use of the non-uniform rational B-Spline (NURBS)
description of surfaces that is commonly used in computer aided geomet-
ric design (CAGD). This approach has many advantages over conventional
finite element formulations. The first one is to avoid the meshing step,
which is usually complex and time consuming. Then, the use of NURBS
functions allows to attain solutions with C∞ continuity, attaining the high-
est orders of convergence with the least number of elements used. How-
ever, this approach also has some drawbacks. The first one is having to
deal with trimmed surfaces in the geometric description. This is not a big
issue in computer aided design (CAD) because trimming NURBS surfaces
does not have an impact on visualization. For computer aided engineering
(CAE), though, it is paramount to solve this issue. Schmidt, Wüchner and
Bletzinger [114] have proposed a solution for this issue.
Let’s review for a moment the efforts made to overcome the chal-
lenge posed by trimmed surfaces to measure the magnitude and impor-
tance of the problem. This has been addressed separately by the group
at ICES (University of Texas at Austin)1 in collaboration with Sederberg
reformulating Isogeometric Analysis using T-Splines [8]. Also the group
at Technische Universität München (Germany) have formulated a clever
approach proposed by Schmidt, Wüchner and Bletzinger [114] to embed
trimmed surfaces into the Isogeometric Analysis formulation. This topic
had also been addressed previously by Kim, Seo and Youn from KAIST
(Korea) splitting trimmed elements using triangles [64].
Besides, other drawbacks of the isogeometric approach are that it de-
parts from the traditional conception of structural analysis in which the
points of analysis are material points in the structure. Instead, here the
points used for the analysis are control points of the geometry. This re-
quires an important effort regarding the pre- and post-processing tools.
Furthermore, dealing with NURBS functions, has intrinsic smoothing prop-
erties that brings some precision advantages, but which are also more com-
plex to deal with than the traditional Lagrangian shape functions used
1The author considers prof. Bazilevs a scholar of ICES although his affiliation in this
work is the University of California.
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traditionally in isoparametric analysis. Finally, by directly using the CAD
geometry for performing the mechanical analysis, the method is subjected
to the CAD definition of the geometry, which may not be well suited for
simulation purposes (i.e. it may happen that the geometry features far
more geometry patches than actually necessary for the simulation, which
can become a burden).
At this point, it is relevant to cite the pioneering work of Rho and Cho
[109, 110]. Rho and Cho proposed originally to blend the CAD description
of the geometry with the finite element analysis for shell structures. Their
work is independent of the developments in Isogeometric Analysis (IGA)
but has not gained the momentum that isogeometric analysis has created.
Table 4.1: Main advantages and disadvantages of the different rotation-
free finite element technologies in the literature.
Rotation-free
element family
Advantages Disadvantages
Clough-Tocher
interpolant
•Solves C1 continuity. •Very sophisticated.
•Needs the transverse
derivatives at the edges.
4 element
patches
•Simplicity.
•Linear elements are used.
•Boundary conditions
sometimes complicated.
•Membrane locking.
•Precision issues.
Subdivision
paradigm
•C1 continuity achieved.
•Linear elements are used
for input.
•Strong topological re-
quirement.
•Complex process.
Discontinuous
Galerkin
•C1 continuity is weakly
achieved.
•Tuning required.
•Requires surface and
boundary integrals.
Isogeometric
analysis
•Continuity achieved natu-
rally.
•Inherits good approxima-
tion properties of NURBS
functions.
•Does not need to generate
a mesh.
•Complexity.
•Has to deal with trimmed
functions.
•Dependency on CAD de-
scription.
Table 4.1 presents a summary of the advantages and disadvantages
brought by each of the approaches reported. One advantage that is com-
mon to all rotation-free shell elements is that by only having displacement
degrees of freedom, they are reducing the number of degrees of freedom in
the system. Therefore, it will be a priority not to undermine this advantage
by adding degrees of freedom to the element unless absolutely necessary.
It has been shown that each approach has merits and drawbacks. The
effort undertaken in the present thesis is to try to gather the experience
of all these previous works and combine their strengths while at the same
time avoid or provide solutions to tackle the drawbacks.
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4.1.2 Implicit vs Explicit time integration
Another of the important design decisions was about the time integration
scheme. On the one side, it is common for new finite elements to opt for an
explicit time integration scheme. This avoids the difficult task of having
to derive the tangent stiffness matrix of the element and the tangent ma-
trix of the loads on the element, and invert them. Explicit finite elements
solve first the accelerations of the system taking into account the state of
equilibrium of the previous time step and the inertiæ (mass matrix) of the
system. The positions are computed by forward integration. Then, the new
equilibrium is calculated and a new step starts. The explicit time integra-
tion scheme is conditionally stable and therefore very small time steps are
required. The advantage of this scheme is that usually a lumped mass
matrix is used, which turns the system of equations matrix into a diagonal
matrix, and thus trivial to solve and very fast. They are also very robust,
albeit their accuracy is conditional. The main disadvantage though, is that
only dynamic problems can be solved. The static problems are treated solv-
ing the quasi-static problem and considering it solved when the velocities
and accelerations are close to zero.
On the other side, implicit integration schemes offer unconditional sta-
bility, which means that the time step can be arbitrarily set as large as
wanted. Usually to the time scale resolution of the problem at hand. When
the time scale resolution of interest is similar to the conditional time step
of the explicit time integration scheme, an implicit scheme is not competi-
tive. However for most engineering problems this is not the case and im-
plicit schemes are very competitive for most cases. This scheme requires
to invert the tangent stiffness matrix of the element and therefore solving
a nontrivial system of equations. In an implicit scheme the mass matrix
needs not be anymore lumped (as in the case with explicit time integra-
tion schemes) because we already face the challenge of solving a nontrivial
system of equations. This offers another opportunity for maintaining ac-
curacy in the analysis.
Another advantage usually claimed in favor of explicit time integration
schemes is that they are more accurate when solving problems involving
shock waves. In fact, what happens is that the discretization inherent in
the finite element method introduces numerical diffusion in the solution.
This effect is more severe in implicit time integration schemes than in
explicit schemes. In this case both methods benefit from the use of higher
order formulations because they enrich the solution space.
For this development, the author decided to opt for an implicit time
integration scheme. Having weighted the advantages and disadvantages
of both approaches, it seems that the implicit scheme represents a short
term investment (in terms of development effort) that will yield many long
term benefits. In addition, it is always possible to easily develop the ex-
plicit version of the element for those problems whose time scale resolution
comes close to the conditional time step requirements. Another advantage
in terms of development is that the implicit scheme forces to perform many
more checks than the explicit scheme. It would have been harder to iden-
tify many of the problems encountered in the development of this research
work if the tangent stiffness matrix had not been taken into account and
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only dynamic analysis were considered.
4.1.3 Advantages of the total Lagrangian formulation
The last main design decision was to develop all the formulation in the
total Lagrangian framework. The total lagrangian framework describes
the deformation with respect to the reference configuration. Whereas the
updated lagrangian framework describes the deformation with respect to
the previous equilibrium configuration in the analysis.
The total Lagrangian framework equations are very similar to their
counterparts in the updated Lagrangian framework. The main advantage
of the total Lagrangian framework is that it can yield some computational
savings if there are magnitudes that can be precomputed in the reference
configuration and stored throughout the analysis.
On the other hand, the updated Lagrangian framework allows over-
coming a problem encountered by the total Lagrangian framework in anal-
ysis involving large rotations when angles become larger than 2π. In [85]
Mäkinen also claims that the updated Lagrangian framework yields a fully
symmetric tangent matrix for conservative loads.
The decision was to develop the formulation in the total Lagrangian
framework. The main reasons are to take advantage of the precomputa-
tion of magnitudes in the reference configuration and the lack of rotational
degrees of freedom in the formulation as explained in section 4.1.1. With
respect to the symmetry/asymmetry of the tangent matrix, the author did
not consider this a deciding factor, since a wide range of loadings are to be
applied to the element, both conservative and non-conservative.
A clear example of the benefit of using the total Lagrangian framework
is shown in section 7.2, where the author shows the possibility of prein-
tegrating the expression of the element’s Jacobian —maintaining all the
terms of the polynomial— through-the-thickness of the shell. This is an
original contribution for rotation-free shell elements, it is also the first
time it is applied to a shell element in a total Lagrangian formulation and
had only been done before in the updated Lagrangian formulation by Stan-
ley [120].
4.2 Computing curvatures without second
derivatives
Several attempts have been made to overcome the C1 condition that thin-
shell finite elements need to satisfy in order to avoid spurious modes [24,
56, 63, 73, 93, 121, 143]. This work builds on the original proposal for
rotation-free shell elements reported in [41, 93, 95, 96], and extends those
principles in order to gather richer geometrical information from the patch
of all the elements—not only those sharing one side—surrounding a given
triangle in the mesh.2 This allows to avoid the need for computing an av-
eraged curvature for the element and instead we can obtain precise values
2It was reported in [96] that the nodal implementation of the BST, dubbed basic shell
node (BSN), was marginally more precise than the elemental implementation. This is taken
as an advice and a new way to better exploit the enriched information is sought.
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for the curvature at any point in the triangle, in particular at the Gauss
points.
The original approach is based on a linear interpolation (i.e. using lin-
ear basis functions). The curvatures are computed using the gradient of
the surface normal at each element.
In all cases simplicity is of the utmost importance when dealing with
boundary conditions. Boundary conditions are managed very easily, both
for Dirichlet and Neumann conditions. The normal vector to the surface at
every node accounts for this simplicity without the need to use additional
degrees of freedom nor virtual nodes.
In the following we write the basic principles on which the formulation
is based.
Let [67, 122]:
X ∈ S ⊂ R3 |X = (x, y, z)T = ϕ(u, v) = ϕ (4.1)
∇ϕ defines the tangent plane to S as follows:
(∇ϕ)1 ≡ ϕ′1 =
∂ϕ
∂u
, (∇ϕ)2 ≡ ϕ′2 =
∂ϕ
∂v
(4.2)
We define:
n = ϕ′1 ×ϕ′2 (4.3)
then:
n ⊥ ϕ′1 , n ⊥ ϕ′2 ⇒ ∇(n · ∇ϕ) = 0 (4.4)
∇(n · ∇ϕ) = ∇n · ∇ϕ+ n · ∇∇ϕ = 0 (4.5)
∇n · ∇ϕ = κ = −n · ∇∇ϕ (4.6)
The means to accomplish the objective of computing the curvature (κ)
at specific locations—using the first equality given by equation (4.6)—is to
compute the values of the normal directions at each of the three nodes of
the triangle (this process is described in section 5.1). Using the values of
the normal at the three nodes of the triangle we can build the following
vector field of normal directions for the triangle and obtain its gradient
(∇n):
n(ξ, η) =
∑3
i=1N
i(ξ, η) · ni
‖
∑3
i=1N
i(ξ, η) · ni‖
(4.7)
Using this field of normal vectors we can express the position of any point
of the shell as:
x(ξ, η, ζ) =
3∑
i=1
N i(ξ, η) · xi + hζ · n(ξ, η) (4.8)
where the shape functions are represented byN and h stands for the thick-
ness of the shell. It must be noted that the shape functions used here are
linear Lagrangian functions.
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4.3 Raw approach and why it doesn’t work
The development of the formulæ follows a continuum-based approach (very
similar to the one presented in [123]), which yields the following expres-
sion for the Cauchy-Green strain tensor:
C = F T · F =
(
j · J−1
)T · j · J−1 = GT · g ·G (4.9)
G = J−1 (4.10)
g = jT · j (4.11)
j =
ï
∂x
∂ξ
,
∂x
∂η
,
∂x
∂ζ
ò
(4.12)
J =
ï
∂X
∂ξ
,
∂X
∂η
,
∂X
∂ζ
ò
(4.13)
where G is the Jacobian matrix of the inverse function of change of coor-
dinates from global (in the reference configuration) to parametric of the
element, and g contains the information of the deformed configuration.
The reminding symbols are standard in the literature and the reader can
refer to the Notation on page xxv.
The terms of g can be expressed as:
gαβ =
3∑
i=1
Liαx
iT ·
3∑
i=1
Liβx
i
+ 2λζ
3∑
i=1
Liαx
iT ·U ·
3∑
i=1
Liβn
i
+ λ2ζ2
3∑
i=1
Liαn
iT ·U ·U ·
3∑
i=1
Liβn
i ∀ α, β = ξ, η
(4.14)
U = 1
‖
∑3
i=1N
ini‖
·
I −
Ä∑3
i=1N
ini
ä
⊗
Ä∑3
i=1N
ini
äT
‖
∑3
i=1N
ini‖2
 (4.15)
where Liα refers to the derivative of the shape function corresponding
to node i with respect to the coordinate α, and U contains the information
regarding the normalization of the normal vectors. The three terms of
equation (4.14) are respectively: the membranal deformation, the bending
deformation and the so-called second order deformation terms.
Figures 4.1 and 4.2 depict respectively the global and parametric coor-
dinates that identify the nodes of the triangles, and the relation between
the normals at the nodes and the patch of triangles that surround each
node.
The relation between strains and stresses in a linear elastic material is
established by the constitutive tensor:
S′ = D : E′ (4.16)
which is a fourth order tensor. But taking advantage of the major and
minor symmetries corresponding to the symmetry of the stress and strain
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Figure 4.1: Representation of the global and parametric coordinates used
to define the positions of each of the nodes of the triangle.
Figure 4.2: In order to compute the curvature inside the central triangle,
we use the information of the patch of elements that surround each node.
The shading patterns indicate which triangles contribute to the determi-
nation of each normal.
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tensors—and using Voigt notation—, it can be expressed as a second order
tensor. E is the Green-Lagrange strain tensor. S is the second Piola-
Kirchhoff stress tensor. And the ′s indicate that the strain and stress ten-
sors must be expressed in material local coordinates, since that is the base
used by the elasticity tensor D.
E = 12 (C − I) =
1
2 (G
T · g ·G− I) (4.17)
E′ = T T ·E · T = 12 (T
T ·GT · g ·G · T − I) = 12 (A
T · g ·A− I) (4.18)
A = G · T (4.19)
δE′ = 12 A
T · δg ·A (4.20)
where T is the matrix of change of coordinates from local to global (in
the reference configuration). Thus, A results in the matrix of change of
coordinates from local of the material to parametric of the element—in
any configuration!
The expression for the internal virtual work can be expressed as:
δΠint =
∫∫∫
V
δE′IJ · S′IJ · dV =
∫∫∫
V
δE′ : S′ · dV (4.21)
Taking advantage of Voigt’s notation we can write the following expres-
sions:
δE′IJ · S′IJ =
1
2 A
T
Ii · δgij ·AjJ · S′IJ =
1
2 δgij ·AiI ·AjJ · S
′
IJ
=12 δgij · sij =
1
2 δg
T
V oigt · sV oigt
(4.22)
gV oigt =
 g11g22
g12 + g21
 Not= g (4.23)
sV oigt =
s11s22
s12
 Not= s (4.24)
IV oigt =
11
0
 Not= I (4.25)
s11s22
s12
 =
 A211 A212 2A11A12A221 A222 2A21A22
A11A21 A12A22 A11A22 +A12A21

︸ ︷︷ ︸
QT
·
S′11S′22
S′12
 (4.26)
From this point onward, unless specifically indicated by subscripts, Voigt
notation will be used for the engineering strains and stresses. Thus, the
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V oigt subscript will be dropped from the notation.
s = QT · S′ (4.27)
δE′IJ · S′IJ =
1
2 δgij · sij =
1
2 δg
T ·QT · S′ = 12 δg
T ·QT ·D ·E′ (4.28)
E′ = 12 (Q · g − I) (4.29)
δg = ∂g
∂x
· δx = B · δx (4.30)
int∏
= 14
∫∫
S
h
2∫
−h2
δxT ·BT ·QT ·D · (Q · g − I) · dz′ · dA (4.31)
where Q is defined in equation (4.26).
The development of this first and raw approach does not lead to satis-
factory results. The reason behind it is that zero energy modes affect the
solution. The first thing that raises our suspicion is that the element as
described above is non-conforming. That is, the normal at each point of the
element is not necessarily perpendicular to the surface of the element (see
equations (4.7) and (4.8)). We have kept the geometric description of the el-
ement intentionally as simple as possible by using linear shape functions.
As a consequence, it is possible for the mesh of triangles to fold like an ac-
cordion and not develop significant deformation energy. Take for example
a simply supported square plate subjected to a point load at its center (fig-
ure 4.3). Note that because of the near-symmetry of the folds, the normals
barely change direction making their gradient very close to zero. Thus
the computed curvature using the first equality in equation (4.6) might be
accurate, even if the plane of the triangle differs a lot from the direction
of the normals at the nodes. But this does not prevent the system from
assigning totally erroneous positions to the nodes.
4.3.1 A historical remark
The current approach was first introduced by Ubach and Oñate in [130].
This early proposal was followed by the current framework also by Ubach
and Oñate in [131]. However, it must be said that, an almost identical
and independent work (with identical results) was presented at the same
congress by Linhard et al. [70]. They later published their work in [71].
This coincidence emphasizes the interest that the computation of thin-
shells using rotation-free elements enjoys within the computational me-
chanics community3. But it also underscores the difficulty in developing
new and original strategies not explored before.
3Sabourin and Brunet [112] also report a similar simultaneity of independent research
publications on the same topic in 1993.
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Figure 4.3: Numerical example showing the displacements along the di-
agonals (discontinuous line and dots) of a simply supported square with
central point load. The results are compared to the corresponding solution
given by the DKT element (solid line).
4.4 Attempts to add energy modes and stabilize the
element
We have explored different strategies to neutralize the instabilities caused
by the lack of conformity in the description of the element:
• The simplest strategy consisted in making an analogy that assumed
that the deviation of the normal from the theoretic perpendicular to
the plane at the center of the element represented a rotation due to
shear deformation.
• Another strategy consisted in assuming that the missing energy mode
in the elements was an antimetric bending mode. Again, the devia-
tion of the normal from the theoretic perpendicular at the center was
used to estimate an increased deformation energy (figure 4.4).
• Yet another strategy was devised. In this case the normal at the
center of the element was prescribed to remain perpendicular to the
element. To achieve this the triangle was further subdivided into
three sub-triangles (figure 4.5).
In all cases the resulting finite elements were stable and did not show zero
energy modes. However the strategies had secondary effects. The first ef-
fect was an increased stiffness of the shell, yielding smaller displacements
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Figure 4.4: Figure depicting the concept of the antimetric bending energy
mode to stabilize the element.
Figure 4.5: Figure depicting the concept for gently forcing the normals
toward the perpendicular of the element.
than the theoretic ones. The second observation was that the convergence,
unlike that of conventional finite element formulations, approached the
solution from less stiff solutions. This is suspected to be caused by the
underlying non-conforming formulation.
Of the three strategies described, the one that showed better results
was the analogy with an antimetric bending mode. However, those results
were achieved at the cost of excessive sophistication of the model and yet
the errors were still inadmissible.
4.5 Evolving to a higher order description of the
triangle
In order to neutralize the instabilities caused by the lack of conformity in
the description of the element, we have shifted towards a strategy that con-
sists on increasing the order of the geometrical description so that all the
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modes of deformation can be represented and thus avoiding the problems
associated with the non-conforming formulation. The triangle of lowest
order that can interpolate at the same time the positions and the normals
at the nodes is a cubic triangle. However, in order to determine unambigu-
ously the ten parameters of a cubic triangle there is not enough data with
the three nodes and the three normals. Therefore, choices must be made.
4.6 Summary
The design guidelines for the new rotation-free shell element have been
presented. The design guidelines are:
• Use only displacement degrees of freedom. Do not add any additional
degree of freedom to the element if possible.
• Develop the implicit formulation version of the element. This ensures
being able to solve the widest possible range of engineering problems.
An explicit version is easy to develop once the implicit is working.
• Use a total Lagrangian framework to exploit its advantages for the
computational implementation.
• Develop the formulation for a continuum-based approach. This pro-
vides rigor to the formulation.
Using these guidelines and using the left-hand-side of equation (4.6)
to compute the curvature on a surface S ⊂ R3 a first formulation is pre-
sented. This work takes as starting point the nodal implementation of a
basic triangle shell element (BSN; see Oñate and Zárate [96]). In order to
use an exact formula for the curvature, the normal directions at each node
and the way to characterize them are proposed.
This first development did not result to be a conforming element. Dif-
ferent strategies were sought to solve this problem and control the spu-
rious modes. Finally the decision was made to enhance the geometrical
description of the element while keeping the main design features.

Chapter 5
Using Bézier triangles
AT THE TIME WHEN THE IDEAS PRESENTED IN THIS CHAPTER were be-ing developed, the Isogeometric Analysis was starting to boom. The
author faced the decision of whether to join this new current or stick within
a more traditional mesh-based Finite Element Method approach. The de-
cision was to blend some of the advantages brought by both methods us-
ing Bézier shape functions, which are of polynomial nature —just as the
Lagrange functions used in the finite element method (FEM)—, but also
serve as the basis to generate the NURBS functions used in IGA, and also
use the versatility provided by the meshes of triangles. A number of chal-
lenges have emerged as a consequence of this decision. Chapter 5 presents
the framework provided by the Bézier shape functions and explains the
geometric construction of the element. Chapter 6 develops all the under-
lying formulation to obtain the equations that describe the deformation
of the element and sets the basis to apply the variational principles used
in continuum mechanics. Chapter 7 is devoted to instantiate a general
expression of the tangential stiffness matrix of the element considering a
linear elastic material, and developing all the expressions which are of par-
ticular interest attending the inherent non-linear characteristics of shells’
geometries. Chapter 8 determines the most adequate order of integration
of the element, while chapter 9 deals with the phenomenon of membrane
locking.
Chapter 4 showed the need for enhancing the geometric description of
the element. The reasons are the following:
• The idea of computing averaged normals at the nodes and using them
to enrich the geometrical description of the element seems a good one.
During his presentation at the 9th USNCCM Linhard [70] did report
excellent accuracy in the computation of the curvatures using the
scheme explained in section 4.2.
• If the shell is to be computed using a conforming representation, then
a linear description will not do. We have to increase the polynomial
degree of the modeling.
• The Bézier framework fulfills the two requirements above: it al-
lows to use the information provided by the normals and does so
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using higher order polynomials. Furthermore, Bézier shape func-
tions share the same variation diminishing and monotone variation
properties that seem so valuable in IGA which uses NURBS shape
functions [56, p. 4149].
As stated in section 4.1, it is a priority not to increase the number of
degrees of freedom unless absolutely necessary. Therefore, we will use the
simplest possible splines. The minimal spline that interpolates the nodes
and the endpoint derivatives of a curve is a cubic. The same happens for
a triangle (interpolating vertices and vertex normals). Furthermore, by
interpolating the normals at the nodes, G1 continuity is attained automat-
ically at the nodes (not overall G1 continuity though).
The challenge then becomes to enhance the geometric description of
the triangle without increasing the number of degrees of freedom in the
system. A way to precisely define the geometrical parameters for the cubic
triangle without increasing the number of degrees of freedom is adopting
the concept of Bézier triangles first defined by de Casteljau [19, 20][37,
Ch. 17, pp. 309–333]. The different sections in this chapter are devoted to
understand this process.
Since one of the main inputs that characterize the geometry of the tri-
angles are the vertex normals, it is of paramount importance to obtain
precise normals at the nodes of the mesh. This process is explained in
section 5.1. Section 5.2 provides a detailed explanation of the shape func-
tions used in Bézier triangles and their transformation from natural or
barycentric coordinates to parametric coordinates. Section 5.3 provides
the fundamentals to construct the geometry of the cubic Bézier triangle
based on geometric considerations. Up to this point, only geometrical con-
siderations are taken into account for the construction of the enhanced
triangle. But a cubic Bézier triangle has more unknowns than data can be
obtained from local geometric constraints. Therefore we will also take into
account energy minimization in the geometric construction. This process
is explained in section 5.4.
5.1 Selecting the normals
The computation of the normals at the nodes is an arbitrary choice since
this is unprescribed data and we must estimate it from the mesh informa-
tion. Some might argue that this could be retrieved as exact data from the
CAD model. However, that would result in an inconsistency in the process
of analysis. There is no way to obtain the information on the normals from
CAD in the deformed configuration. If the normals are obtained using dif-
ferent methods in the current and deformed configurations, it can lead to
uncontrolled errors in the analysis.
We choose to compute the normal at every node as a weighted average
of the normals of all the triangles that surround the node (see figure 5.1).
The weights chosen have been determined so that the error is minimized
for a wide range of possible surface shapes. The paper [129] by Ubach,
Estruch and García-Espinosa presents a specific study conducted to deter-
mine those weights. Here the author will only present the conclusions of
that paper.
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Figure 5.1: Example of a mesh approaching a surface S in the vicinity of
a node i. The normal at node i is estimated using the normals at each of
the surrounding triangles. ri is the total number of triangles surrounding
node i.
The goal of the study is to find the weighting factors:
wk ∈ R, k = 1÷ ri | n̂i =
ri∑
k=1
wkŷk∥∥∥∥∥
ri∑
k=1
wkŷk
∥∥∥∥∥
+ ~O (5.1)
where n̂i is the actual unit normal vector of S at i and ~O represents the
error made; so that ~O is minimized. See figure 5.1 for a graphical repre-
sentation. The study proposes a framework for determining the weights
that better characterize the representativity of each triangle’s normal vec-
tor:
Let’s consider the surface S and its local Taylor expansion
series at the vertex [i]. Then, by truncating this series at the
second order terms, we will obtain a quadric. So now we have
two different approximations to S at [i], namely:
• the set of triangles with a vertex at [i],
• and the quadric.
If we now make the assumption that the quadric interpolates
all the vertices of the set of triangles, the error we are making is
of the order of h2. Being h a measure of the size of the triangles.
This allows us to reinterpret the relationship between [ŷk] and
the surface S. The vector [ŷk] can be thought of as the normal
direction of a plane section of the quadric.
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We will still make one more assumption. This is that the
conic resulting from the intersection with the quadric is a closed
curve. This may seem like a very strong assumption. But in fact
it is no more limiting than the restriction which represent the
triangles themselves. What this assumption implies is that the
section of the quadric is bounded; just like the triangles are.
In no way, are we implying in the current argument that this
framework will produce approximations with an error bounded
by O ∝ h2. What this analysis provides us is a framework to
enrich the information provided by the set of [ŷk] and their cor-
responding triangles. (Ubach et al. [129], p. 249)
The study concludes that:
In order to approximate the normal vectors at the nodes of a tri-
angle mesh using a weighted average rule (see equation (5.1)),
the weight consisting on the interior angle of the triangle at the
node considered divided by the area of the circumscribed circle
to the triangle (wα/A◦ ) is recommended. The mathematical ex-
pression of this weighting factor for the node A as a function
of the coordinates of the nodes of the ÏABC triangle is shown in
equation (5.2). (Ubach et al. [129], p. 267)
wα/A◦ =
Ç
‖
−−→
AB ×
−→
AC‖
‖
−−→
AB‖ · ‖
−→
AC‖ · ‖
−−→
BC‖
å2
· arccos
Ç −−→
AB ·
−→
AC
‖
−−→
AB‖ · ‖
−→
AC‖
å
(5.2)
Therefore, the normal at each node is computed using the following
formula:
n̂i =
ri∑
k=1
wkα/A◦ ŷ
k
∥∥∥∥∥
ri∑
k=1
wkα/A◦ ŷ
k
∥∥∥∥∥
(5.3)
In this case n̂i is the approximation to the actual unit normal vector of
the surface S, unlike in equation (5.1) where the error term had not been
truncated.
5.2 Shape Functions
Figure 5.2 shows a barycentric representation of the cubic Bézier trian-
gle along with the corresponding parametric representation. The respec-
tive shape functions in barycentric and parametric coordinates are as well
written in the figure.
Next we write explicitly the ten shape functions for the element:
N1 = (1− ξ − η)3 N2 = ξ3 N3 = η3
N4 = 3 · ξ · (1− ξ − η)2 N5 = 3 · η · (1− ξ − η)2 N6 = 3 · ξ2 · η
N7 = 3 · ξ2 · (1− ξ − η) N8 = 3 · η2 · (1− ξ − η) N9 = 3 · ξ · η2
N10 = 6 · ξ · η · (1− ξ − η)
(5.4)
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Figure 5.2: Left: barycentric representation of the Bézier triangle along
with its shape functions corresponding to each of the control points of the
net. The capital Bs use the Bernstein polynomials notation [38]. Right:
equivalent representation using parametric coordinates. The capital Ns
refer to the more traditional FEM notation for the shape functions. The
arrow in the center specifies the transformation used from barycentric to
parametric coordinates.
These shape functions are represented in figure 5.3 for the control points
along the diagonal edge of the parametric triangle and the central control
point. Notice the change of terminology: the points which describe the
geometry of the triangle are no longer called nodes, and instead they are
called control points (p). As we will see later this doesn’t mean that we part
away from the concepts of the isoparametric formulations. Even though we
only use the vertices of the triangle as mesh and system variables, both the
geometric description and the deformation description are done using the
same shape functions together with this set of 10 control points.
Using these shape functions the points on the shell’s midsurface are
computed using equation (5.5).
x̄(ξ, η) = x(ξ, η)|ζ=0 =
10∑
i=1
pi ·N i(ξ, η) = piN i = p ·N (5.5)
p =
[
p1 p2 p3 p4 p5 p6 p7 p8 p9 p10
]
(5.6)
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(a) (b)
(c) (d)
(e)
Figure 5.3: Representation of the shape functions corresponding to 5 dif-
ferent control points. Graphs (a), (b), (c), (d) and (e) depict respectively
shape functions: N2, N3, N6, N9 and N10. The vertical axes indicate the
maximum value for each function.
The first derivatives of the shape functions are:
Lξ =

−3(1− ξ − η)2
3ξ2
0
3(1− ξ − η)(1− 3ξ − η)
−6η(1− ξ − η)
6ξη
3ξ(2− 3ξ − 2η)
−3η2
3η2
6η(1− 2ξ − η)

Lη =

−3(1− ξ − η)2
0
3η2
−6ξ(1− ξ − η)
3(1− ξ − η)(1− ξ − 3η)
3ξ2
−3ξ2
3η(2− 2ξ − 3η)
6ξη
6η(1− ξ − 2η)

(5.7)
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and the second derivatives are:
Lξ,ξ =

6(1− ξ − η)2
6ξ2
0
−6(2− 3ξ − 2η)
6η
6η
6(1− 3ξ − η)
0
0
−12η

Lξ,η =

6(1− ξ − η)2
0
0
−6(1− 2ξ − η)
−6(1− ξ − 2η)
6ξ
−6ξ
−6η
6η
6(1− 2ξ − 2η)

(5.8)
Lη,ξ =

6(1− ξ − η)
0
0
−6(1− 2ξ − η)
−6(1− ξ − 2η)
6ξ
−6ξ
−6η
6η
6(1− 2ξ − 2η)

Lη,η =

6(1− ξ − η)
0
6η
6ξ
−6(2− 2ξ − 3η)
0
0
6(1− 1ξ − 3η)
6ξ
−12ξ

(5.9)
And therefore, the curvilinear coordinates are expressed as:1
x̄,ξ (ξ, η) =
∂x̄
∂ξ
=
10∑
i=1
pi · Liξ(ξ, η) = piLiξ = p ·Lξ (5.10)
x̄,η (ξ, η) =
∂x̄
∂η
=
10∑
i=1
pi · Liη(ξ, η) = piLiη = p ·Lη (5.11)
Using these expressions, the normal vector to the midsurface can be ob-
tained.
n(ξ, η) = x̄,ξ ×x̄,η
‖x̄,ξ ×x̄,η ‖
=
piLiξ × piLiη
‖piLiξ × piLiη‖
= (p ·Lξ)× (p ·Lη)
‖(p ·Lξ)× (p ·Lη)‖
(5.12)
For the reference configuration, the normal vector N can also be referred
to as t3.
t3 ≡N (ξ, η) =
X̄,ξ ×X̄,η
‖X̄,ξ ×X̄,η ‖
= (P ·Lξ)× (P ·Lη)
‖(P ·Lξ)× (P ·Lη)‖
(5.13)
See figure 6.2 on page 68 for a graphical representation.
5.3 Geometric construction of the Bézier triangle
The mathematical expression of a cubic triangle contains the complete
monomial basis up to 3rd order: i.e. 10 monomials (notice the geometric
1Notice the use of the Einstein convention for the summation over repeated indices.
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Figure 5.4: The geometry of the cubic Bézier triangle is determined by
the position of the 10 control points. Notation used to identify each of the
control points in a triangle. Left: barycentric-like notation. Right: natural
notation. Notice that there exists a bijective relationship between the two
notations.
analogy between Pascal’s triangle in table 5.1 and the barycentric repre-
sentation of the Bernstein polynomials in figure 5.2, which indicates that
both sets of polynomial basis span the same polynomial space). Therefore,
in order to obtain the expression for a given triangle we have to determine
the 10 coefficients for the complete polynomial in the 3 spatial coordinates:
30 in total. There is clearly not enough information in the position of the
3 vertices (3 × 3 = 9 conditions) and the orientation of the 3 vertex nor-
mals (3 × 2 = 6 conditions) to uniquely determine these 30 coefficients. I
could have opted to simply discard 5 terms of the polynomial and reduce
the order of description of the cubic triangle to an incomplete quadratic
triangle.
Table 5.1: Pascal’s triangle of monomials for bi-variate cubic functions.
1
ξ η
ξ2 ξη η2
ξ3 ξ2η ξη2 η3
Instead, I seized the opportunity that Bézier triangles provide for con-
structing higher order triangular surfaces. The bulk of this thesis work
consists on finding the geometrical relations that allow to complete the cu-
bic polynomial basis for a Bézier triangle aimed at performing non-linear
thin shell analysis. Next I explain the process I have followed and which
generates a space of solutions that includes the solution of the discrete
problem. Other arbitrary choices do not, in general, generate such a space
of solutions2.
2See section 5.4 for a detailed explanation of this issue.
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In order to refer to each of the control points in a cubic Bézier triangle,
the author uses a dual notation (see figure 5.4). On one side, the author
uses a barycentric-like notation to define the position of the control points.
On the other side, once the control points have been defined, the author
uses a natural notation to use them in conjunction with the shape func-
tions defined in section 5.2. Since this section is focused on the geometric
construction of the Bézier triangle, the barycentric-like notation will be
used.
The vertex control points are straight forward to evaluate:
pi = xi ∀i = 1÷ 3 (5.14)
The net’s remaining control point coordinates can be evaluated for each
point computing the intersection of three planes. For the contour points,
the planes are the ones displayed shaded or darkened in figure 5.5:
1. The plane perpendicular to the normal at the vertex —this is a nec-
essary and sufficient condition to interpolate the normals—.
2. The plane that contains the curve of the triangle’s contour. In order
to maintain C0 continuity, this has to be a symmetric condition for
two adjacent triangles. The selection of the plane is so that one of the
directors is the edge of the flat triangle and the other director is the
average of the 2 normals at the nodes. In section 9.2 the author will
show a variation on this condition to enhance the versatility of the
element.
3. And a plane perpendicular to the edge of the flat triangle. the exact
location of this plane will be explained in section 5.4. Suffice it to say,
that the criterion to position the plane is based on energy minimiza-
tion and not on geometric considerations.
The mathematical expression of these three planes and their intersec-
tion is presented in equation (5.15): ni
T
dij
T
(xi − xj)T

︸ ︷︷ ︸
Aijp
·pij =
 ni
T · xi
dij
T · xi
(xi − xj)T ·
[
(1−Ψij)xi + Ψijxj
]

︸ ︷︷ ︸
bijp
∀i, j = 1÷ 3, i 6= j
(5.15)
So the control points on the contour are computed by solving the system
of equations:
Aijp · pij = b
ij
p (5.16)
where dij represents the vector perpendicular to the plane indicated by
item 2 and represented light gray in figure 5.53; and the parameter Ψij
3This definition will change when the author introduces the emulated drilling rotations
in chapter 9. Refer to equation (9.7) on page 106.
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Figure 5.5: Representation of the net of control points (dashed lines) for a
cubic Bézier triangle constructed using the nodal positions and normals.
Three planes—shaded, light gray and dark gray—define the position of a
control point A of the contour. Question marks indicate that the position
of the dark gray planes has not been determined yet. Their position will
be solved in section 5.4.
specifies the location of the plane indicated by item 3 on page 51 and rep-
resented dark gray in figure 5.5. These definitions (dij and Ψij) will change
in chapter 9.
The central control point is determined by the intersection of the three
mid-edge control triangles. There is a geometric condition that can be
used. If all the control triangles sharing an edge across two triangles are
co-planar, then the two triangles have G1 continuity [37, pp. 368–371].
This is very desirable as has been discussed in sections 3.2.2 and 4.1.1 on
page 22 and on page 28.
Because the control triangles at the corners of each Bézier triangle are
orthogonal to the normal vectors at the nodes (see item 1 on page 51), then
all the corner control triangles at a given node have already been defined
as co-planar. Then, we would only need to enforce co-planarity of the mid-
edge control triangles to achieve C1 continuity (see figure 5.6). However
this is a double-edged sword and not always possible. Being a very ap-
pealing opportunity to construct a fully C1 continuous triangle, it would
be, alas, a very ill-conditioned equation system. Take for example the case
of a flat triangle shape. In this case, all three mid-edge control triangles
would be co-planar, and their intersection indefinite. Another undesirable
case would be when the three mid-edge control triangles intersect far away
from the triangle’s domain, or don’t intersect at all.
In order to work around the ill-conditioning of the above condition, let’s
perform a trick. Instead of computing the intersection of the three mid-
edge control triangles, I will estimate a likely position for this intersection.
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Figure 5.6: Two adjacent Bézier triangles are G1 continuous if all their ad-
jacent control triangles are co-planar. This condition could be used to en-
force C1 continuity and determine the position of the central control point.
The control triangles at the corners are always co-planar since they are
perpendicular to the normal at the node. The mid-edge control triangles
are colored dark gray.
It is likely that the central control point will be located near the vertical
line that runs through the barycenter of the triangle. To be more pre-
cise, let’s use the barycenter of the 6 control points in the perimeter of
the Bézier triangle and the line perpendicular to the flat triangle running
through it. Then, let’s compute the candidate position for the central con-
trol point corresponding to an edge (p0i), by intersecting this line with the
plane perpendicular to the plane described by item 2 on page 51 and pass-
ing through the intermediate control points of the edge. The barycenter
of these three candidate positions is taken as the position for the central
control point.
p123 = 13
3∑
i=1
p0i (5.17)
Thus, the central point of the net is obtained as an average of the three
candidate points for this position. Each of the three candidate points is
computed solving a system of the form:
A0ip · p0i = b
0i
p (5.18)
The definition of A0ip and b
0i
p is given by equation (5.19). This is an analo-
gous procedure to the one followed for the control points of the contour. So
the intersection of three planes is solved:
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1. A plane perpendicular to the one described by item 2 on page 51.
This is a symmetric condition and thus the same plane will be used
for adjacent triangles.
2. A plane perpendicular to one of the edges of the flat triangle and
passing through the barycenter of the 6 control points of the perime-
ter.
3. And a plane perpendicular to another edge of the flat triangle and
passing through the barycenter of the 6 control points of the perime-
ter.
[njk × (pjk − pkj)]× (pjk − pkj)(xi − xj)T
(xi − xk)T

︸ ︷︷ ︸
A0ip
·p0i =
=
 {[njk × (pjk − pkj)]× (pjk − pkj)} · pjk(xi − xj) · 16 (pij + pji + pik + pki + pjk + pkj)
(xi − xk) · 16 (p
ij + pji + pik + pki + pjk + pkj)

︸ ︷︷ ︸
b0ip
∀i = 1÷ 3, (j, k) = combination{1, 2, 3} − {i} (5.19)
Where njk refers to the average of the normals nj and nk.
njk = n
j + nk
2 (5.20)
The resulting system of equations above is well posed, and thus a ro-
bust method to compute the central control point. Constructing the cen-
tral control point in this way does not ensure C1 continuity, but comes close
enough. In any case, neighboring triangles are C1 continuous at the nodes,
but not—in general—along the edges.
5.4 Determining shape through energy minimization
As reported in [132] by Ubach and Oñate, the construction of the Bézier
triangle did not account initially for energy aspects. Some arbitrary de-
cisions were adopted in that work. For example, fixing the boundaries of
the triangle to lie in a plane causes the boundaries to be planar curves.
Clearly, this does not exploit all the potential of a cubic formulation. This
aspect will be treated by the author in section 9.2.
There are, though, two relevant differences between the constructions
reported in section 5.3 and in [132]. The first difference is the distance at
which the plane specified by item 3 on page 51 is located. The second one
is the decision to use the barycenter of the 6 contour control points instead
of the triangle’s barycenter as the reference to locate the central control
point.
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Concerning the first case, Ubach and Oñate stated that the value Ψ = 13
was applied always. No issues were detected using this constraint when
solving linear problems. A lack of precision was identified, though, for
what should be expected in a cubic triangle. Consequently Ubach and
Oñate did specify in [132, Section 5. Conclusions]:
We need to improve the capability of the element to represent
constant curvatures not only in the limit of the element’s size
becoming zero, but for the more general case.
At that time the author was working behind the idea of making the value
of the parameter Ψ depend on the angle ϕ between the edge’s chord and the
tangent of the curved boundary at the vertex.—The definition of ϕ is given
in figure 5.7.—The aim was to create boundary curves of approximately
constant curvature.
This thinking changed when the author tried to use the construction
in [132] to solve non-linear problems. The element formulated in that way
was incapable of converging to any solution. This posed a great challenge.
The author struggled for several months trying to find the root cause of the
problem. A full revision of the code was undertaken to make sure no bugs
were present in the software code. And a thorough verification of every
derivative was performed numerically. Finally the author got a hint at
the problem when performing trials with different numerical quadratures.
The element seemed to exhibit a somewhat better convergence behavior
(never converging totally) when only one quadrature point was used at the
center of the element. This was a very bizarre behavior. So something
had to be going on regarding the geometry of the element in the points
located far from the center. The author’s suspicion was that the decision
to assign a value of 13 to the parameter Ψ was playing a role. Furthermore,
the fact that even using a Newton-Raphson nonlinear solving scheme it
was impossible to obtain convergence, made the author suspect that the
space of solutions created did not include the solution to the problem.
Let’s go deeper into this idea for a second. In the Finite Element
Method, the continuous domain is modeled by a discrete domain. There-
fore, the space of solutions generated by the mesh of finite elements is
a reduced version of the space in which the solution for the continuous
problem lies. Furthermore, by including arbitrary constrains to the con-
struction of the Bézier triangle, we had not checked for the existence of
the solution in the constrained space of finite elements we had generated.
Indeed, by constraining the geometric construction of the element with the
arbitrary decision of placing the dark grayed plane in figure 5.5 at 13 of the
edge’s chordal length, we were modifying the shape of the deformed tri-
angle away from the solution that minimizes the deformation energy with
respect to the nodal forces. So it was as if we were imposing virtual forces
and/or moments in the interior of the element. These virtual forces and
moments did not belong to the discrete model of the problem and therefore
it was impossible for the element to obtain a converged solution. To put it
in another way, the non-linear problem was not well-posed.
It was at this point that the author acknowledged the need to take
into account the energy associated with the deformation of the element
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if the element had to solve non-linear problems. In particular, in order to
obtain the conditions to determine the location of the Bézier control points,
those conditions which cannot be determined via geometric considerations,
should be obtained considering an energy minimization problem.
5.4.1 Reduction of the problem
In order to tackle the energy minimization problem associated to the value
of Ψ (i.e. the location of the dark grayed plane in figure 5.5), the author had
to simplify the general 3D problem to something more manageable. The
general problem can be solved with optimization algorithms. However this
approach has two drawbacks. On the one side, optimization algorithms
are computationally expensive. On the other side, they do not provide
information on the derivatives of the solution, which are needed to solve
the non-linear problem. Since the general 3D solution cannot be obtained
analytically, the author performed a reduction of the problem in order to
obtain an analytic solution that could be used to approximate the general
solution.
First, instead of finding an analytic solution concerning the whole tri-
angle, only the edge of the triangle was considered. So that the bend-
ing and membrane deformation energies of the triangle were assimilated
to the bending and axial (membrane) deformation energies of a 2D line
(Bernoulli beam). Having previously considered that the edges of the tri-
angle were flat curves came in handy.
Figure 5.7: Representation of the 2D problem simplification. The edge
of the triangle between nodes i and j is represented as a flat curve de-
fined by the parametrization ~r(t). The angle ϕij is defined here for flat
curved edges. For the more general case of 3D curved edges, refer to the
definitions provided in figure 9.3 and equation (9.18) on page 105 and on
page 113.
Second, the problem of minimizing the total energy was split into the
two separate problems: minimization of the energy associated to bending
deformation; and minimization of the energy associated to axial (mem-
brane) deformation. We know from the works of Chapelle and Bathe [22]
and Briassoulis [15–17], that the asymptotic behavior of shell structures
as their thickness tends to zero can be membrane dominant, shell domi-
nant, or mixed; depending on the geometry, the loads and the boundary
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conditions. Therefore, by considering the two energy modes separately we
create the opportunity for taking into account the different combinations
of bending energy and membrane energy modes in our study.
Clearly, by simplifying the problem it is impossible to account for every
particular case and for the different material properties and distributions
in the shell. Nevertheless, the solutions provided are only local and there-
fore they do not reduce the validity of the discretization strategy using the
FEM. On the other hand, by taking into account separately the bending
and axial (membrane) energy, we are effectively decoupling the effect that
layered composite materials could have on the ratio of these energies in
the shell laminate. Finally, by changing the overall minimization prob-
lem into the analysis of a reduced problem, we have to carefully analyze
and adjust, not minimize, the deformation energy of the shell.4 It is the
author’s conviction that this approach yields a sufficiently good approxi-
mation for every particular case.
Bending energy
The problem of bending energy minimization (adjustment) was the easiest
of the two and was tackled first. The study started by acknowledging that
a necessary condition for the absence of any virtual moments along the 2D
curve of the edge was that the resulting shape of the curve shall be a spi-
ral. That is, a 2D beam with only endpoint moments has a law of moments
which varies monotonically (strictly speaking the law of moments varies
linearly in the absence of axial forces). Considering that the effect of mo-
ments induced by axial forces should not affect the monotonicity of the law
of moments if the shell is shallow enough, this condition is accepted.
Since for a 2D Bernoulli beam the curvature at any point is propor-
tional to the bending moment, a monotonic law of bending moments results
in a monotonic law of curvatures along the beam. Therefore, the construc-
tion of the cubic Bézier curve shall result in all cases in a spiral. Figure 5.8
shows in red the region of pairs of angles at the endpoints of a 2D cubic
Bézier curve for which spirals are obtained fixing the value Ψ = 13 .
At this point the author implemented the idea of improving the capa-
bility of the element to represent constant curvatures. The idea was that
the analytic solution of the value of Ψ for representing constant curvatures
was a better approximation than fixing this value to 13 ; and thus a solution
candidate. This value is found for a symmetric curve (the start and end
point angles are the same) by forcing the center point of the cubic Bézier
spline to coincide with the circular arc spanning the same chord with the
same start and endpoint tangents. The value of Ψ that satisfies this con-
dition for any given angle ϕ is specified in equation (5.21).
Ψijϕ (ϕij) =
1
3 ·
2 · cosϕij
1 + cosϕij (5.21)
4The author is knowledgeable of the bad press for adjustments in the FEM literature.
Fear not. The process followed is fully rigorous and maintains the objective of minimizing
the overall deformation energy. However, taking into account compatibility considerations,
this problem is converted into a locally-defined energy-adjustment problem.
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(a)
(b)
Figure 5.8: Regions of start and endpoint angles of a cubic spline for which
spirals are generated. The red line indicates the region corresponding to a
construction of the cubic Bézier spline using Ψ = 13 . The blue line indicates
the region corresponding to a construction of the cubic Bézier spline using
equation (5.21). (a) Variables in the axis expressed in terms of the angle of
the normal with respect to the chord. (b) Variables in the axis expressed
in terms of the sinus of the angles represented in (a).
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With this formula we are ensuring to comply with the patch test and
therefore to satisfy the accurate representation of constant curvatures.
How about non-symmetric curves? Figure 5.8 shows in blue the the re-
gion of pairs of angles at the endpoints of a 2D cubic Bézier curve for
which spirals are obtained plugging the value of Ψijϕ of equation (5.21) into
equation (5.15). The improvement is clear in all the quadrants of the do-
main. The improvement is more significant when the sign of the curvature
doesn’t change than when the sign of the curvature does change.
Taking into account this result, the author considers that equation (5.21)
constitutes a good approximate solution for the minimization of the bend-
ing energy. Furthermore, this is a very simple equation that is easy to
differentiate and thus does not add extra complexity to the problem.
Axial (membrane) energy
While the bending problem was the easiest to solve, the membrane energy
problem is the least evident or intuitive to lay out. Following the same
simplification procedure explained in section 5.4.1 on page 56, the author
developed a thorough analytic solution for this reduced problem. The com-
plete development can be followed in appendix C.
The key aspect of this development is to understand that we are not
so interested in minimizing the total strain energy as in minimizing the
variation of the density of strain energy along the beam. The main reason
that justifies this approach is that, in order to satisfy the patch test, the
element has to be able to represent constant states of deformation. There-
fore, we are interested in designing an element which represents constant
states of deformation and thus letting the energy be what it ought to be.
Let’s make an analogy: the analogy shall be between the axial strain of
the Bernoulli beam and the celerity (c) of the curve parameter (t). Let,
~r(t) = (x(t), y(t)) (5.22)
be the equation of a parametric curve in the Cartesian coordinates (x, y).
~r(t) represents the generatrix of the 2D Bernoulli beam. Then, c is defined
as:
~r′(t) = ∂~r(t)
∂t
(5.23)
c = ‖~r′(t)‖ (5.24)
Following this analogy, the density of axial deformation energy is pro-
portional to c2. Then, we are interested in finding the values of Ψ which
minimize the variation of c2 along the curve. In equation (5.25) we take
the square of the value to minimize in order to avoid the effect of the sign.
∂
∂Ψij
∫ 1
0
Å
∂c2
∂t
ã2
dt = 0
∂
∂Ψji
∫ 1
0
Å
∂c2
∂t
ã2
dt = 0
 (5.25)
The system in equation (5.25) is a system of 2 cubic equations, with two
unknowns: Ψij and Ψji; and taking the angles ϕij and ϕji as variables (see
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appendix C). The author has programmed this system of equations into the
Maple® symbolic manipulation software. The analytic solution obtained
by Maple® has over 1 million characters. This makes it almost impossible
to verify and very hard to program efficiently. But most importantly, its
evaluation would be very costly computationally.
Since the analytic solution is incomprehensible, the author sought a
graphical solution of the problem. Each of the two equations in equa-
tion (5.25) represents a 2D curve in the coordinate space (Ψij ,Ψji). There-
fore, the intersection of these two curves is the solution of the problem.
The author plotted these intersections using Maple® for different pairs of
angles (ϕij , ϕji). The results are shown in figure 5.9.
Figure 5.9 deserves some comments. First of all, the reader must notice
how close the solution provided by Ψϕ in equation (5.21) is to the symmet-
ric cases, even for values of ϕ up to 27°. This is a very encouraging result,
because it opens the door to use a very simple and uncoupled expression
(equation (5.21)), and obtain a good approximation of a very complex and
coupled equation (equation (5.25)). Secondly, the reader can also observe
that the exact solution exhibits strong coupling for the non-symmetric
cases. This limits effectively the applicability of the approximation pro-
vided by Ψϕ to small values of ϕ where the coupling effect is not so severe.
Combining both observations, the author concludes that the formula pro-
vided by equation (5.21) can be used to solve also the membrane energy
aspects of the element as long as the values of ϕ do not exceed 18°. This
is consistent and well within the limits of the validity of the formula re-
garding the construction of spirals shown in figure 5.8. After all 18° is not
so small, as it allows an element to confidently span an arc of up to 36°;
which is very interesting.
5.4.2 Location of the central control point
The decision to locate the central control point near the the barycenter of
the 6 control points of the contour also responds to an energy minimiza-
tion criterion. However in this case the reasoning is heuristic. The author
observed that the solution for both the bending and axial energy mini-
mization problems in the 2D Bernoulli beam tends to make Bézier splines
which have control segments of similar length. That is, the higher the
value of ϕ, the smaller the corresponding value of Ψϕ, to compensate for
the extra length of the control path. Also, by understanding the parametric
construction of a Bézier curve and a Bézier triangle that is well analyzed
in the analogy used to pose equation (5.25), the author gains this heuristic
knowledge that having the control points equally spaced favors a correct
distribution of the deformation energy density.
This is why the author decides to position the central control point in a
line that passes through the barycenter of the 6 contour control points. A
more sophisticated approach would have been to compute the plane that
minimizes the square distances to the 6 contour control points and posi-
tion the central control point in the line perpendicular to that plane and
that passes through the barycenter of these 6 control points. Instead, the
author selects another line far easier to compute which is the line perpen-
dicular to the flat shape of the triangle.
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(9,−9) (18,−18)
(27,−27)
(0, 0)
1−Ψji
Ψ
ij
(36,−36)
(9, 0) (18, 0) (27, 0) (36, 0) (45, 0)
(9, 9) (18, 9) (27, 9) (36, 9) (45, 9)
(18,−9) (18, 18) (27, 18) (36, 18) (45, 18)
(27,−9) (27,−18) (27, 27) (36, 27) (45, 27)
(36,−9) (36,−18) (36,−27) (36, 36) (45, 36)
(45,−9) (45,−18) (45,−27) (45,−36) (45, 45)
Figure 5.9: Graphical solution of equation (5.25). Each plot solves the
system of equations for a given pair of angles (ϕij , ϕji) indicated at the
top right corner of each plot. The vertical axis represents the value of Ψij
and it varies from 0 at the top and 0.5 at the bottom. The horizontal axis
represents the value of 1 − Ψji, taking values between 0.5 and 1. The two
black curves represent each of the two expressions in equation (5.25). So
their intersection is the exact solution of the system. The red dot in each
plot represents the values of Ψij and Ψji obtained using equation (5.21).
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5.5 Summary
The process of geometric construction of the cubic Bézier triangle has been
presented. First, the need for obtaining accurate normals at the nodes is
explained and the best averaging weights have been obtained for a very
wide variety of surfaces. This is an original contribution of this thesis.
The shape functions based on the Bernstein polynomials for a cubic
triangle have been presented. These shape functions offer very attrac-
tive properties like the variation-diminishing property and the monotone-
variation property that IGA enjoys and exploits. The reader is encouraged
to consult the references for a thorough understanding of the properties of
this polynomial basis.
(a) Geometry of a cylinder.
(b) Coarse mesh used to discretize a cylinder. (c) Geometric representation of the BEST el-
ements obtained from the coarse mesh (left)
to discretize the cylinder.
Figure 5.10: Example of the enhancement provided by the procedure pre-
sented in this chapter to model the geometry obtained from a mesh of lin-
ear triangles. The BEST mesh (c) has the same degrees of freedom as the
linear mesh (b).
Taking into account these shape functions the geometric construction
of the cubic Bézier triangle is performed; control point per control point.
First, the corners. Then, the contour. And finally the central control point.
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The construction presented is C1 continuous at the nodes. Following these
geometric rules the author has developed a new way to describe a cubic
triangle using only linear unknowns corresponding to the coordinates of
the vertices of the triangle. The coordinates of the control points are de-
termined taking into account the coordinates of the neighboring triangles’
vertices. This geometric construction for a cubic shell triangle is an origi-
nal contribution of this thesis.
In order to obtain non-linear convergence, a detailed energy minimiza-
tion analysis is performed on the geometric construction of the cubic Bézier
triangle. The study is performed after a reduction of the dimensional com-
plexity of the problem from 3D to 2D, and uncoupling the bending and
membrane energy modes of the shell. This study concludes the determi-
nation of the remaining parameters that could not be determined through
geometric conditions alone. Using the simple formula (see equation (5.21))
obtained in this study, the author has achieved excellent non-linear conver-
gence in all cases. This analysis is an original contribution of this thesis.
Owing to the construction process followed to create this new finite
element, the author decided to name it Bézier-Enhanced Shell Triangle
(BEST). Figure 5.10 provides an example showing how using the Bézier
enhancement process affects the geometric representation of a curved shell.
Taking into account the number of original contributions included in this
chapter, the reader will understand that this is a central chapter of the
thesis.

Chapter 6
Implementation of a
continuum-based formulation
for the Bézier-enhanced shell
triangle
USING THE BÉZIER TRIANGLES DESCRIBED in sections 5.1 to 5.4 wecan now develop a conforming formulation based on the continuum-
based approach. Continuum-based shell formulations—a term proposed
by Stanley [120]—have become popular because of their simplicity. Gen-
eral curved shell theories are complex and difficult to implement, while a
continuum-based framework benefits from the general 3D continuum the-
ory of elasticity. There are a number of frameworks that differ in name,
but different scholars group them together [9, p. 536][12, p. 76]. This is
the case of the degenerated solid approach, first proposed by Ahmad, Irons
and Zienkiewicz [2], and that of the geometrically exact shell model [118].
The author shares the preference stated by Belytschko et al. [9] and refers
to this as the continuum-based approach.
The formulation here presented is based on the same principles already
applied in section 4.3. Here we will develop them further. The author pro-
poses the use of Green-Lagrangian strains and Cauchy stresses1 instead of
generalized strains and generalized stresses because the former are bet-
ter suited to evaluate the state of strain and stress of the material. In
the case of a laminated shell, each layer will be subject to different stress
states and evaluating these values at each layer allows to evaluate failure
of the structure in a more precise manner than using generalized stresses
and strains (for example in the case of evaluating principal strains and
stresses and comparing their directions to the directions of the material
fibers), which only provide information on the pre-integrated section char-
acteristics and thus cannot account for all the cases. Having said that, the
author has applied an efficient and geometrically accurate2 pre-integration
1Cauchy stresses are suggested for engineering analysis. The development presented
uses the second Piola-Kirchhoff stress tensor for the computation of elastic energy, since this
is the conjugate of the Green-Lagrange strain tensor.
2Notice the difference in terminology with respect to the geometrically exact term coined
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scheme in order to avoid extra computations associated to the volume in-
tegrals.
6.1 Thickness change due to the Poisson effect and
the mild taper assumption
The mild taper assumption for the shell thickness is adopted. This as-
sumption implies that in the case of a shell with varying thickness, where
the curvilinear coordinate ζ in the normal direction changes orientation to
adapt to each layer of the shell, it is assumed that its direction remains
constant through the thickness and coincident with the normal vector to
the midsurface (see figure 6.1). The mild taper assumption is expressed
mathematically in equation (6.1). In the case of a shell with steeply vary-
ing thickness, this will be considered by changing the nominal thickness
from element to element. The mesh can be adaptively refined if necessary.
Figure 6.1: Representation of the curved shell element identifying the
curvilinear coordinates (ξ, η, ζ) and the effect of the mild taper assump-
tion. The reference midsurface is identified.
x,ζ (ξ, η, ζ) =
∂x
∂ζ
' ∂x
∂ζ
∣∣∣∣
ζ=0
= ∂x̄
∂ζ
‖ n(ξ, η) ⇒ x,ζ (ξ, η, ζ) '‖ n(ξ, η) (6.1)
However, thickness change is considered accounting for the Poisson ef-
fect. This does not imply that the zero vertical stress assumption is elimi-
nated. The author wants to include the effect that stretching in the shell’s
surface has on the thickness of the shell. The classical Kirchhoff-Love
kinematic hypotheses have been stated in section 3.2.2 on page 22. We will
drop the first one and keep the other two. But unlike other authors that
propose 6 and 7 parameter models to account for the full three-dimensional
stress state of the shell, the author will simply allow that
ε3 6= 0 (6.2)
by Simo and Fox in [118].
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but maintaining a plane stress state of the material:
σ3 = 0 (6.3)
By allowing this stretching effect that can affect some thin shells made
of hyper-elastic materials due to the Poisson effect, the author increases
the range of applicability of the formulation to some particular thin-shell
structures like balloons.
Let’s thus define the plane stress state constitutive tensor of a linear
elastic orthotropic material:S′11S′22
S′12
 = 11− ν12 · ν21
 E1 ν12 · E1 0ν21 · E2 E2 0
0 0 (1− ν12 · ν21) ·G12

︸ ︷︷ ︸
D
·
 ε1ε2
γ12

(6.4)
1
G12
' 1 + ν21
E1
+ 1 + ν12
E2
(6.5)
E′ =
 E′11E′22
E′12 + E′21
 =
 ε1ε2
γ12
 (6.6)
ε3 = −
ν31 · S′11 + ν32 · S′22
E3
(6.7)
λ = 1 + ε3 (6.8)
Where E1 and E2, ν12 and ν21, and G12 are respectively the Young moduli,
the Poisson ratios and the shear modulus of the material in the principal
directions of the plane; and E3, ν31 and ν32 are respectively the Young mod-
ulus and Poisson ratios associated with the principal direction orthogonal
to the plane.
The value of λ—evaluated after each time-step—can be used to update
the thickness of the material.3 Thus, the total thickness in the deformed
configuration will be simply expressed as:
]layers∑
l=1
λlhl (6.9)
Where h is the thickness of the material in the reference configuration.
6.2 Definition of local axes
Since the original mesh is defined with linear triangles, the local axes used
to define the principal directions of the material e′1 and e′2 are uniform
3Notice that combined with equation (6.7) and equation (4.16), equation (6.8) defines
an implicit second order equation for λ. The solution to this equation includes a fraction
and a square root with terms that belong to the reference configuration and the deformed
configuration and cannot be factored. As a result, the expression of λ cannot be linearized
like all the other terms. This is why it is much more effective and efficient to evaluate λ
explicitly instead of implicitly.
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over the surface of the flat triangle (see figure 6.2). Therefore a rotation is
needed to obtain the material local axes t1 and t2. To that end, the author
uses the normal vectors ŷ and t3. The rotation vector and the rotation
angle are defined as follows:
ω = ŷ × t3
‖ŷ × t3‖
(6.10)
α = arcsin‖ŷ × t3‖ (6.11)
where t3 has been defined in equation (5.13) on page 49, and
ŷ = (X
j −Xi)× (Xk −Xi)
‖(Xj −Xi)× (Xk −Xi)‖ (6.12)
Figure 6.2: A set of orthogonal local axes (t1, t2, t3) is defined in the ref-
erence configuration in order to establish the principal directions of the
material over the curved surface of the element. The user defines the ma-
terial local axes (e′1, e′2, ŷ) on the flat triangle geometry. The vector t3 is
defined in the same way as n in the current configuration.
Then, using the Rodrigues formula, we can easily compute the other
two local vectors on the curved surface. Let R be the rotation matrix de-
fined by the vector ω and the angle α.
R(ω, α) = cosα · (I − ω ⊗ ω) + (ω ⊗ ω) + sinα · eijkωj (6.13)
Where eijk stands for the permutation tensor. Then,
t1(ξ, η) = R · e′1 (6.14)
t2(ξ, η) = R · e′2 (6.15)
and the matrix of change of coordinates from local axes to global axes is
T = [t1 t2 t3] (6.16)
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6.3 Description of the deformation
In this section the equations and concepts from section 4.3 will be adapted
to the Bézier description of the triangle. A point with parametric coordi-
nates (ξ,η,ζ) in the element has the global coordinates given by the position
of the midsurface and the orientation of the normal vector to the midsur-
face.
x(ξ, η, ζ) = x̄(ξ, η) + λh ζ n(ξ, η) = p ·N + λh ζ n (6.17)
X(ξ, η, ζ) = X̄(ξ, η) + h ζ N (ξ, η) = P ·N + h ζ N (6.18)
Equations (4.9) to (4.13) remain unchanged. Let’s develop the expression
for the components of equation (4.12).
∂x
∂ξ
= p ·Lξ + λh ζ n,ξ (6.19)
∂x
∂η
= p ·Lη + λh ζ n,η (6.20)
∂x
∂ζ
= λhn (6.21)
where
n,ξ =
∂n
∂ξ
= (p ·Lξ,ξ)× (p ·Lη) + (p ·Lξ)× (p ·Lη,ξ)
‖(p ·Lξ)× (p ·Lη)‖
· (I − n⊗ n) (6.22)
n,η =
∂n
∂η
= (p ·Lξ,η)× (p ·Lη) + (p ·Lξ)× (p ·Lη,η)
‖(p ·Lξ)× (p ·Lη)‖
· (I − n⊗ n) (6.23)
Following the thought expressed in footnote 3 on page 67, the value of λ
has been considered constant throughout the domain of the element. This
is because it is very difficult to obtain a derivative expression of λ. But in
addition, its value is expected to change very little; except for the step vari-
ations across the layers of the laminate. These can be taken into account
when computing the stiffness matrix of the element (see chapter 7).
Most authors consider that the second order terms of the Green-Lagrange
deformation tensor (E) are negligible. It is evident that by making that as-
sumption they are making an error that adds to all the other assumptions.
The author intends to make as little assumptions as possible in order to
reduce the errors in the modeling. Therefore, the second order terms will
be fully considered. The author will show that in the current framework,
doing so does not increase the complexity of the element. Let’s recall the
definition of some tensors:
J =
ï
∂X
∂ξ
∂X
∂η
∂X
∂ζ
ò
(6.24)
j =
ï
∂x
∂ξ
∂x
∂η
∂x
∂ζ
ò
(6.25)
F = ∂x
∂X
= j · J−1 (6.26)
C = F T · F =
(
j · J−1
)T · j · J−1 (6.27)
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E = 12 (C − I) (6.28)
E′ = T T ·E · T (6.29)
S′ = D : E′ (6.30)
Now, similarly to the procedure followed in section 4.3, let’s define some
useful tensors:
G = J−1 (6.31)
A = G · T (6.32)
g = jT · j (6.33)
Notice that G and A are defined in the reference configuration, while g is
defined in the current configuration. Using these tensors we can rewrite
equations (6.27) to (6.29):
C = F T · F =
(
j · J−1
)T · j · J−1 = GT · g ·G (6.34)
E = 12 (C − I) =
1
2 (G
T · g ·G− I) (6.35)
E′ = T T ·E · T = 12 (T
T ·GT · g ·G · T − I) = 12 (A
T · g ·A− I) (6.36)
The tensor g is a symmetric tensor. Furthermore, since
x,ξ ⊥ x,ζ and x,η ⊥ x,ζ⇒ g13 = g23 = g31 = g32 = 0 (6.37)
then g is of the form
g =
 g11 g12 0g22 0
sym. g33
 (6.38)
The components of g can be expressed in the following way:
gαβ = LTξα ·p
T ·p·Lξβ+λh ζ (LTξα ·p
T ·n,ξβ +LTξβ ·p
T ·n,ξα )+λ2 h2 ζ2 n,Tξα ·n,ξβ
∀α, β = 1÷ 2 (6.39)
where
Lξ1 ≡ Lξ Lξ2 ≡ Lη (6.40)
and
n,ξ1 ≡ n,ξ n,ξ2 ≡ n,η (6.41)
The explicit value of g33 is not of interest because given the structure of A
it is only meaningful towards the determination of ε3. In fact, the value of
ε3 can only be obtained using equation (6.7), because it does not generate
any work in the plane stress assumption.
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6.4 Decomposition into thickness-independent
tensors
This section provides the necessary proofs to decompose the tensors that
govern the deformation of the shell element into sums of tensors that are
constant in the thickness direction and which eventually may be affected
by scalar components that provide the variation in the thickness direc-
tion. This is useful in order to subsequently pre-integrate through-the-
thickness, which is invaluable in order to reduce the computational cost of
the calculations.
It can be proved that A is of the form
A =
A11 A12 0A21 A22 0
0 0 A33
 (6.42)
Let’s proceed with the demonstration. In order to analyze A we will use
it’s inverse A−1:
A−1 = (G · T )−1 = T−1 ·G−1 = T T · J =
=
Ñ
↑ ↑ ↑
t1 t2 t3
↓ ↓ ↓
éT
·
Ñ
↑ ↑ ↑
P ·Lξ + hζN ,ξ P ·Lη + hζN ,η h t3
↓ ↓ ↓
é
=
=
Ñ
t1 · (P ·Lξ + h ζ N ,ξ ) t1 · (P ·Lη + h ζ N ,η ) 0
t2 · (P ·Lξ + h ζ N ,ξ ) t2 · (P ·Lη + h ζ N ,η ) 0
0 0 h
é
(6.43)
A−11 1
2 2
:=
Å
t1 · (P ·Lξ + h ζ N ,ξ ) t1 · (P ·Lη + h ζ N ,η )
t2 · (P ·Lξ + h ζ N ,ξ ) t2 · (P ·Lη + h ζ N ,η )
ã
(6.44)
detA−1 = det(T T · J) = detT T detJ = detJ := J (6.45)
but also . . . detA−1 = detA−11 1
2 2
detA−133 = h detA
−1
1 1
2 2
(6.46)
then: detA−11 1
2 2
= J
h
(6.47)
A 1 1
2 2
=
Å
A−11 1
2 2
ã−1
= h
J
(A0 + h ζA1) =
= h
J
Å
t2 · (P ·Lη + h ζ N ,η ) −t1 · (P ·Lη + h ζ N ,η )
−t2 · (P ·Lξ + h ζ N ,ξ ) t1 · (P ·Lξ + h ζ N ,ξ )
ã (6.48)
A0 =
Å
tT2 · P ·Lη −tT1 · P ·Lη
−tT2 · P ·Lξ tT1 · P ·Lξ
ã
(6.49)
A1 =
Å
t2 ·N ,η −t1 ·N ,η
−t2 ·N ,ξ t1 ·N ,ξ
ã
(6.50)
A33 =
1
h
(6.51)
This concludes the demonstration. This demonstration is going to proof
very useful in the coming sections because not only have we provided the
explicit expression for A, but we have also found a decomposition with
matrices that are constant in the thickness direction.
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By rearranging the terms of equation (6.36) we can define a new tensor
Q that permits the use of Voigt notation.
E′IJ =
1
2(A
T
Ii gij AjJ − δIJ) =
1
2(AiI AjJ gij − δIJ) (6.52)
E′V oigt =
 E′11E′22
E′12 + E′21
 = 12(Q · gV oigt − IV oigt) not= 12(Q · g − I) =
= 12
â A211 A221 A11A21A212 A222 A12A22
2A11A12 2A22A21 A11A22 +A12A21

︸ ︷︷ ︸
Q
·
 g11g22
g12 + g21
−
11
0

ì
(6.53)
However, since Q contains only the components of A 1 1
2 2
, we can make
use of its decomposition in equation (6.48) to also decompose Q:
E′1 1
2 2
= 12
Å
AT1 1
2 2
· g 1 1
2 2
·A 1 1
2 2
− I 1 1
2 2
ã
=
= 12
ï
h2
J2
(A0 + h ζA1)T · g 1 1
2 2
· (A0 + h ζA1)− I 1 1
2 2
ò
=
= 12
ï
h2
J2
AT0 · g 1 12 2
·A0+
+ h
3 ζ
J2
(
AT0 · g 1 12 2
·A1 +AT1 · g 1 12 2
·A0
)
+
+ h
4 ζ2
J2
AT1 · g 1 12 2
·A1 − I 1 1
2 2
ò
(6.54)
(
AT0 · g 1 12 2
·A0
)
V oigt
= Q0 · g (6.55)(
AT0 · g 1 12 2
·A1 +AT1 · g 1 12 2
·A0
)
V oigt
= Q1 · g (6.56)(
AT1 · g 1 12 2
·A1
)
V oigt
= Q2 · g (6.57)
E′ = 12
ï
h2
J2
(
Q0 + h ζQ1 + h2 ζ2Q2
)
· g − I
ò
(6.58)
Q = h
2
J2
Q0 +
h3 ζ
J2
Q1 +
h4 ζ2
J2
Q2 (6.59)
Q0 =

(tT2 · P ·Lη)2 (tT2 · P ·Lξ)2 −(tT2 · P ·Lη)(tT2 · P ·Lξ)
(tT1 · P ·Lη)2 (tT1 · P ·Lξ)2 −(tT1 · P ·Lη)(tT1 · P ·Lξ)
−2(tT2 · P ·Lη)· −2(tT2 · P ·Lξ)· (tT2 · P ·Lη)(tT1 · P ·Lξ)+
·(tT1 · P ·Lη) ·(tT1 · P ·Lξ) +(tT1 · P ·Lη)(tT2 · P ·Lξ)

(6.60)
6.5. PRINCIPLE OF VIRTUAL WORK 73
Q1 =

2(tT2 · P ·Lη)· 2(tT2 · P ·Lξ)· −[(tT2 · P ·Lη)(t2 ·N ,ξ )+
·(t2 ·N ,η ) ·(t2 ·N ,ξ ) +(tT2 · P ·Lξ)(t2 ·N ,η )]
2(tT1 · P ·Lη)· 2(tT1 · P ·Lξ)· −[(tT1 · P ·Lη)(t1 ·N ,ξ )+
·(t1 ·N ,η ) ·(t1 ·N ,ξ ) +(tT1 · P ·Lξ)(t1 ·N ,η )]
−2[(tT2 · P ·Lη)· −2[(tT2 · P ·Lξ)· [(tT2 · P ·Lη)(t1 ·N ,ξ )+
·(t1 ·N ,η )+ ·(t1 ·N ,ξ )+ +(tT1 · P ·Lξ)(t2 ·N ,η )+
+(tT1 · P ·Lη)· +(tT1 · P ·Lξ)· +(tT1 · P ·Lη)(t2 ·N ,ξ )+
·(t2 ·N ,η )] ·(t2 ·N ,ξ )] +(tT2 · P ·Lξ)(t1 ·N ,η )]

(6.61)
Q2 =

(t2 ·N ,η )2 (t2 ·N ,ξ )2 −(t2 ·N ,η )(t2 ·N ,ξ )
(t1 ·N ,η )2 (t1 ·N ,ξ )2 −(t1 ·N ,η )(t1 ·N ,ξ )
−2(t2 ·N ,η )· −2(t2 ·N ,ξ )· (t2 ·N ,η )(t1 ·N ,ξ )+
·(t1 ·N ,η ) ·(t1 ·N ,ξ ) +(t1 ·N ,η )(t2 ·N ,ξ )
 (6.62)
But g can also be decomposed and equation (6.39) is rewritten as:
g = gm + 2λh ζ gb + λ2 h2 ζ2 gn (6.63)
gm =
 LTξ · pT · p ·LξLTη · pT · p ·Lη
2LTξ · pT · p ·Lη
 (6.64)
gb =
 LTξ · pT · nξLTη · pT · nη
LTξ · pT · nη +LTη · pT · nξ
 (6.65)
gn =
 nξ · nξnη · nη
2nξ · nη
 (6.66)
where gm, gb and gn contain respectively the membrane, bending and
second order terms of the deformation. Finally, by combining equation (6.63)
into equation (6.58), we obtain a fully decomposed expression for the Green-
Lagrange strain tensor in local coordinates of the material. All the vectors
and tensors in equation (6.67) are constant in the thickness direction. We
shall remark again that the Green-Lagrange strain tensor (E’) is defined
in the reference configuration.
E′ = 12
ï
h2
J2
(
Q0 + h ζQ1 + h2 ζ2Q2
)
· (gm + 2λh ζ gb + λ2 h2 ζ2 gn)− I
ò
(6.67)
6.5 Principle of virtual work
The second Piola-Kirchhoff stress tensor (S) is work-conjugate of the Green-
Lagrange strain tensor (E). So the density of work produced by the defor-
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mation is expressed as:
U = E : S = E′ : S′ (6.68)
The expression of the virtual work principle for the internal virtual
work of an element is:
δW inte =
∫∫∫
Ω0e
δE′ : S′ dΩ0 =
∫∫∫
Ω0e
δE′T ·D ·E′ dΩ0 =
= 14
∫∫∫
Ω0e
δgT ·QT ·D · (Q · g − I) dΩ0
(6.69)
and the external virtual work is:
δW exte =
∫∫∫
Ve
δx · qV dV +
∫∫
Se
δx · qS dS +
∫
Γe
δx · qΓ dΓ +
rtotal∑
i=1
δxi · qi
(6.70)
where qV , qS , qΓ and qi refer to the volume loads, surface loads, linear
loads and nodal loads, respectively. Notice that the integrals in equa-
tion (6.70) do not specify whether the integral is defined in the reference
or in the current configuration. That is because some loads will be defined
in the reference configuration (e.g. self weight) and some other loads will
be defined in the deformed configuration (e.g. a follower pressure load).
Because the BEST element uses neighboring nodes to define the geom-
etry, the author refers to the set of nodes that surround the triangle as x̃r.
This is a column vector which has the different vector coordinates of each
of the surrounding nodes stacked one after the other (with the coordinates
of the three nodes of the triangle taking the first 9 positions).
x̃r :=

x11
x12
x13
...
xk1
xk2
xk3
...
xrtotal1
xrtotal2
xrtotal3

(6.71)
Where rtotal is the total number of nodes in the patch of elements that
surrounds the triangle. For a regular mesh, rtotal = 12.
When taking derivatives of the different magnitudes with respect to
the coordinates of the nodes of the BEST element, all the coordinates of
the neighboring nodes need to be accounted for. For example:
δg = ∂g
∂x̃r
δx̃r = B · δx̃r (6.72)
δx = ∂x
∂x̃r
δx̃r (6.73)
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B is a matrix with 3 rows and three times as many columns as nodes exist
in the patch of the element. Usually, in the literature, other authors use
this notation for the matrix relating the nodal displacements with the de-
formation tensor. The author is not using a formulation based on displace-
ments but based on nodal coordinates, so this possibility is forfeited in this
work. Besides, in terms of derivatives, the product of Q and B would be
equivalent to the matrix B used in the literature. The author prefers to
keep them separated in order to simplify the decomposed expression with
respect to the thickness coordinate.
Now we can rewrite equations (6.69) and (6.70) using the expressions
above:
δW inte =
1
4δx̃
rT
∫∫∫
Ω0e
BT ·QT ·D · (Q · g − I) dΩ0 (6.74)
δW exte = δx̃rT
ñ∫∫∫
Ve
Å
∂x
∂x̃r
ãT
· qV dV +
∫∫
Se
Å
∂x
∂x̃r
ãT
· qS dS+
+
∫
Γe
Å
∂x
∂x̃r
ãT
· qΓ dΓ + q̃r
ô (6.75)
Equaling the expression for the internal virtual work and the external
virtual work we establish a condition for equilibrium. Since the equality
must hold for any arbitrary value of δx̃r, then we can write:
1
4
∫∫∫
Ω0e
BT ·QT ·D · (Q · g − I) dΩ0 =
∫∫∫
Ve
Å
∂x
∂x̃r
ãT
· qV dV+
+
∫∫
Se
Å
∂x
∂x̃r
ãT
· qS dS +
∫
Γe
Å
∂x
∂x̃r
ãT
· qΓ dΓ + q̃r
(6.76)
The left hand side contains what is commonly referred to as the vector of
equivalent nodal loads to the internal stresses of the element (F inte ). The
right hand side contains what is commonly referred to as the vector of
equivalent external nodal loads (F exte ).
Equation (6.76) is a nonlinear equation. In order to solve it, we use the
Newton-Raphson method.
Rke = F inte (x̃r)k − F exte (x̃r)k (6.77)
Rk+1e ≈
∂Rke
∂x̃r
·∆x̃r = 0 (6.78)
(x̃r)k+1 = (x̃r)k + ∆x̃r (6.79)
6.6 Summary
This chapter presents the description of the deformation of the BEST ele-
ment for a total Lagrangian formulation and for a modified version of the
Kirchhoff-Love hypothesis of the shell mechanics in which the constraint
on the thickness change has been relaxed while assuming a plane stress
state of the material.
Under the above conditions the author has obtained a decomposition of
the Green-Lagrange strain tensor in local coordinates (see equation (6.58)),
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where the components are independent through the thickness except for
scalar coefficients. This will prove very valuable in the next chapter in or-
der to perform the efficient and geometrically accurate through-the-thickness
pre-integration of the stiffness matrix in the total Lagrangian framework.
Chapter 7
Construction of the tangent
stiffness matrix
THIS CHAPTER PRESENTS THE CONSTRUCTION of the tangent stiffnessmatrix of the BEST element as required per equation (6.78), which
implies the solution of a linear system of equations. On the one side, the
linearization of the expression of the equivalent internal nodal loads leads
to obtaining the classical stiffness matrix of the element. On the other
side, the linearization of the equivalent external nodal loads leads to the
tangent matrix of the nodal loads. In many cases, the external loads are
constant, but it is not infrequent that an engineer faces a structure with
varying loads.
∂Re
∂x̃r
= ∂F
int
e (x̃r)
∂x̃r
− ∂F
ext
e (x̃r)
∂x̃r
(7.1)
Section 7.1 presents the computation of the material and the geometric
stiffness matrices of the element. The geometric stiffness matrix appears
only in geometrically nonlinear problems. This is the case of shells. This is
accentuated in the case of very thin shells whose structures can undergo
very large displacements. An efficient integration of the stiffness matrix is
necessary in order to keep the computational cost competitive with other
finite elements. This issue is presented in section 7.2. Finally, the compu-
tation of the tangent loads matrix is presented in section 7.3. The BEST
element is also different in this aspect, because the shape of the element
depends not only on the element’s nodal positions, but also on the positions
of the patch of nodes surrounding the element.
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7.1 Material and geometric stiffness matrices
The stiffness matrix stems from the linearization of the equivalent inter-
nal nodal loads.
∂F inte (x̃r)
∂x̃r
= 14
∂
∂x̃r
∫∫∫
Ω0e
BT ·QT ·D · (Q · g − I) dΩ0 =
= 14
∫∫∫
Ω0e
BT ·QT ·D ·Q ·B dΩ0︸ ︷︷ ︸
KM
+
+ 12
∫∫∫
Ω0e
∂BT
∂x̃r
·QT ·D ·E′ dΩ0︸ ︷︷ ︸
KG
(7.2)
Where KM is the material stiffness matrix, and KG is the geometric stiff-
ness matrix. Let’s proceed with the details of the computations in the
parametric space of coordinates.
KM =
1
4
∫∫∫
Ω0e
BT ·QT ·D ·Q ·B dΩ0 =
= 14
∫ 1
0
∫ 1−ξ
0
∫ 1
2
− 12
BT ·QT ·D ·Q ·B · J dξ dη dζ
(7.3)
KG =
1
2
∫∫∫
Ω0e
∂BT
∂x̃r
·QT ·D ·E′ dΩ0
= 12
∫ 1
0
∫ 1−ξ
0
∫ 1
2
− 12
∂BT
∂x̃r
·QT ·D ·E′ · J dξ dη dζ
(7.4)
The matrix B and the tensor in 3 dimensions
∂B
∂x̃r
have not been thor-
oughly defined, yet. Let’s recall the first time B has been introduced in
equation (6.72) and the decomposition of g in equation (6.63):
B = ∂g
∂x̃r
= ∂gm
∂x̃r
+ 2λh ζ ∂gb
∂x̃r
+ λ2 h2 ζ2 ∂gn
∂x̃r
=
= Bm + 2λh ζBb + λ2 h2 ζ2Bn
(7.5)
Bm =
∂gm
∂x̃r
= ∂gm
∂p
: ∂p
∂x̃r
(7.6)
Bb =
∂gb
∂x̃r
= ∂gb
∂p
: ∂p
∂x̃r
(7.7)
Bn =
∂gn
∂x̃r
= ∂gn
∂p
: ∂p
∂x̃r
(7.8)
For the sake of brevity, the author will request from the reader an effort of
abstraction. The formulæ will try to be presented in condensed form when-
ever possible. For example, the above expressions can be jointly presented
as:
Bχ =
∂gχ
∂x̃r
= ∂gχ
∂p
: ∂p
∂x̃r
∀χ = {m, b, n} (7.9)
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And the terms included in the following expression
∂B
∂x̃r
= ∂
2g
(∂x̃r)2 =
∂2gm
(∂x̃r)2 + 2λh ζ
∂2gb
(∂x̃r)2 + λ
2 h2 ζ2
∂2gn
(∂x̃r)2 =
= ∂Bm
∂x̃r
+ 2λh ζ ∂Bb
∂x̃r
+ λ2 h2 ζ2 ∂Bn
∂x̃r
(7.10)
can be further expanded as follows:
∂Bχ
∂x̃r
= ∂
2gχ
(∂x̃r)2 =
Å
∂2gχ
(∂p)2 :
∂p
∂x̃r
ã
: ∂p
∂x̃r
+ ∂gχ
∂p
: ∂
2p
(∂x̃r)2 =
=
Ç
∂2gχ(i)
∂p(jq) ∂p(ls)
:
∂p(ls)
∂x̃r(w)
å
:
∂p(jq)
∂x̃r(v)
+
∂gχ(i)
∂p(jq)
:
∂2p(jq)
∂x̃r(v) ∂x̃
r
(w)
=
=
∂Bχ(iv)
∂x̃r(w)
∀χ = {m, b, n} ∀i = 1÷ 3 ∀v, w = 1÷ 3 rtotal
(7.11)
Since these matrices start to get rather large in the number of dimensions,
the author prefers to express some of the definitions using indicial notation
for further clarity. Indices are written in parentheses to distinguish them
from subscripts.
∂gχ
∂p
=
∂gχ(k)
∂p(lv)
∀χ = {m, b, n} ∀k, l = 1÷ 3 ∀v = 1÷ 10 (7.12)
∂gm(1)
∂p(lv)
= 2 p(lj)Lξ(j)Lξ(v) (7.13)
∂gm(2)
∂p(lv)
= 2 p(lj)Lη(j)Lη(v) (7.14)
∂gm(3)
∂p(lv)
= 2 (p(lj)Lξ(j)Lη(v) + p(lj)Lη(j)Lξ(v)) (7.15)
Again, the author makes an abuse of notation and switches indistinctively
between tensorial notation and Voigt notation for the components of g (see
equation (4.23) on page 37); in order to condense the above expressions in
the following manner:
∂gm(αβ)
∂p(lv)
= 2 p(lj)Lξα(j)Lξβ(v) ∀α, β = 1, 2 (7.16)
∂gb(αβ)
∂p(lv)
= n,ξα(l) Lξβ(v) + p(ji)Lξβ(i)
∂n,ξα(j)
∂p(lv)
∀α, β = 1, 2 (7.17)
∂gn(αβ)
∂p(lv)
= 2n,ξα(i)
∂n,ξβ(i)
∂p(lv)
∀α, β = 1, 2 (7.18)
∂2gm(αβ)
∂p(jq) ∂p(ls)
= 2δ(jl)Lξα(q)Lξβ(s) ∀α, β = 1, 2 (7.19)
∂2gb(αβ)
∂p(jq) ∂p(ls)
=
∂n,ξα(j)
∂p(ls)
Lξβ(q) +
∂n,ξβ(l)
∂p(jq)
Lξα(s) + p(jk)Lξα(k)
∂2n,ξβ(j)
∂p(jq) ∂p(ls)
∀α, β = 1, 2
(7.20)
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∂2gn(αβ)
∂p(jq) ∂p(ls)
= 2
Ç
∂n,ξα(i)
∂p(jq)
∂n,ξβ(i)
∂p(ls)
+ n,ξβ(i)
∂2n,ξα(i)
∂p(jq) ∂p(ls)
å
∀α, β = 1, 2
(7.21)
The expressions for
∂n,ξ
∂p
,
∂n,η
∂p
,
∂2n,ξ
(∂p)2 and
∂2n,η
(∂p)2 become rather complex.
For this reason the author prefers to present them in appendix D.
7.1.1 Derivatives of the control points’ coordinates
Similarly to the procedure followed in section 5.3, the derivatives of the
control points’ coordinates will be determined by groups. First, the corner
control points, which are coincident with the triangle’s nodes. Second, the
control points in the boundaries of the Bézier triangle. And third, the
central control point.
Using equation (5.14), it is straight forward to find the derivatives of
the corner control points.
∂pi
∂x̃r
= ∂x
i
∂x̃r
=
∂xi(l)
∂xh(v)
= δihδ(lv) ∀ i, l, v = 1÷ 3 ∀h = 1÷ rtotal (7.22)
∂2pi
(∂x̃r)2 = 0 (7.23)
The control points of the Bézier triangle’s boundary are determined by
solving a linear system of 3 equations. In order to reduce the computa-
tional cost, we will take advantage of the fact that the system matrix has
to be inverted. We will not invert any other system matrix for the determi-
nation of the derivatives. So deriving by parts equation (5.16) and solving
for
∂pij
∂x̃r
we obtain:
∂pij
∂x̃r
=
∂pij(m)
∂xh(v)
= Aij−1p(ml)
(
∂bijp(l)
∂xh(v)
−
∂Aijp(ln)
∂xh(v)
pij(n)
)
∀ i, j = 1÷ 3 | i 6= j ∀ l,m, n, v = 1÷ 3 ∀h = 1÷ rtotal
(7.24)
Aijp ·
∂pij
∂x̃r
=
∂bijp
∂x̃r
−
∂Aijp
∂x̃r
· pij (7.25)
Deriving again by parts equation (7.25) and solving for
∂2pij
(∂x̃r)2 we obtain:
∂2pij
(∂x̃r)2 =
∂2pij(m)
∂xh(v) ∂x
s
(w)
= Aij−1p(ml)
(
∂2bijp(l)
∂xh(v) ∂x
s
(w)
−
∂2Aijp(ln)
∂xh(v) ∂x
s
(w)
pij(n)
−
∂Aijp(ln)
∂xh(v)
∂pij(n)
∂xs(w)
−
∂Aijp(ln)
∂xs(w)
∂pij(n)
∂xh(v)
)
∀ i, j = 1÷ 3 | i 6= j ∀ l,m, n, v, w = 1÷ 3 ∀h, s = 1÷ rtotal
(7.26)
The expressions for
∂Aijp
∂x̃r
,
∂2Aijp
(∂x̃r)2 ,
∂bijp
∂x̃r
and
∂2bijp
(∂x̃r)2 become rather com-
plex. For this reason the author prefers to present them in appendix D.
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The central control point of the Bézier triangle is computed as an av-
erage of three candidate points (see equation (5.17)). The derivatives of
the central control point will then be the average of the candidate points’
derivatives.
∂p123
∂x̃r
= 13
3∑
i=1
∂p0i
∂x̃r
(7.27)
∂2p123
(∂x̃r)2 =
1
3
3∑
i=1
∂2p0i
(∂x̃r)2 (7.28)
Each of the candidate points is determined by solving a linear system of
3 equations. To compute their derivatives, an analogous procedure as the
one used for the control points in the contour can be used. Therefore, we
will derive by parts equation (5.18) and solve for
∂p0i
∂x̃r
to obtain:
∂p0i
∂x̃r
=
∂p0i(m)
∂xh(v)
= A0i−1p(ml)
Ç
∂b0ip(l)
∂xh(v)
−
∂A0ip(ln)
∂xh(v)
p0i(n)
å
∀ i, l,m, n, v = 1÷ 3 ∀h = 1÷ rtotal
(7.29)
A0ip ·
∂p0i
∂x̃r
=
∂b0ip
∂x̃r
−
∂A0ip
∂x̃r
· p0i (7.30)
Deriving again by parts equation (7.30) and solving for
∂2p0i
(∂x̃r)2 we obtain:
∂2p0i
(∂x̃r)2 =
∂2p0i(m)
∂xh(v) ∂x
s
(w)
= A0i−1p(ml)
Ç
∂2b0ip(l)
∂xh(v) ∂x
s
(w)
−
∂2A0ip(ln)
∂xh(v) ∂x
s
(w)
p0i(n)
−
∂A0ip(ln)
∂xh(v)
∂p0i(n)
∂xs(w)
−
∂A0ip(ln)
∂xs(w)
∂p0i(n)
∂xh(v)
å
∀ i, l,m, n, v, w = 1÷ 3 ∀h, s = 1÷ rtotal
(7.31)
The expressions for
∂A0ip
∂x̃r
,
∂2A0ip
(∂x̃r)2 ,
∂b0ip
∂x̃r
and
∂2b0ip
(∂x̃r)2 become rather com-
plex. For this reason the author prefers to present them in appendix D.
7.2 Efficient and geometrically accurate
through-the-thickness pre-integration
Equations (7.3) and (7.4) are to be integrated numerically. The author
proposes to decouple the through-the-thickness integration (
∫ 1
2
− 12
) from the
area integration (
∫ 1
0
∫ 1−ξ
0 ).
Regarding the integration over the area of the triangle, the first thing to
figure out is the order of integration necessary. Since the shape functions
(N ) are cubic, the deformation has a quadratic description. Therefore, the
internal virtual energy is being described with fourth order functions. The
numerical quadrature that needs the least number of integration points
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for a fourth order polynomial is a Gaussian quadrature, which needs 6
integration points over the triangle. The author uses the quadrature ob-
tained by Dunavant in [33]. There are other authors who have also ob-
tained fourth order quadratures for the triangle. The reader can refer to
the references in [29] for a complete review on numerical quadratures on
different domains.
The beauty of Dunavant’s quadrature is that it is symmetric, all the
weights are positive and all the points are inside the triangle (see ta-
ble 7.1).
Table 7.1: Weights and coordinates for fourth order integration using
Gaussian quadrature over a triangle.
Gauss point Weight Parametric coordinates
1 w1 (α1, β1)
2 w1 (β1, α1)
3 w1 (β1, β1)
4 w2 (α2, β2)
5 w2 (β2, α2)
6 w2 (β2, β2)
w1 = 0.223381589678011
α1 = 0.108103018168070
β1 = 0.445948490915965
w2 = 0.109951743655322
α2 = 0.816847572980459
β2 = 0.091576213509771
Regarding the integration through the thickness of the triangle, there
are two options. The first one, is to also perform a Gaussian integration
through the thickness and multiply each point in the triangle quadrature
by the number of evaluation points through the thickness. The problem
with this approach is that at least 5 evaluation points in the thickness di-
rection are necessary. This implies a total of not less than 30 evaluation
points. The number of evaluation points is a direct measure of the cost
of building the stiffness matrix of the element. Fortunately, the decision
for developing a total Lagrangian formulation comes in very handy. As
it has been shown in equations (6.59), (6.63), (6.67), (7.5) and (7.10); the
tensors that conform the material stiffness matrix and the geometric stiff-
ness matrix in equations (7.3) and (7.4) can be decomposed into constant
tensors in the thickness direction and scalar factors that are affected by
the thickness coordinate ζ. Furthermore, these scalar factors that have
variation in the thickness direction, are defined in the reference configura-
tion and do not change in the current configuration. Therefore, the author
follows what other scholars have done for other elements [120]1 and pro-
poses a through-the-thickness pre-integration of all the terms, which can
1Stanley is regarded as the first scholar to have successfully introduced this kind of de-
composition in the through-the-thickness direction in order to pre-integrate the stiffness ma-
trix. Oñate also cites different authors who have followed this approach, see [93, p. 640] and
references therein.
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be pre-computed in the reference configuration. To the author’s knowledge,
however, nobody has performed this through-the-thickness pre-integration
taking into account all the higher order terms of the Jacobian and the de-
formation tensors for a rotation-free shell element2. This approach has a
signifficant computational advantage over the Updated Lagrangian formu-
lations, as the preintegration is performed only once, instead of performing
it at every time-step or load-step. Performing a little bit of arithmetic, all
of this results in the following expressions for the material and geometric
stiffness matrices.
KM =
∑
∀α={m,b,n}
∑
∀ β={m,b,n}
KMαβ (7.32)
KG =
∑
∀α={m,b,n}
∑
∀ β={m,b,n}
KGαβ (7.33)
KMαβ =
∫ 1
0
∫ 1−ξ
0
BTα · D̂αβ ·Bβ dξ dη (7.34)
KGαβ =
∫ 1
0
∫ 1−ξ
0
∂BTα
∂x̃r
· (D̂αβ · gβ − δαβ · D̂β) dξ dη (7.35)
D̂αβ =
]layers∑
l=1
(λl)κ+χ D̂
l
αβ (7.36)
D̂β =
]layers∑
l=1
(λl)χ D̂
l
β (7.37)
κ =

0 if α = m,
1 if α = b,
2 if α = n.
χ =

0 if β = m,
1 if β = b,
2 if β = n.
(7.38)
Notice that in equations (7.34) and (7.35), all the terms that do not de-
pend on the thickness coordinate ζ have been taken out of the through-the-
thickness integral. All the other terms, including those that are constant
in the current configuration have been condensed into the D̂lαβ tensors and
the D̂lβ vectors; which can be computed in the reference configuration once
and for all in the simulation/analysis if the material is linear elastic. In
the case of non-linear behavior of the materials (e.g. plasticity, damage,
etc.) these tensors need to be reevaluated in the current configuration; but
the integrals are not reevaluated.
2Yang et al. [141] explain that many shell elements are based on moderate rotation as-
sumptions. Since rotations lead to rational expressions that imply complicated derivatives,
researchers have sought for ways to circumvent those rational expressions and use aproxi-
mated polynomial expressions instead [9, pp. 545–549]. In addition, in order to compensate
for the errors introduced by the approximations of the large rotations, most finite element
developers favored the Updated Lagrangian formulation, this was also the reason behind the
development of the co-rotational shell elements [138].
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Another important consideration has been introduced. Since there can
be different materials in the thickness direction, the through-the-thickness
integral has been split into a summation over the different layers of the
laminate. The stretch factor (λ) is taken into account evaluating it once
per each material layer. So the author considers that it is sufficient to
consider a piece-wise constant variation of the stretch factor through the
thickness.
D̂
l
mm =
h
4
2∑
i=0
2∑
j=0
hi+jQTi ·Dl ·Qj ·
Ç∫ ζl
ζl−1
ζi+j
(Ĵ)3
dζ
å
(7.39)
D̂
l
mb =
h2
2
2∑
i=0
2∑
j=0
hi+jQTi ·Dl ·Qj ·
Ç∫ ζl
ζl−1
ζi+j+1
(Ĵ)3
dζ
å
(7.40)
D̂
l
mn =
h3
4
2∑
i=0
2∑
j=0
hi+jQTi ·Dl ·Qj ·
Ç∫ ζl
ζl−1
ζi+j+2
(Ĵ)3
dζ
å
(7.41)
D̂
l
bb = 4 D̂lmn (7.42)
D̂
l
bn =
h2
2
2∑
i=0
2∑
j=0
hi+jQTi ·Dl ·Qj ·
Ç∫ ζl
ζl−1
ζi+j+3
(Ĵ)3
dζ
å
(7.43)
D̂
l
nn =
h5
4
2∑
i=0
2∑
j=0
hi+jQTi ·Dl ·Qj ·
Ç∫ ζl
ζl−1
ζi+j+4
(Ĵ)3
dζ
å
(7.44)
D̂
l
m =
h
4
2∑
i=0
hiQTi ·Dl · I ·
Ç∫ ζl
ζl−1
ζi
Ĵ
dζ
å
(7.45)
D̂
l
b =
h2
2
2∑
i=0
hiQTi ·Dl · I ·
Ç∫ ζl
ζl−1
ζi+1
Ĵ
dζ
å
(7.46)
D̂
l
n =
h3
4
2∑
i=0
hiQTi ·Dl · I ·
Ç∫ ζl
ζl−1
ζi+2
Ĵ
dζ
å
(7.47)
J = detJ = hJ0 + h2 ζ J1 + h3 ζ2 J2 (7.48)
Ĵ = J
h
= J0 + h ζ J1 + h2 ζ2 J2 (7.49)
J0 =
∣∣∣∣∣∣
↑ ↑ ↑
P ·Lξ P ·Lη N
↓ ↓ ↓
∣∣∣∣∣∣ (7.50)
J1 =
∣∣∣∣∣∣
↑ ↑ ↑
P ·Lξ N ,η N
↓ ↓ ↓
∣∣∣∣∣∣+
∣∣∣∣∣∣
↑ ↑ ↑
P ·Lη N ,ξ N
↓ ↓ ↓
∣∣∣∣∣∣ (7.51)
J2 =
∣∣∣∣∣∣
↑ ↑ ↑
N ,ξ N ,η N
↓ ↓ ↓
∣∣∣∣∣∣ (7.52)
Where Dl denotes the constitutive tensor defined in equation (6.4) for
the material layer l. All the other superindices in the above equations
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mean exponents. The limits of the thickness integrals are the bottom and
top coordinates of each layer l. Thus, ζ0 = − 12 , and ζ]layers =
1
2 .
Now, the advantage of these expressions is that all the through-the-
thickness integrals contain only scalar values and are completely defined
in the reference configuration. There are in total 14 (9 + 5) scalar inte-
grals to perform. The integrands are rational, because the expression of
the Jacobian (J) is polynomic. However, most authors perform a Taylor
series expansion on the jacobian J in the thickness direction3 —dropping
the quadratic terms in the thickness direction4— and take only into ac-
count the maximum exponent in the numerators to evaluate the polyno-
mial order of the integrands. The maximum exponent in the numerator is
8. This is why the author suggests using a 5 points Gaussian quadrature to
numerically evaluate the integrals of the shell in the thickness direction.
However, because these expressions are so cheap, it is possible to select an
arbitrary precision for the thickness integrals at a marginal increment of
the computational cost. The author suggests to use at least 5 integration
points per material layer in the laminate.
We can now take advantage of all this notation and perform also a
through-the-thickness pre-integration of the equivalent internal nodal loads:
F inte =
∑
∀α={m,b,n}
∑
∀ β={m,b,n}
F intαβ (7.53)
F intαβ =
∫ 1
0
∫ 1−ξ
0
BTα · (D̂αβ · gβ − δαβ · D̂β) dξ dη (7.54)
7.3 Tangent loads matrix
The tangent loads matrix stems from the linearization of the equivalent
external nodal loads.
∂F exte
∂x̃r
= ∂
∂x̃r
ñ∫∫∫
Ve
Å
∂x
∂x̃r
ãT
· qV dV +
∫∫
Se
Å
∂x
∂x̃r
ãT
· qS dS+
+
∫
Γe
Å
∂x
∂x̃r
ãT
· qΓ dΓ + q̃r
ô
=
= ∂
∂x̃r
∫∫∫
Ω0
∂xT
∂x̃r
· q0V dΩ0︸ ︷︷ ︸
HV 0
+ ∂
∂x̃r
∫∫∫
Ω
∂xT
∂x̃r
· qV dΩ︸ ︷︷ ︸
HV
+
+ ∂
∂x̃r
∫∫
∂Ω0
∂xT
∂x̃r
· q0S dS0︸ ︷︷ ︸
HS0
+ ∂
∂x̃r
∫∫
∂Ω
∂xT
∂x̃r
· qS dS︸ ︷︷ ︸
HS
+
3Also a Taylor series expansion or other approximations of the shell shifter are common
in the literature on shell finite elements [12, p. 94]
4Büchter and Ramm in [18, pp. 44–46] describe the different proposed approaches to
perform the through-the-thickness integration in continuum based (degenerated) shell ele-
ments. Bischoff et al. in [12, p. 101] further explain that using an exact shifter (A in our
case) yields better results than using an aproximated shifter that facilitates performing an
analytic integration through-the-thickness.
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+ ∂
∂x̃r
∫
∂2Ω0
∂xT
∂x̃r
· q0Γ dΓ 0︸ ︷︷ ︸
HΓ0
+ ∂
∂x̃r
∫
∂2Ω
∂2xT
∂x̃r
· qΓ dΓ︸ ︷︷ ︸
HΓ
(7.55)
Each of the tangent matrices above can be developed for each partic-
ular case considered. Here, the author will only develop as an example
the self-weight loads (equation (7.56)), which are a case of loads defined
over the volume in the reference configuration, and then two different sur-
face loads. One for dead loads (equation (7.57)), which are also defined in
the reference configuration. And another one for follower pressure loads
(equation (7.58)), which are defined in the deformed configuration and the
direction changes with the geometry.
HV 0 =
∂
∂x̃r
∫∫∫
Ω0
ρ g eT3 ·
∂x
∂x̃r
dΩ0 =
∫ 1
0
∫ 1−ξ
0
∫ 1
2
− 12
ρ g eT3 ·
∂2x
(∂x̃r)2 J dξ dη dζ =
=
∫ 1
0
∫ 1−ξ
0
g eT3 ·
∂2p
(∂x̃r)2 ·N
2∑
i=0
[
hi+1J0i
]layers∑
l=1
Ç
ρl
∫ ζl
ζl−1
ζi dζ
å]
dξ dη+
+
∫ 1
0
∫ 1−ξ
0
g eT3 ·
∂2n
(∂x̃r)2
2∑
i=0
[
hi+2J0i
]layers∑
l=1
Ç
λlρl
∫ ζl
ζl−1
ζi+1 dζ
å]
dξ dη
(7.56)
HS0 =
∂
∂x̃r
∫∫
∂Ω0
∂x̄T
∂x̃r
· q0S dS0 =
∫ 1
0
∫ 1−ξ
0
∂2x̄T
(∂x̃r)2 · q
0
SJ0 dξ dη =
=
∫ 1
0
∫ 1−ξ
0
NT · ∂
2pT
(∂x̃r)2 · q
0
SJ0 dξ dη
(7.57)
HS =
∂
∂x̃r
∫∫
∂Ω
p
∂x̄T
∂x̃r
· ndS =
=
∫ 1
0
∫ 1−ξ
0
p
Ü
∂2x̄T
(∂x̃r)2 · n+
∂x̄T
∂x̃r
· ∂n
∂x̃r︸ ︷︷ ︸
non-symmetric
ê
J0 dξ dη
(7.58)
The corresponding equivalent external nodal loads are:
F extV 0 =
∫ 1
0
∫ 1−ξ
0
g eT3 ·
∂p
∂x̃r
·N
2∑
i=0
[
hi+1J0i
]layers∑
l=1
Ç
ρl
∫ ζl
ζl−1
ζi dζ
å]
dξ dη+
+
∫ 1
0
∫ 1−ξ
0
g eT3 ·
∂n
∂x̃r
2∑
i=0
[
hi+2J0i
]layers∑
l=1
Ç
λlρl
∫ ζl
ζl−1
ζi+1 dζ
å]
dξ dη
(7.59)
F extS0 =
∫ 1
0
∫ 1−ξ
0
(q0S)T ·
∂p
∂x̃r
·N J0 dξ dη (7.60)
F extS =
∫ 1
0
∫ 1−ξ
0
pnT · ∂x̄
∂x̃r
J0 dξ dη (7.61)
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7.4 Summary
This chapter presents the explicit expressions to construct the tangent
stiffness matrix of the BEST element. Taking advantage of the decompo-
sition of the Green-Lagrange tensor presented in the previous chapter and
the Jacobian of the element, the author introduces a through-the-thickness
pre-integration of the terms of the stiffness matrix (including the higher
order terms). The formulæ are valid also in the case of a multi-layered
shell. To the author’s knowledge this is a novel contribution of this thesis.
The expressions for some of the possible tangent loads matrices are also
presented (self-weight loads, dead loads, and follower pressure loads).
The equations presented in this chapter are complemented —for the
sake of completeness— with the expressions needed of all the derivatives
in appendix D.

Chapter 8
On the integration order of the
element
SELDOM A DEVELOPER QUESTIONS the integration order of a finite el-ement. This is because the knowledge of isoparametric elements is
quite deep and the integration criteria of the stiffness matrix are clear.
Nevertheless, given the specificities of the formulation in the present de-
velopment it is reasonable to ponder about the integration order required
for the element. Let’s consider the different options:
• The input information is linear. Linear integration?
• The approximation order of the improved geometry is cubic. Quartic
integration?
• The functions stemming from the linearization of the normalization
of the normal vectors are rational. What order shall be applied? In
order to determine the corresponding integration order we shall de-
velop the Taylor series of the expression of the stiffness matrix and
determine how many terms of the series are relevant. But the Tay-
lor series expansions are only local and writing the expansion would
be a very complex task. Even if we did, determining which are the
relevant terms wouldn’t be an easy call.
Therefore, the need arises to determine how many Gauss points are
required when performing the numerical integrations over the element.
Using too many points will result in an increased computational cost of the
computations for the element without increasing the precision. Using too
few points can lead to unpredictable results (i.e. loosing the full rank of the
stiffness matrix) or simply a loss in precision that makes the development
of the new element totally worthless.
The methodology to determine the order of the quadrature has been to
identify the different options available and evaluate them using a series of
representative cases. The quadratures considered are:
1 Gauss point: This quadrature corresponds to a linear integration con-
sidering that the information of the shape functions —after deriving
them to describe the element’s deformation— is barely constant.
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3 Gauss points: This quadrature corresponds to a quadratic integration.
This would be the right choice if the functions that describe the de-
formation of the element contain linear information. As a result, the
integrand would be a quadratic function.
4 Gauss points: This quadrature corresponds to a cubic integration. This
is a very rare quadrature in triangular finite elements because it’s
order is not even. Nevertheless, the peculiarities of the present de-
velopment make it worth considering it in the study. Furthermore, in
the case of resulting adequate, it is the quadrature that marginally
requires the least number of additional evaluations with respect to
the lower order quadratures.
6 Gauss points: This quadrature corresponds to a quartic integration.
This is the last option to consider because it would imply that the
information contained in the element’s shape functions is cubic at all
effects. As a consequence, the functions describing the deformation
would be quadratic and the integrands would be quartic functions.
8.1 Bending dominant cases
This section includes 2 cases of structures under such loading that the
main deformation energy corresponds to the bending deformation. The
first case is that of a simply supported slender beam modeled as a shell.
The second is a classic verification example for shell elements: a hemi-
sphere subjected to opposite point loads.
8.1.1 Slender beam
Firstly, we show the analysis of a simple slender beam. In linear analysis,
this configuration only generates bending stresses. The dimensions and
the magnitude of the load are defined in such way that the deflection at
the center is 1. L = 10, b = 1, t = 0.01, E = 2.5 · 1011, ν = 0.3, q = 160.
The author does not recall big differences amongst the different quadra-
tures. The order of convergence is O ∝ h1/2 in all cases. This result will be
further discussed in the Summary in section 8.5.
8.1.2 Hemisphere with point loads
The second case consists on the already classical example of a hemispheric
shell with an 18° hole at the center. The hemisphere is subjected to two
pairs of diametrically opposed loads. The displacement of the points loaded
is 0.093 for the following values: φ = 20, t = 0.04, E = 6.825 · 107, ν =
0.3, P = 2.
It appears that using fewer Gauss points improves convergence. How-
ever, in all cases the convergence order is O ∝ h. Notwithstanding this
fact, the author recalls the apparent better precision obtained with a quadra-
ture of a single Gauss point. In fact, the precision achieved with a single
Gauss point is an order of magnitude better than that obtained with any
other quadrature considered.
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Figure 8.1: Comparison of h-convergence using structured meshes and dif-
ferent numerical quadratures for a simply supported beam.
Figure 8.2: Comparison of h-convergence using structured meshes and dif-
ferent numerical quadratures for a pinched hemisphere.
Figure 8.3: Comparison of h-convergence using unstructured meshes and
different numerical quadratures for a pinched hemisphere.
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8.2 Membrane dominant cases
Next we present 2 cases of structures subject to such loading that the main
deformation energy corresponds to membrane deformation. The first case
is that of a very thin-walled cylinder under internal pressure. The second
case is that of a roof in the form of a parabolic cylinder simply supported
along its two generatrices and subjected to self-weight loading.
8.2.1 Cylinder subject to internal pressure
The motivation for choosing this case stems from the desire to observe
the virtues of the BEST element. That is, a case where the description
using the cubic Bézier functions for the element’s geometry plays an im-
portant role in the out-of-plane deformation of the element. For this rea-
son it is important to choose an example with curved geometry yet sub-
ject solely to membrane stresses and not to bending stresses. The cylin-
der is a very well suited geometry to study using structured meshes. In
order to avoid activating the bending energy that would experiment the
cylinder, its thickness is restricted to an extremely small value. Simi-
larly to the case of the simply supported beam, the parameters of the ex-
ample have been selected in such way that the radial enlargement is 1.
L = 20, φ = 10, t = 0.0005, E = 108, ν = 0.3, p = 1000.
Figure 8.4: Comparison of h-convergence using non-symmetric structured
meshes and different numerical quadratures for a thin-walled cylinder.
The observation of the results of this case shows it takes full advantage
of the cubic formulation of the BEST element. Using the quartic quadra-
ture of 6 points, corresponding to the theoretical quadrature for an element
with cubic shape functions, yields convergence of order O ∝ h3. Using a
cubic quadrature of 4 points yields convergence of orderO ∝ h2. And using
the quadratures quadratic and linear, of 3 and 1 point respectively, yields
convergence of order O ∝ h.
This is a very important result, as it demonstrates it is possible to
achieve cubic convergence out of linear information. The mechanism to
accomplish it, unlike other methods based on the construction of macro-
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elements, uses the information of the neighboring elements in order to
build an element of greater order.
8.2.2 Parabolic roof
This case differs slightly from the idealism of the previous case. Now, the
roof ’s self-weight makes the structure experience tractions mainly. How-
ever, the real funicular shape of the load shall be a catenary instead of a
parabola. Therefore some bending stresses appear, although the main de-
formation mode is membrane. L = 50, a = 20, c = 10, t = 0.05, E = 108, ν =
0.0, q = 1000.
Figure 8.5: Comparison of h-convergence using non-symmetric structured
meshes and different numerical quadratures for a parabolic roof.
Figure 8.6: Comparison of h-convergence using unstructured meshes and
different numerical quadratures for a parabolic roof.
This example shows that when introducing some bending, the excellent
convergence properties verified in the previous example are lost, and the
quadrature with 1 Gauss point is again the best one. When using struc-
tured meshes, the quadrature with 1 Gauss point exhibits convergence of
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order O ∝ h5/2, while the other quadratures show convergence rates of
order O ∝ h3/2. In the case of unstructured meshes the convergence prop-
erties become reversed and now the quadrature with 1 Gauss point has
convergence of order O ∝ h2 while all the other cases improve and now ex-
hibit convergences of order O ∝ h5/2. Nevertheless, the quadrature with 1
Gauss point seems to have more precision. The quadrature using 4 Gauss
points also obtains notable results with respect to the other quadratures
that do not use the triangle’s barycenter as an evaluation point in the
quadrature. Therefore, it seems as if the barycenter of the triangle has
some special property when calculating the bending of the element.
8.3 In-plane shear dominant cases
Finally, this section presents 2 cases of structures whose loading makes
in-plane shear the main deformation mode. The first case is that of a thick
beam modeled with shell elements. The second case is that of a cylinder
under uniform torsion.
8.3.1 Thick beam
This is the most trivial case to activate the element’s in-plane shear. Con-
sists on a cantilevered deep beam subject to a uniform force along its free
end. The reference solution is 0.35533.
Figure 8.7: Comparison of h-convergence using structured meshes and dif-
ferent numerical quadratures for a thick beam.
In this example the differences between the numerical quadratures
aren’t significant. Indeed, the results are numerically identic. That’s why
the different curves of figure 8.7 are overlapped. The convergence is in all
cases of order O ∝ h. This result is not surprising because the formula-
tion of the BEST element has been designed to take advantage of the cubic
Bézier description in the curvature of the element. In a case like this the
element behaves in its plane and the cubic description of the Bézier func-
tions doesn’t play any role, thus behaving like a vulgar linear element.
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8.3.2 Cylinder under torsion
This case consists on a cylinder with one base clamped and 2 pairs of tan-
gential forces at the free edge generating a torque. Unlike the case of the
cylinder under internal pressure, in this case we set a very thick wall for
the cylinder with the objective of activating solely shear deformations and
avoid bending the elements.
Figure 8.8: Comparison of h-convergence using structured meshes and dif-
ferent numerical quadratures for a cylinder under torsion.
The convergence obtained in this case is very low. All the quadratures
achieve a convergence rate of order only O ∝ h1/2. It seems again that
the quadrature with a single Gauss point has some advantage albeit only
marginal with respect to the other quadratures. This result will be further
discussed in the Summary in section 8.5.
8.4 Effect of the mesh
One of the main goals for designing this new rotation-free thin shell ele-
ment was to avoid the mesh dependence that the elements developed with
the BST technology suffered. It is known that those elements exhibit a
clear dependence of the precision of the element on the mesh topology.
Thus, in cases of markedly anisotropic meshes, the operator to calculate
the curvature of the BST element rapidly looses precision. This is an effect
we try to avoid at all costs in the design of the new rotation-free element.
Along the present study on the order of integration we have been able
to detect the benefits of a higher order of integration in the influence of the
mesh on the results. The author has observed clearly how a reduced order
of integration exposes the element to the negative effects of a mesh inad-
equate to the simulation. On the contrary, when using a quadrature with
more Gauss points we can completely cancel out the effect of a mesh that
could undermine the result. Next the case of the cylinder under internal
pressure is presented.
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8.4.1 Structured mesh with symmetrical triangles
Generating structured triangle meshes usually becomes a problem in curved
surfaces. For example in the case of cylindrical surfaces. Structured tri-
angle meshes are generated based on the corresponding structured quad-
rangles mesh. For the quadrangles, meshing a cylindrical surface using
a structured mesh is a well defined problem and the solution is very sat-
isfactory. But when switching to triangles it doesn’t hold. A cylindrical
surface has 2 main directions that define it and the quadrangles adapt
very well to this space covering it in a Cartesian manner. However the
triangles don’t fit well in that paradigm, and they should follow a different
strategy. Trying to fit triangles using the mesh defined by the quadrangles
often results in ugly meshes. In particular, subdividing the quadrangles
into symmetric triangles (4 triangles per quadrangle) generates a mesh
which does not keep some of the basic properties of the original surface.
For example, convexity.
Figure 8.9: Example of a cylinder meshed using a structured mesh of sym-
metric triangles.
Figure 8.9 shows an example of a structured mesh using symmetric
triangles. Few engineers would choose such a mesh for their computations.
Both because of the mesh coarseness and because of its quality. The reason
for showing this mesh is to illustrate the kind of geometric defect I am
arguing.
In figure 8.10 it’s easy to see the effect caused by a lower order numeri-
cal quadrature when performing the integrals on the results obtained. The
main feature to observe is a lack of continuity in the results, exacerbated
when using a single Gauss point. Continuity is recovered for the 4 and 6
Gauss points quadratures; cubic and quartic, respectively. We shall recall
that a key aspect in the design of the BEST element is precisely the con-
struction of a geometry with greater inter-elemental continuity. Loosing
that characteristic because of the numerical quadrature is unacceptable.
8.4.2 Structured mesh with non-symmetrical triangles
Non-symmetrical meshes adapt better to the convexity of the surface. For
that, every quadrangle is divided into two coplanar triangles. This setup,
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(a) 1 Gauss point. (b) 3 Gauss points.
(c) 4 Gauss points. (d) 6 Gauss points.
Figure 8.10: Qualitative comparison of the results obtained using struc-
tured meshes of symmetric triangles and different numerical quadratures
for a thin-walled cylinder. Displacements in the x-direction as viewed on
the y-z plane.
besides avoiding to increase the number of nodes, takes advantage of the
goodness of structured quadrangle meshes. However, it has the disadvan-
tage that unless the mesh is generated with careful attention to details,
the result can be a strongly biased mesh. Usually the mesh generator will
set all the diagonals that divide the quadrangles in the same orientation.
This is what causes the mesh to exhibit a markedly anisotropic behavior
that affects the results of the structural analysis. As if the mesh was rein-
forced in the direction of the diagonals.
Figure 8.11 shows an example of a non-symmetrical structured trian-
gles mesh. Unlike the example shown in figure 8.9 this case maintains
the convexity of the geometry, but instead exhibits the diagonals biased as
they are all oriented in the same direction.
Once again, figure 8.12 shows clearly the effect produced in the results
when using a numerical quadrature of lower order. The mesh effect can
be seen very clearly in the results for the cases of low order quadratures.
In theory the result should exhibit radial symmetry. Therefore, the iso-
lines of the results should be aligned along the generatrices of the cylinder.
The correct orientation of the isolines is recovered for the cases that use
quadratures of 4 and 6 Gauss points; cubic and quartic, respectively.
With these two cases we have clearly shown the need to use an ade-
quate integration order to avoid the effect of the mesh on the calculations.
At the same time, these results demonstrate qualitatively the good proper-
ties of the BEST element to obtain results independent of the mesh topol-
ogy.
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Figure 8.11: Example of a cylinder meshed with a non-symmetrical struc-
tured triangles mesh. All the diagonals are oriented in the same direction.
This is the mesh used to obtain the results shown in figure 8.12.
(a) 1 Gauss point. (b) 3 Gauss points.
(c) 4 Gauss points. (d) 6 Gauss points.
Figure 8.12: Comparison of the results obtained using different numerical
quadratures and non-symmetrical structured triangle meshes for a thin-
walled cylinder. Displacements in the x-direction as viewed on the y-z
plane. The mesh used is also displayed in figure 8.11 as a reference to
indicate the effect of the skewed triangles.
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8.5 Summary
A number of cases representing different deformation modes have been
tested. Each case has been solved in the linear regime using four different
quadratures corresponding to different orders of integration: linear, qua-
dratic, cubic and quartic. For the BEST element, full integration requires
a quartic order of integration. All the other quadratures tested are there-
fore instances of reduced quadratures. The deformation modes included in
the analysis are the bending mode, the membrane mode and the in-plane
shear mode.
In most cases, the results obtained with only one quadrature point are
the most accurate. This seems to indicate that reduced integration repre-
sents an advantage for the element. The reason for this behavior could be
that the BEST element is affected by some sort of locking behavior. Choi
et al. [31] assert that “membrane locking only occurs in non-inhibited
thin shells” (p. 131), and that it consists in an inadequacy of the finite
elements to describe pure bending deformations (i.e. bending of the mid-
surface without extensional deformations). The non-inhibited cases tested
are the two corresponding to the bending deformation mode: the simply
supported beam and the pinched sphere. Actually, the sphere is a non-
developable surface and therefore, there is some inhibition caused by the
geometry of the shell (not the boundary conditions). It can be observed
that the simply supported beam suffers a more severe degradation of the
convergence O ∝ h1/2. In both cases, however, the reduced integration in-
creases the precision, but it does not affect the order of convergence. The
same occurs in the case of the cylinder under torsion. This is consistent
with the results reported in [31] where the authors explain that reduced
integration does not eliminate membrane locking.
The possible cause for the reduced order of convergence of the BEST el-
ement in most cases might be related to another relevant result obtained
in section 8.3.1. The thick beam example shows that the BEST element
does not show any difference when different quadratures are used in the
in-plane shear deformation mode. This result—combined with the result
in section 8.2.1 where each quadrature provides the corresponding theo-
retical order of convergence in the solution—gives an answer to the ques-
tions posed at the beginning of the chapter. That is: it is indeed possible
to obtain cubic convergence from linear information provided that the ade-
quate geometric construction is built. The information extracted from the
neighboring nodes is paramount. But, since the author has not tackled the
specific in-plane kinematics of the Bézier-enhanced triangle, the informa-
tion from the neighboring nodes is not being used adequately. This issue
will be studied in detail in chapter 9.
To dispel any doubts on the possible benefits for using reduced inte-
gration, the author presents in the last section of the chapter a study on
the effects of the mesh when reduced integration is used. As expected, re-
duced integration causes hourglass modes to appear, or mesh dependence
issues to arise. Furthermore, when using full integration, the study shows
that the BEST element exhibits an excellent behavior with respect to mesh
topology dependence. Therefore, it is highly unadvised to use reduced in-
tegration in the BEST element.

Chapter 9
Membrane locking of thin
shells: a study on how this
affects the BEST element and
how to solve it
LOOKING AT THE RESULTS OF THE CASES TESTED in the previous chap-ter, the reader could come to the conclusion that the BEST element
suffers from membrane locking. The author agrees with this conclusion,
but this is only half the picture. Let’s recall the geometric construction of
the Bézier-enhanced triangle presented in chapter 5. Particularly item 2
on page 51, where the contour of the triangle is defined by plane curved
edges. This decision limits the space of shapes that can be constructed
for the Bézier triangle. In particular, it limits the in-plane kinematics of
the element. This chapter will review that decision and its consequences.
It will also suggest ways to alleviate the poor convergence for those cases
where in-plane shear is at play.
9.1 On membrane locking of thin shells
Reviewing some relevant works in the literature about the topic of mem-
brane locking in shell elements the author draws two main conclusions.
On the one side, Choi et al. [31] affirm that membrane locking only occurs
in non-inhibited shells when the element is incapable of deforming under
bending without also experimenting membrane deformations of the mid-
surface (pure bending deformation). On the other side, both Hakula, Leino
and Pitkäranta [51] and Choi et al. [31] conclude that using higher order
polynomials reduces the effect of membrane locking in the finite element
framework; in particular cubic and higher.
The author has verified that the convergence issues of the BEST ele-
ment are related to membrane locking. By performing selective reduced
integration on a non-inhibited shell structure, the results improve much
more when reduced integration is applied to the membrane deformation
mode than when reduced integration is applied to the bending deformation
mode. This technique is suggested by Oñate in [93, pp. 550–551, 591–593].
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Following these results stems that the BEST element should not suf-
fer membrane locking if the full potential of the cubic shape functions is
deployed. Precisely, the in-plane cubic kinematic description of the BEST
element is limited to linear because of the constraint imposed that the tri-
angle edges shall remain plane curves. This constraint downgrades the
cubic description of the cubic Bézier triangle to a linear description of the
in-plane kinematics; which determines the membrane deformations of the
shell.
Therefore, it is imperative to recover the full cubic description of the
element boundaries in order to avoid the locking behavior experimented by
the BEST element. The author will suggest some strategies to fulfill this
objective. These strategies shall take into account both the kinematics of
the shell triangle but also take into account the energy involved in those
kinematics in a similar way to the one described in section 5.4.
In order to enrich the in-plane kinematics of the BEST element, it is
necessary to allow relative in-plane displacements of the triangle edges.
The first idea to describe this kind of kinematics is to emulate the in-plane
rotations of the vertices of the triangle. The in-plane rotations of a shell
element are commonly referred to as drilling rotations. Felippa [39]—for
triangles—, and Wisniewski and Turska [140]—for quadrangles— have
reported that including the enriched kinematics provided by the drilling
rotations improves significantly the precision of the shell elements.
9.2 Improving the BEST element kinematics by
emulation of drilling rotations
9.2.1 Abanico analogy
Figure 9.1: An abanico made in the XIX century. Painted ivory with a
Cupid on the frame and with delicate chantilly lace. From the collection
donated by Gloria Trueba Gómez in 1997 to the city of Seville and exhib-
ited at the Abanicos’ Room of the Reales Alcázares of Seville (Spain).
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An abanico is a type of folding hand-fan that was invented in China
and introduced in Europe during the XVII century. The author uses this
delicate object (see figure 9.1) to illustrate the construction used to emulate
the drilling degrees of freedom at the nodes. Since the construction of the
BEST element avoids the use of rotation degrees of freedom, the drilling
rotations need to be emulated. The author proposes the following analogy:
given a node in a mesh, the node shall represent the pivot of the folding
hand-fan (abanico), and each of the edges of the mesh converging at that
node shall represent the slats of the abanico.
The abanico analogy uses the assumption that—as the abanico opens
and folds—the pivot of the abanico experiments the same rotation as the
average of the rotations of the individual slats of the abanico. Therefore, it
is possible to compute the change in relative orientation of the pivot with
respect to each of the slats in the deformed and reference configurations.
Figure 9.2: Scheme depicting the abanico analogy. For any mesh node i,
and for any neighboring node j, all the βjki angles are measured for every
other neighboring k node. The gray area represents the plane perpendicu-
lar to ni at i. And eij and eik are the projections of the i–j and i–k edges
onto that plane, respectively.
For every node i, and for every pair of neighboring nodes j and k, the au-
thor defines the angle βjki (see figure 9.2) which measures the angle formed
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between the i–j and i–k edges, projected on the plane perpendicular to ni.
βjki =

π
2 if e
ij · eik = 0 ∧ (eij × eik) · ni > 0,
3π
2 if e
ij · eik = 0 ∧ (eij × eik) · ni < 0,
arctan
(
|eijeikni|
eij ·eik
)
if eij · eik > 0 ∧ (eij × eik) · ni > 0,
2π + arctan
(
|eijeikni|
eij ·eik
)
if eij · eik > 0 ∧ (eij × eik) · ni < 0,
π + arctan
(
|eijeikni|
eij ·eik
)
if eij · eik < 0.
(9.1)
Defined in this way, the angle βjki is a continuous function with continuous
derivatives. The angle βjki takes values in the interval (0, 2π) and is equal
to 0 when k = j. The vectors eij and eik are defined in figure 9.2 and are
computed according to equations (9.2) and (9.3).
eij = (I − ni ⊗ niT ) · (xj − xi) (9.2)
eik = (I − ni ⊗ niT ) · (xk − xi) (9.3)
The abanico analogy above, can be written mathematically as:
αij = 1
zi
zi∑
k=1
k 6=j
βjki (9.4)
where αij is the average of the relative angles of the zi edges (slats) sur-
rounding node i with respect to the edge i–j. This angle is measured coun-
terclockwise around the normal vector ni.
And by computing the difference between this angle in the reference
and deformed configurations, the rotation of the node i with respect to the
edge i–j is found:
∆αij = αij − αij0 (9.5)
The angle ∆αij provides a measure of the drilling rotation of the node.
9.2.2 Modified kinematics using the abanico analogy
Using the drilling rotation defined with the help of the abanico analogy the
author proposes the following modification of the kinematics of the BEST
element. In the construction below, the following assumption is made:
θij = ∆αij (9.6)
The construction used to determine the locations of the contour control
points is changed as follows. Still three planes are intersected to find the
location of the control point. The planes are the ones displayed in fig-
ure 9.3:
1. The plane perpendicular to the normal at the vertex —this is a nec-
essary and sufficient condition to interpolate the normals—. This is
the same plane already used in item 1 on page 51.
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2. The contour is not anymore a plane curve and we rotate the contour
plane defined in item 2 on page 51 in order to impose the drilling rota-
tion on the edge fiber as it approaches the node. In order to maintain
C0 continuity, this has to be a symmetric condition for two adjacent
triangles. The selection of the plane is such that one of the directors
is the edge of the flat triangle rotated an angle θij and the other di-
rector is the normal at the node ni. dij is the director vector of this
plane.
3. And a plane perpendicular to the edge of the flat triangle. the exact
location of this plane will be explained in section 9.3. Suffice it to
say, that the criterion to position the plane is again based on energy
minimization and not on geometric considerations.
Figure 9.3: Representation of the net of control points (dashed lines) for a
cubic Bézier triangle constructed using the nodal positions and normals.
This figure differs from figure 5.5 in that the drilling rotations θij are used
here. Three planes define the position of a control point A of the contour.
The plane that was represented shaded in figure 5.5 is not drawn here for
clarity, but remains unchanged. The two dark gray planes are parallel to
each other and perpendicular to the i–j straight edge. They are placed at a
distance Ψij which will be determined in section 9.3. The light gray plane
has been split and rotated an angle θij about ni to account for the drilling
rotation experimented by the corner node. The angles ϕij and θij are not
drawn exactly as defined in figures 5.7 and 9.5, respectively.
The mathematical formulas to compute the intersection of these three
planes have been already provided in equations (5.15) and (5.16) on page 51.
106 CHAPTER 9. MEMBRANE LOCKING OF THE BEST ELEMENT
However, the drilling rotation θij requires to redefine dij .
dij =ni ×R(ni, θij) · (xi − xj) =
=ni × (xi − xj) · cos θij + ni × [ni × (xi − xj)] · sin θij =
=ni × (xi − xj) · cos θij − (I − ni ⊗ niT ) · (xi − xj) · sin θij
(9.7)
In the above expression, R(ni, θij) represents the rotation matrix defined
by a vector ni and an angle θij . And its expression is obtained using Ro-
drigues’ formula.
The variations in the determination of the contour control points also
imply a subtle change on how the central control point shall be obtained.
It is still obtained as an average of three candidate points. Since no longer
a single plane along the flat edge is used to compute the contour control
points, it cannot be used either as an input for computing the candidate
central control points (see figure 5.6). In the computation of the candidate
central control points, the author proposes to slightly change the plane or-
thogonal to the plane defined in item 2 on page 51 by another plane which
is orthogonal to another plane that also contains nij and the two interme-
diate contour control points (see figure 9.4). Notice how the expressions of
A0ip and b
0i
p in equations (5.18) and (5.19) are still correct.
9.2.3 This is not an incompatible mode method
Some scholars may see similarities relating this enhancement to the method
of incompatible modes [139]. However, this strategy is quite different and
totally unrelated [55, 116, 117]. In the case of the incompatible modes
method, the authors in the references above try to solve the locking prob-
lems stemming from the low order description of the element kinematics
by adding specific internal variables to the kinematic description of the
element. In the present case, the trick is to unleash the potential of the
cubic formulation of the element. So, it is not necessary to add any man-
ufactured kinematic description to the element. The cubic nature of the
element already has the inherent capabilities to represent the different
deformation modes without causing locking mechanisms. The locking oc-
curs due to the restrictive rules imposed for the geometric construction.
These restrictions were so severe because there were no real means (un-
til the emulation of the drilling degrees of freedom) to build a meaningful
and consistent construction of the element kinematics without the drilling
degrees of freedom.
9.3 Energy minimization for the in-plane shear
deformation mode
The introduction of emulated drilling rotations and the corresponding en-
hancement of the in-plane shear deformation kinematics for the BEST el-
ement means that we need to review the definition of Ψij . Let’s recall that
Ψij was introduced in section 5.4 to determine the precise shape of the
Bézier triangle which minimizes the elastic energy of the shell. However,
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Figure 9.4: Two adjacent Bézier triangles are G1 continuous if all their ad-
jacent control triangles are co-planar. This condition could be used to en-
force C1 continuity and determine the position of the central control point.
The light gray plane contains the average of the two corner normals nij
and passes through the two mid edge control points. The dark gray trian-
gles are orthogonal to the light gray plane. The candidate central control
point corresponding to the edge marked with a thick gray line is repre-
sented with a circle and is determined intersecting the dark gray plane
with the line that passes through the barycenter of the 6 contour control
points and is perpendicular to the flat triangle. This construction is simi-
lar to the one proposed in figure 5.6, but the present one is more general
and can be used with non-flat curved edges.
this energy minimization did not take into account the kinematics asso-
ciated with the in-plane shear that becomes activated with the use of the
drilling rotation.
Ψij is the only parameter that does not depend strictly on the geomet-
ric considerations of the triangle. Instead, Ψij depends on two other geo-
metric parameters—the in-plane shear deformation and the out of plane
membrane and bending deformation—but with the objective to minimize
the overall elastic energy of the element. In section 5.4 the author obtains
an expression of Ψij which depends on the value of ϕij (see Ψijϕ in equa-
tion (5.21)).
Presumably, the value of Ψij will depend differently on θij than it does
on ϕij . The author presents next how to obtain this dependency and then
how to combine the two kinematic modes and a unique expression of Ψij
depending on the variables ϕij and θij .
108 CHAPTER 9. MEMBRANE LOCKING OF THE BEST ELEMENT
9.3.1 Reduction of the problem
Likewise to the procedure followed in section 5.4.1, the author proposes to
analyze a 2D case representative of the problem at hand. In this case, the
2D reduction consists on neglecting the effect that curvature has on the
in-plane shear deformation. Therefore, a 2D analysis can be performed
considering the full triangle. This simplifies the process and analytic solu-
tions can be obtained.
In [39] Felippa explains the process for determining optimal free pa-
rameters of the ANDES template model for isotropic and non-isotropic
materials. That process is analogous to the present energy minimization
study. Felippa argues that the modes of deformation used in the study
were initially the 3 in-plane bending modes, but that these are not lin-
early independent and a fourth torsion mode was needed to avoid rank
deficiency in the stiffness matrix. The author here proposes to study ex-
clusively the torsion mode. The reason behind this decision is simplicity.
Considering all the deformation modes implies finding the function for all
the six different Ψαβ values depending on the six different θαβ angles in
the triangle (∀α, β = 1 ÷ 3, α 6= β). This is a set of 6 coupled problems in
6 dimensions. Instead, studying exclusively the torsion mode allows the
author to consider a periodic case and to reduce the set of problems to a
single problem in one dimension. This approach implies assuming that the
value of each Ψij depends only on θij and is uncoupled from the other θαβ
values in the triangle.
Torsion energy
In order to find an expression of Ψijθ which minimizes the in-plane shear
deformation energy, the author has modeled the equations represented by
the drawing in figure 9.5 into the Maple® symbolic manipulation software.
The analytic solution obtained by Maple® appears very complex at first,
but when plotted: it is not (see figure 9.6. The problem reduction stated
in section 9.3.1 and depicted in figure 9.5 does not follow the guidelines of
the parcel test. That is, the deformation imposed does not correspond to a
constant deformation. Instead, the deformation corresponds to a periodic
strain state throughout the triangle’s surface. The author does not know
how to impose a constant in plane shear strain in a triangle using only
drilling rotations at the corner nodes. So the author takes this torsion
mode as the best possible to work with. In fact, in order to verify that only
the in-plane shear deformation mode is activated, the author compares the
results of the optimized expressions of Ψijθ for three different values of the
Poisson coefficient (ν = 0, 0.25, 0.5). The results are plotted in figure 9.6
and they are almost undistinguishable. This verifies that only in-plane
shear is at play and the other in-plane axial strains are residual in this
problem set.
Taking a close look at figure 9.6, the author notices that the solution
exhibits a smooth kink of the plot for values of θ ≈ ± π10 . This kink is what
makes the analytic expression very complex, and clearly distinguishes two
different regimes in the solution. A highly non-linear regime for small val-
ues of θ and an almost linear regime for higher values of θ. For extremely
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Figure 9.5: Problem reduction to minimize the in-plane shear deforma-
tion energy. The author analyzes a flat equilateral triangle subjected to
a periodic torsion θ in all three corner nodes. The dash lines represent
the reference configuration, while the thick curved lines represent the de-
formed configuration. The thin lines represent the control polygon of the
deformed configuration.
high values of θ the author can describe a third regime, but it is so ex-
treme, that it has no real engineering value. It would be possible to adjust
the whole curve quite nicely for the full range of values of θ, but doing
so with a simple expression means that the kink would be sharp instead
of smooth, and continuity of the derivatives would be lost at that point;
which is highly undesirable. Therefore, the author decides to settle for an
adjustment that captures very well the solution for small values of θ. The
reasoning is that in very few cases the deformation will imply values of
θ larger than π10 . This adjustment is presented in mathematical form in
equation (9.9) and plotted in figure 9.6.
Ψijθ =
1
3 cos
6 θ (9.8)
Using the assumption that this result can be uncoupled for each of the
edges of the triangle, we can write the more general expression:
Ψijθ (θ
ij) = 13 cos
6 θij (9.9)
9.4 Combining the Ψϕ and Ψθ expressions
Both equations (5.21) and (9.9) are used to define the same magnitude in
the construction of the control polygon that determines the shape of the
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Figure 9.6: Comparison of the minimization solutions for the Ψijθ values for
three different values of the Poisson coefficient ν. The red curve represents
an adjustment for small values of θ ∈ [− π10 ,
π
10 ].
cubic Bézier triangle. Since these two expressions are not coincident, the
author needs to find a way to merge them together into a single expression
Ψij(ϕij , θij). The good news is that for ϕij = 0 and θij = 0 the two functions
have the same value and even the same derivative. Taking a look at fig-
ure 9.7 the reader can observe that the two functions diverge significantly
as the variables increase their value. Therefore the merging proposal shall
take into account how to take this fact into account.
The most simple proposal is to use a weighted average of the two seed
expressions. The weighting factor shall depend on the main variable for
each expression. It makes sense that the function whose variable exhibits
a bigger value also has more influence on the overall function that defines
the merged expression. But how much influence? Well, this is an easy
one to answer. Since the Ψ functions are defined with the aim of minimiz-
ing the deformation energy of the triangle, the resulting merged function
should maintain this objective intact. In this sense, in general, the author
assumes that the deformation energy varies quadratically with the kine-
matic variables. So the square of the variables should be a good weighting
factor. For a very quick verification the author has compared on one hand
how the total deformation energy of the torsion mode defined in section 9.3
and using the expression in equation (9.9) varies with respect the variable
θ, and on the other hand a simple quadratic expression of θ, and I can say
it matches pretty well. The result in figure 9.8 also serves to verify that
the solution obtained for an equilateral triangle is not too far off in the
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Figure 9.7: Comparison of the minimization functions Ψijϕ (dashed) and
Ψijθ (continuous) in the range of the variables ϕij , θij ∈ [0,
π
10 ].
case of a rectangle triangle.
As a conclusion to all these thoughts, the author defines the following
function that combines the expressions of equations (5.21) and (9.9) into
one:
Ψij = Ψij(ϕij , θij) =
ϕij
2 ·Ψijϕ + θij
2 ·Ψijθ
ϕij
2 + θij2
(9.10)
Notice that the above expression has an indetermination when
ϕij
2 + θij2 → 0 (9.11)
9.4.1 Solution of the indeterminate limit
This indetermination can be worked out using the following change of vari-
able:
ϕij = ρ cosω (9.12)
θij = ρ sinω (9.13)
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Figure 9.8: Comparison of the variation of the total strain energy with the
drilling rotation angle to verify that it follows a quadratic variation. The
example is performed with a rectangle triangle subjected to an in-plane
shear deformation in torsion mode as defined in figure 9.5 (red line), and a
simple quadratic function (blue line).
then
ϕij
2 + θij2 → 0⇔ ϕij → 0 ∧ θij → 0⇔ ρ2 → 0⇔ ρ→ 0 (9.14)
Ψij = cos2 ω ·Ψijϕ + sin2 ω ·Ψ
ij
θ (9.15)
lim
ρ2→0
Ψij = lim
ϕij→0
θij→0
Ψij = cos2 ω · 13 + sin
2 ω · 13 =
1
3 (9.16)
Now we can rewrite equation (9.10) pointing out the solution of the
indetermination.
Ψij = Ψij(ϕij , θij) =

ϕij
2 ·Ψijϕ + θij
2 ·Ψijθ
ϕij
2 + θij2
if ϕij2 + θij2 6= 0,
1
3 if ϕ
ij2 + θij2 = 0.
(9.17)
It is also important to point out that the value of ϕij needs to be com-
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Figure 9.9: Geometric interpretation of the change of variables applied in
equations (9.12) and (9.13) at the limit when ρ2 → 0.
puted as1
ϕij = 2 · arctan
Å‖‖xi − xj‖ni − ‖ni‖(xi − xj)‖
‖‖xi − xj‖ni + ‖ni‖(xi − xj)‖
ã
− π2 (9.18)
First derivative
The solution of the indetermination in the case of the first derivative can
be obtained quite straightforwardly using the same change of variables
indicated in equations (9.12) and (9.13).
∂Ψij
∂x̃r
= ∂Ψ
ij
∂xh(v)
= 2 sinω · cosω · ∂ω
∂xh(v)
(Ψθ −Ψϕ) + cos2 ω
∂Ψϕ
∂x(v)
+ sin2 ω ∂Ψθ
∂x(v)
(9.19)
1Equation (9.18) always delivers a correct value of ϕij ∈ [0, π]. And as reported by Kahan
in [61, 62] this formula is much more accurate than the other trigonometric formulæ. Indeed,
the author has traced back the cause of the numerical loss of accuracy in the calculation of
some examples to an inadecuate definition of ϕij using other trigonometric formulæ.
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lim
ϕij→0
θij→0
∂Ψij
∂xh(v)
=2 sinω · cosω · ∂ω
∂xh(v)
· 0 + cos2 ω ∂Ψϕ
∂x(v)
∣∣∣∣∣
ϕij=0
+ sin2 ω ∂Ψθ
∂x(v)
∣∣∣∣∣
θij=0
=
= cos2 ω ∂Ψϕ
∂ϕij
∣∣∣∣
ϕij=0
∂ϕij
∂x(v)
+ sin2 ω ∂Ψθ
∂θij
∣∣∣∣
θij=0
∂θij
∂x(v)
=
= cos2 ω · 0 · ∂ϕ
ij
∂x(v)
+ sin2 ω · 0 · ∂θ
ij
∂x(v)
= 0
(9.20)
We can then write:
∂Ψij
∂x̃r
= ∂Ψ
ij
∂xh(v)
=

1
ϕij
2 + θij2
ß1
3
ïÅ
4ϕij cosϕ
ij
1 + cosϕij−
−2ϕij2 sinϕ
ij
(1 + cosϕij)2
ã
∂ϕij
∂xh(v)
+
+ (2θij cos6 θij−
−6θij2 cos5 θij sin θij) ∂θ
ij
∂xh(v)
ô
−
−2Ψij
Ç
ϕij
∂ϕij
∂xh(v)
+ θij ∂θ
ij
∂xh(v)
å´ if ϕij2 + θij2 6= 0,
0 if ϕij2 + θij2 = 0.
(9.21)
The expressions for
∂ϕij
∂xh(v)
and
∂θij
∂xh(v)
can be found in appendix D.
Second derivative
Following the same process and using the change of variables specified in
equations (9.12) and (9.13), the second derivative of equation (9.10) can be
written as:
∂2Ψij
∂xh(v)∂x
s
(w)
= cos2 ω ∂
2Ψϕ
∂xh(v)∂x
s
(w)
+ sin2 ω ∂
2Ψθ
∂xh(v)∂x
s
(w)
+
+2 sinω · cosω
ñ
∂ω
∂xh(v)
Ç
∂Ψθ
∂xs(w)
− ∂Ψϕ
∂xs(w)
å
+ ∂ω
∂xs(w)
Ç
∂Ψθ
∂xh(v)
− ∂Ψϕ
∂xh(v)
åô
+
+2
ñ
(cos2 ω − sin2 ω) ∂ω
∂xh(v)
∂ω
∂xs(w)
+ sinω · cosω ∂
2ω
∂xh(v)∂x
s
(w)
ô
(Ψθ −Ψϕ)
(9.22)
lim
ϕij→0
θij→0
∂2Ψij
∂xh(v)∂x
s
(w)
= lim
ϕij→0
θij→0
cos2 ω ∂
2Ψϕ
∂xh(v)∂x
s
(w)
+ lim
ϕij→0
θij→0
sin2 ω ∂
2Ψθ
∂xh(v)∂x
s
(w)
(9.23)
The author concludes that, in light of equation (9.23), the second deriva-
tive does not have a solution to the indetermination when ρ2 → 0. This
is so because the second derivatives for Ψijϕ and Ψ
ij
θ are different at the
indetermination point. And as a consequence the second derivative of
Ψij(ϕij , θij) depends on the direction (ω) considered.
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In order to find a workaround, let’s remind us the need for having
this second derivative. The second derivative is required by the Newton-
Raphson algorithm to solve the non-linear system of equations (equation (6.76)).
The second derivative appears because the geometric non-linearities al-
ready use first derivatives of the kinematic expressions. Therefore, the
second derivative is used by the Newton-Raphson algorithm to make an
approximation of the solution in the iterative process. Then, the expres-
sion needed to overcome the indetermination at the point ρ2 → 0 shall
preserve the equilibrium if the equilibrium is reached at that point; and
should push the approximation out of the indetermination point if that is
not the solution. Once the approximation is out of the indetermination, full
convergence properties of the Newton-Raphson algorithm are recovered.
Let’s take a look at figure 9.9. using this construction we can establish
that:
lim
ϕij→0
θij→0
cos2 ω = dϕ
ij2
dϕij2 + dθij2
(9.24)
lim
ϕij→0
θij→0
sin2 ω = dθ
ij2
dϕij2 + dθij2
(9.25)
On the other hand, since we are in the context of deriving with respect to
∂xh(v) and ∂x
s
(w): these are the only two variables that affect dϕij and dθij .
Therefore, in this context and only in this context:
dϕij = ∂ϕ
ij
∂xh(v)
dxh(v) +
∂ϕij
∂xs(w)
dxs(w) (9.26)
dθij = ∂θ
ij
∂xh(v)
dxh(v) +
∂θij
∂xs(w)
dxs(w) (9.27)
It is very tempting to impose the condition
dxh(v) = dxs(w) (9.28)
However, this is an arbitrary condition that does not respond to any math-
ematical reality. The author decides to impose it nevertheless because
it allows to obtain a determinate expression of equation (9.23). Apply-
ing equation (9.28) and substituting equations (9.26) and (9.27) into equa-
tions (9.24) and (9.25), the author now rewrites the latter:
lim
ϕij→0
θij→0
cos2 ω =
Ç
∂ϕij
∂xh(v)
+
∂ϕij
∂xs(w)
å2Ç
∂ϕij
∂xh(v)
+
∂ϕij
∂xs(w)
å2
+
Ç
∂θij
∂xh(v)
+
∂θij
∂xs(w)
å2 (9.29)
lim
ϕij→0
θij→0
sin2 ω =
Ç
∂θij
∂xh(v)
+
∂θij
∂xs(w)
å2Ç
∂ϕij
∂xh(v)
+
∂ϕij
∂xs(w)
å2
+
Ç
∂θij
∂xh(v)
+
∂θij
∂xs(w)
å2 (9.30)
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and finally obtains (under all the previous conditions)
lim
ϕij→0
θij→0
∂2Ψij
∂xh(v)∂x
s
(w)
= −16
Ç
∂ϕij
∂xh(v)
+
∂ϕij
∂xs(w)
å2
∂ϕij
∂xh(v)
·
∂ϕij
∂xs(w)Ç
∂ϕij
∂xh(v)
+
∂ϕij
∂xs(w)
å2
+
Ç
∂θij
∂xh(v)
+
∂θij
∂xs(w)
å2−
−2
Ç
∂θij
∂xh(v)
+
∂θij
∂xs(w)
å2
∂θij
∂xh(v)
·
∂θij
∂xs(w)Ç
∂ϕij
∂xh(v)
+
∂ϕij
∂xs(w)
å2
+
Ç
∂θij
∂xh(v)
+
∂θij
∂xs(w)
å2 (9.31)
For the more general case—away from the indetermination—the expres-
sion without change of variables is:
∂2Ψij
∂xh(v)∂x
s
(w)
= 1
ϕij
2 + θij2
®
1
3
ñ
−2ϕij2
(1 + cosϕij)2
Ç
sinϕij ∂
2ϕij
∂xh(v)∂x
s
(w)
+
+(2− cosϕij) ∂ϕ
ij
∂xh(v)
∂ϕij
∂xs(w)
å
− 8ϕ
ij sinϕij
(1 + cosϕij)2
∂ϕij
∂xh(v)
∂ϕij
∂xs(w)
+
+ 4 cosϕ
ij
1 + cosϕij
Ç
∂ϕij
∂xh(v)
∂ϕij
∂xs(w)
+ ϕij ∂
2ϕij
∂xh(v)∂x
s
(w)
å
+ 2 cos4 θij(cos2 θij−
− 12θij cos θij sin θij + 15θij2 sin2 θij − 3θij2 cos2 θij) ∂θ
ij
∂xh(v)
∂θij
∂xs(w)
+
+2 cos5 θij(θij cos θij − 3θij2 sin θij) ∂
2θij
∂xh(v)∂x
s
(w)
ô
−
− 2 ∂Ψ
ij
∂xh(v)
Ç
ϕij
∂ϕij
∂xs(w)
+ θij ∂θ
ij
∂xs(w)
å
− 2 ∂Ψ
ij
∂xs(w)
Ç
ϕij
∂ϕij
∂xh(v)
+ θij ∂θ
ij
∂xh(v)
å
−
−2Ψij
Ç
∂ϕij
∂xh(v)
∂ϕij
∂xs(w)
+ ϕij ∂
2ϕij
∂xh(v)∂x
s
(w)
+ ∂θ
ij
∂xh(v)
∂θij
∂xs(w)
+ θij ∂
2θij
∂xh(v)∂x
s
(w)
å´
(9.32)
The expressions for
∂2ϕij
∂xh(v)∂x
s
(w)
and
∂2θij
∂xh(v)∂x
s
(w)
can be found in appendix D.
9.5 Fine-tuning the kinematics associated to the
drilling rotations
The author reports that using the enhancement enabled by the drilling
degrees of freedom as detailed above produces a significant improvement
in the precision of the BEST element. This can be observed in the example
of the thick beam (see figure 9.10 which includes also another solution
with a definition of symmetric drilling rotations that will be introduced in
section 9.5.1). This example has been selected to test the improvements
brought by the emulated drilling rotations because it is the one that best
characterizes the in-plane shear locking behavior of the element.
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(a) Geometry and properties of the problem.
(b) Displacement of the free tip of the beam. Results normalised using as reference
solution 0,35533.
(c) Error convergence with different meshes.
Figure 9.10: Study of the effect of including drilling rotations on the thick
beam example. The results are scaled with respect to the reference so-
lution published in [82]. The continuous line corresponds to the solution
when no drilling rotations are used and the boundaries are constrained
to remain flat. The discontinuous line corresponds to the solution when
drilling rotations are used and the formula presented in equation (9.6) is
applied. The pointed line corresponds to the solution when drilling rota-
tions are used and the formula presented in equation (9.33) is applied.
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9.5.1 A temporary fix
Despite the apparent improvement in the precision of the element for
coarse meshes, there is something wrong in the new formulation: the el-
ement does not converge to the right result. It seems that the element is
too stiff. The author suspects that the kinematics associated to the drilling
rotations are not well adjusted mesh-wise. Let’s analyze a simple example.
Figure 9.11: Geometric interpretation of the definition of the drilling rota-
tion provided by equation (9.6) and how it affects the actual deformation
of the edges D-E-F in the mesh.
Let’s consider a Cartesian mesh (for the sake of simplicity we will only
consider the edges) subjected to a constant in-plane shear deformation (see
figure 9.11). The dashed lines represent the orientation of the straight
edges in the deformed configuration as the A, B, C, G, H and I points shift
position to their A’, B’, C’, G’, H’, and I’ counterparts. According to the the-
ory of continuum mechanics we know that the actual position of the edges
in the deformed configuration is the one marked by the dashed lines. How-
ever, because of the emulation of the drilling rotations of the nodes given
by the abanico analogy and because of how we have applied them to the
rotation of the edges at the node by virtue of equation (9.6), the orientation
of the edges at the nodes is the one described by the short pointed lines.
Indeed! By applying the relative rotation of the node with respect to the
edge back to each edge, we recover the original relative angle of each of
the edges with respect to the node, but at a rotated orientation! Of course,
by doing this but forcing the edges to preserve their relative angles at the
reference configuration, the deformed edges become so crooked that they
take deformation energy in excess.
After realizing this mistake, the author sought a quick fix and proposes
to change the definition of θij .
θij = ∆αij −∆αji = −θji (9.33)
Figure 9.12 provides an interpretation of the effect of this new defini-
tion. It clearly improves the behavior in the sense that the deformed edges
do not take as much deformation energy. In fact, using equation (9.33) the
BEST element converges to the right result. However, it still does so at
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Figure 9.12: Geometric interpretation of the definition of the drilling ro-
tation provided initially by equation (9.6) in red, compared to the effect
caused by the new definition of equation (9.33) in blue.
the same mere linear rate of convergence reported earlier. This has many
reasons. Firstly, because the new definition of θij no longer uses local in-
formation. Instead, it is using a larger set of information without using it
to have better precision. Secondly, because by using a symmetric definition
of θij and θji a degree of freedom is lost in the kinematic description of the
in-plane shear of the BEST element. So this represents a step backwards
with respect everything discussed in this chapter.
For all the above reasons, the author also proposes another possible
value for θij .
θij = 0 (9.34)
This value is proposed considering that it can be as good as any other ar-
bitrary value of θ. But with the caveat that unlike the developments pre-
sented in this thesis previous to introducing the drilling rotations, now the
kinematics of the element have been changed and therefore, even with a
value of the drilling rotations set to zero, the boundaries of the element are
no longer restricted to remain in a flat curve. Therefore there is interest
in knowing how this change affects the BEST element.
9.5.2 The real deal
After the analysis included above, the author realizes that the formula in
equation (9.6) is incomplete. The net effect of equation (9.6) is to apply a
solid rigid rotation to all the edges converging on the node i, but preserving
the relative angles of the reference configuration. Notwithstanding, the
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element should represent the deformed configuration wholly. Being able
to capture the solid rigid rotation of the node is a good accomplishment
and it’s what the abanico analogy was all about (see section 9.2.1). But in
order to really take advantage of the advanced kinematics brought in by
the drilling rotations, it is absolutely necessary to add on top of the solid
rigid rotation, the in-plane shear deformation; which is what the BEST
element really needs.
The drilling rotation shall be composed of two terms: one corresponding
to the solid rigid rotation of the node and another one corresponding to the
in-plane shear deformation of the element.
θij = ∆αij︸ ︷︷ ︸
solid rigid rotation
+ γij︸︷︷︸
in-plane shear
(9.35)
The difficulty now lies in that γij shall be determined consistently for
all the edges converging at the node. The data available, which corre-
sponds to the deformation of each of the neighboring elements, does not
need to correspond to a unique value of the local shear deformation at the
node. The idea is therefore to use the data provided by the neighboring
nodes and approximate the in-plane shear deformation that occurs at the
node. This characterization shall then serve to impose the correct direc-
tion of the edges’ tangents at node i so that the in-plane shear deformation
is compliant and consistent. Or put in other words: this construction shall
enforce continuity at the nodes of the in-plane shear deformation. The
following paragraphs attempt to provide a systematic way to characterize
the local in-plane shear deformation at the node based on the information
provided by the surrounding nodes. That is, finding a good approximation
to a local value, based on global information. By proceeding this way, we
will also satisfy the Patch Test. Because in the case of a constant deforma-
tion of the mesh, there will be no difference between the local deformation
at the node and the deformation obtained by averaging the information
gathered from the nodes surrounding the node of interest.
Let’s consider the plane defined in figure 9.2 and perpendicular to the
normal vector at the node (ni). This is the plane used in figure 9.13. The
author is interested in characterizing the shear deformation that happens
on that plane. That is, at the tangent plane to the surface at i. Or in other
words: in the limit when the area considered degenerates into the material
point xi (see figure 9.13).
The formula that determines the relative angle in the deformed con-
figuration between two given fibers defined at the reference configuration
is:
cosβjki =
ĕijT
‖ĕij‖
· (I + 2Ĕ) ·
ĕik
‖ĕik‖√
1 + 2
ĕijT
‖ĕij‖
· Ĕ ·
ĕij
‖ĕij‖
·
√
1 + 2
ĕikT
‖ĕik‖
· Ĕ ·
ĕik
‖ĕik‖
(9.36)
Where we maintain the notation provided in figures 9.2 and 9.13. The vec-
tors ĕij and ĕik correspond to the eij and eik vectors after being rotated an
angle ∆αij and ∆αik, respectively. After this rotation, the vectors recover
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Figure 9.13: Scheme depicting the process to find the value of θij using
equation (9.35). The vectors eij0 and eik0 are not really in the plane of the
figure, but they are represented anyway to indicate that their angle βjki0 is
the same as the angle between ĕij and ĕik.
the same relative angles as those of the reference configuration. Ĕ is a
Green-Lagrange strain tensor, but differs from the tensors defined in sec-
tion 4.3 and chapter 6 in that this tensor is defined only in two dimensions
and serves only to characterize the shear deformation at the node. Now,
by confining the tensors to the two dimensions of the plane and defining
a local reference frame T̆ centered at xi and with the direction of the first
versor coincident with ĕij , we can rewrite equation (9.36) as:
cosβjki =
Ç
1
0
åT
· (I + 2Ĕ[T̆ ]) ·
Ç
cosβjki0
sin βjki0
åÃ
1 + 2
Ç
1
0
åT
· Ĕ[T̆ ] ·
Ç
1
0
å
·
Ã
1 + 2
Ç
cosβjki0
sin βjki0
åT
· Ĕ[T̆ ] ·
Ç
cosβjki0
sin βjki0
å
(9.37)
Taking into account that we only care about the in-plane shear deforma-
tion produced between the reference and current configurations, it is safe
to say that the tensor Ĕ is a deviatoric tensor and has the following general
expression:
Ĕ[T̆ ] = Ĕ
h
[T̆ ]︸︷︷︸
hydrostatic
+ Ĕd[T̆ ]︸︷︷︸
deviatoric
= Ĕd[T̆ ] =
ï
Eid γ
i
/2
γi/2 −Eid
ò
(9.38)
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The (·)i superindices serve to emphasize the message that the Ĕ tensor
is defined and has meaning only at the node i. The reference frame T̆ is
defined in figure 9.13 by the orthonormal vectors t′1 and t′2.
Substituting equation (9.38) into equation (9.37) and rearranging terms
we obtain the following non-linear equation:Ä
2 cosβjki0 sin β
jk
i0
ä
·
Ç
Eid
γi
å
= − cosβjki0 +
+ cosβjki
»
1 + 2Eid
»
1 + 2Eid · cos 2β
jk
i0 + γi · sin 2β
jk
i0 (9.39)
where Eid and γ
i are the unknowns.
A system of equations can be built with every instance of equation (9.39)
for each edge i–k different than i–j. A number of cases can be considered:
• In the case when there is only one triangle having node i as a vertex,
the system of equations will have only one equation and cannot be
solved. In this case the author chooses to let the edge’s tangents at
the node follow the direction dictated by the mesh. And the value of
θij in equation (9.35) is set to zero. So that node will not have any
emulated drilling rotation.
• In the case when there are two edges other than i–j converging at i,
the system of equations will have exactly two equations and can be
solved in an ordinary way.
• In the case when there are three or more edges other than i–j, the
system of equations will be over-determined. In this case, a least
squares solution can be worked out.
Assuming solved the system of equations—and Ĕ obtained—, there is
still another necessary step in order to obtain the value of γij in equa-
tion (9.35). The Green-Lagrange deformation tensor provides information
about the relative position of material points in the current configuration
based on their relative position in the reference configuration. But does
not provide any information about the relative position of a material point
in the current configuration with respect to its position in the reference
configuration. The tensor that provides that information is the tensor gra-
dient of deformation F̆ .
I + 2Ĕ[T̆ ] = F̆
T
[T̆ ] · F̆ [T̆ ] (9.40)
In the general 2D case, F̆ has 4 independent components, so it is not
possible to obtain them from this equation because this is the equation
of a symmetric tensor and therefore 2 components are linearly dependent
(identical). But we can take advantage of the fact that we have the in-
formation on the solid rigid rotation provided by the abanico analogy, and
benefit from the polar decomposition of the deformation gradient tensor:
F̆ [T̆ ] = R︸︷︷︸
rotation
· U︸︷︷︸
deformation
(9.41)
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whereR is an orthogonal tensor andU is a symmetric tensor. Substituting
equation (9.41) into equation (9.40) the following is obtained:
I + 2Ĕ[T̆ ] = U
T ·RT ·R ·U = U ·U = U2 (9.42)
The first thing that equation (9.42) teaches us is that the deformation de-
scribed by Ĕ is independent of solid rigid rotations. Therefore it can be
interpreted that the value of Ĕ is obtained based on the relative angles of
the edges converging on i in the reference configuration (βjki0 ), or the same
relative angles after being rotated by the solid rigid rotation of the node
and evaluated using the abanico analogy (see figure 9.13). The author
chooses the latter. Therefore, the author assumes that there is no rigid
body rotation after the relative orientations of the edges in the reference
configuration are recovered using the abanico analogy. And writes:
F̆ [T̆ ] = R ·U = I ·U = U =
√
I + 2Ĕ[T̆ ] (9.43)
Finally, γij can be computed using the following development:
dx[T̆ ] = F̆ [T̆ ] · dX [T̆ ] (9.44)
ds ·
Ç
cos(βjki0 + γik)
sin(βjki0 + γik)
å
= dS · F̆ [T̆ ] ·
Ç
cosβjki0
sin βjki0
å
(9.45)
γik = arctan
à
F12 cosβjki0 + F22 sin β
jk
i0
F11 cosβjki0 + F12 sin β
jk
i0
− tan βjki0
1 + tan βjki0
F12 cosβjki0 + F22 sin β
jk
i0
F11 cosβjki0 + F12 sin β
jk
i0
í
(9.46)
and in particular, when k = j
γij = arctan
Å
F12
F11
ã
(9.47)
9.6 Summary
The topic of membrane locking in thin shells has been discussed. The au-
thor presents solid arguments existing in the bibliography to support the
idea that a fully cubic BEST element should not suffer from membrane
locking. However, it does because not all the potential of the cubic descrip-
tion of the BEST element is unleashed. in order to fix it, the author pro-
poses to emulate the concept of drilling degrees of freedom and therefore
provide the information needed to complete the geometric construction of
the cubic triangle.
The geometric construction of the element taking into account the cor-
ner drilling rotations again brings about the issue of energy minimization.
The author solves the problem by uncoupling the problem and reducing it
to a 2D periodic torsion mode. The function that minimizes the energy for
the in-plane shear deformation differs from the function that also mini-
mizes the energy for the bending and out-of-plane membrane deformation
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reported in section 5.4. This issue is solved by constructing a weighted
average function. The indetermination of this weighted average function
is also presented and solved for the primitive and its derivatives.
Finally, the author reports a problem in the definition of the corner
drilling rotation based on the rotations of the neighboring edges. The ini-
tial definition results in overly crooked elements, and thus an excessively
stiff response of the shell. In order to correct this issue a simple fix is pre-
sented, although represents a step backwards and makes all the effort of
little advantage.
It is necessary a more thorough theoretic work on the definition of the
corner drilling rotations based on the rotations of the neighboring trian-
gles. The author presents an idea focused on sound continuum mechanics
concepts about the deformation at a point. In particular, the author pro-
poses that the solution should enforce the continuity of the in-plane shear
deformation between elements at the nodes. This in-plane shear is char-
acterized uniquely for each node but means that the in-plane shear angle
depends on the orientation of the fibers in the tangent plane. This idea has
not been implemented numerically. Numerical results cannot be reported
to verify the validity and goodness of the idea.
Chapter 10
How to apply Dirichlet
boundary conditions on
rotations and their application
to kinking and branching
configurations
AS HAS BEEN DISCUSSED in section 4.1.1, rotation-free elements haveinherent difficulties in imposing boundary conditions over the rota-
tions because they don’t have rotational degrees of freedom associated.
The author has considered different alternatives like using Lagrange mul-
tipliers, the penalty method or even applying the boundary condition in
other weak form using Nitsche’s method. But none of these options are of
the author’s liking because they have uninteresting algorithmic or stabil-
ity implications.
Somewhat surprisingly, the application of the Dirichlet boundary con-
ditions on rotations is straightforward for the BEST element. This chapter
will explain how and why. The original idea in the BEST element is to
impose the rotation boundary conditions not on displacements but on the
normals... because they are explicitly defined! By doing this, the shape
functions of the element are indeed modified in order to satisfy the bound-
ary conditions. And this has the advantages that the size of the system
matrix does not increase, there is no need to deal with esoteric coefficients
and furthermore: the symmetric and positive definite character of the ma-
trix is conserved.
This chapter is organized assigning each section to a specific boundary
condition or combination of them. Section 10.1 presents the case where
all the out-of-plane rotations are inhibited. This case is presented first be-
cause of its pedagogic value. Next, section 10.2 explains the boundary con-
dition which inhibits the in-plane rotations. It is presented as a continuous
simple support along the boundary because it is completely equivalent.
Sections 10.3 and 10.4 present the decomposition of the boundary con-
dition presented in section 10.1 according to the local axes at the boundary.
That is: whether the rotations are inhibited in the direction perpendicular
125
126 CHAPTER 10. BOUNDARY CONDITIONS ON ROTATIONS
to the boundary, or in the direction parallel to the boundary. As in sec-
tion 10.2, the boundary condition which inhibits out-of-plane rotations in
the direction parallel to the boundary is presented as a continuous simple
support along the boundary because it is completely equivalent.
In all cases, the strategy used to constrain the rotations is focused on
the construction process of the element’s geometry. That is, when comput-
ing the location of the Bézier control points of the element, instead of using
the information provided by the neighboring elements to compute the nor-
mal direction, the fixed normal will be used. And the corresponding equa-
tion will be identified and swapped by a new one that applies the specific
boundary condition. Note that the normal direction must not be directly
imposed. Instead, its rotations are to be set. This is an important caveat,
as doing otherwise would certainly generate undesired deformations and
introduce unwanted deformation energy with respect to the reference con-
figuration.
A boundary condition of particular interest to the finite element analyst
is the symmetry boundary condition. This is a condition that does not
correspond to a physical reality. But its effect is very real and moreover,
it is useful. Because it allows the finite element analyst to significantly
reduce the computational cost of a simulation where this condition can
be applied. Section 10.5 explains how to obtain this particular boundary
condition combining the conditions presented in sections 10.2 and 10.3.
Then, the chapter takes a turn and proceeds explaining how to solve
the more advanced configurations involving internal hinges or kinks in
the shell. These are detailed in sections 10.6 and 10.7.
Finally, the author provides guidance into how to evolve to the more
complex configurations involving the convergence of three or more shells
using combinations of the boundary conditions already explained. This is
presented in section 10.8.
10.1 Fully clamped boundary condition
This is the easiest condition and will be presented first for pedagogic pur-
poses. Fully clamped means that nothing moves. This means that all three
displacements and rotations are fixed. Let’s talk about the rotations as the
process for the displacements is standard in the literature.
That the rotations are fixed is equivalent to the following statement:
ni = N i ∀ t > t0 (10.1)
Equation (10.1) substitutes equation (5.3) for those nodes having the con-
dition. As a result, equations (D.28) and (D.29) are substituted by equa-
tions (10.2) and (10.3), respectively for those nodes having the fully clamped
condition.
∂ni
∂x̃
= 0 (10.2)
∂2ni
(∂x̃)2 = 0 (10.3)
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The reader shall not be confused by this expression. The interpretation
of the above derivatives is not a free movement of the normal direction
at the node independent of the nodal displacements. This is prevented by
equation (10.1). No, instead equations (10.2) and (10.3) are implicitly and
subtly modifying the derivatives of the pseudo-deformation tensor B and
∂B
∂x̃ in a way that provides the necessary information to the stiffness matrix
to account for the particular way the element will deform maintaining the
normal direction ni still.
Notice that this condition also results as a combination of the condi-
tions described in sections 10.3 and 10.4 (see figure 10.1).
Figure 10.1: Figure showing the meaning of a fully clamped boundary
condition as a combination of two different conditions. See figures 10.3
and 10.4.
10.2 Continuous simply supported shell in the
tangent plane direction
A simple support would usually be applied directly to the displacement
degrees of freedom. However, in order to properly apply a continuously
supported boundary condition, attention to the rotations must be given as
well. In this sense, if the edge of a triangle spanning nodes i and j is set
to have a simply supported boundary condition in the tangent plane (see
figure 10.2), this means that the drilling rotations associated to the i–j
edge will be zero.
θij = θji = 0 (10.4)
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Figure 10.2: Figure showing the meaning of the boundary condition of a
continuous simply supported shell edge in the tangent plane direction.
And therefore equation (9.7) becomes:
dij = N i × (Xi −Xj) (10.5)
dji = N j × (Xj −Xi) (10.6)
for each segment affected by the condition. And consequently the following
also applies, substituting equations (D.42) and (D.43).
∂dij
∂x̃
= 0 (10.7)
∂2dij
(∂x̃)2 = 0 (10.8)
10.3 Boundary clamped in the perpendicular
direction
Similarly to the case presented in section 10.1, in this case a condition is
established on the normal ni. The key is to define the unit vector rep-
resenting the direction about which the rotation of ni is not constrained.
Let’s name that vector t⊥ (see figure 10.3). Then, the following condition
must be satisfied:
ni · t⊥ = N i · t⊥ (10.9)
In order to satisfy this condition, equation (5.3) is modified in the fol-
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lowing way:
ni =
»
1− (N i · t⊥)2 ·
(I − t⊥ ⊗ t⊥) ·
ri∑
k=1
wkα/A◦ · ŷ
k∥∥∥∥(I − t⊥ ⊗ t⊥) · ri∑
k=1
wkα/A◦ · ŷ
k
∥∥∥∥ + (N
i · t⊥) · t⊥
(10.10)
For the general case it is necessary to explicitly define the direction
of t⊥ by the user. Notice that this directly allows to specify a clamped
condition allowing rotation about an axis not necessarily contained in the
tangent plane of the shell.
Deriving equation (10.10) we obtain:
∂ni
∂x̃r
=
»
1− (N i · t⊥)2 · (I − t⊥ · t⊥T )∥∥∥∥(I − t⊥ · t⊥T ) · ri∑
k=1
wkα/A◦ ŷ
k
∥∥∥∥ ·

ri∑
k=1
∂
∂x̃r
Ä
wkα/A◦ ŷ
k
ä
−
−
Å
ri∑
k=1
wkα/A◦ ŷ
k
ãT
· (I − t⊥ · t⊥T ) ·
ri∑
k=1
∂
∂x̃r
Ä
wkα/A◦ ŷ
k
ä
∥∥∥∥(I − t⊥ · t⊥T ) · ri∑
k=1
wkα/A◦ ŷ
k
∥∥∥∥2 ·
ri∑
k=1
wkα/A◦ ŷ
k

(10.11)
Figure 10.3: Figure showing the meaning of the boundary clamped in
the perpendicular direction. A graphical interpretation of the meaning
of equation (10.9) is also presented. That is, the vector ni can rotate only
about the vector t⊥. However, even if this condition is met at the two nodes
bounding an edge, it cannot be enforced along all the edge. Doing so would
require imposing conditions on the triangle’s central control point.
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and
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k
ä
∂xh(v)∂x
s
(w)
+
+ 3
Å
ri∑
k=1
wkα/A◦ ŷ
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k−
−
Å
ri∑
k=1
wkα/A◦ ŷ
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which substitute equations (D.28) and (D.29), respectively.
10.4 Continuous simply supported shell in the normal
direction
If the edge of a triangle containing node i is set to have a simply supported
boundary condition in the normal direction, this means that the curvature
parallel to the boundary is constrained. This condition is imposed by defin-
ing a unit vector parallel to the boundary. Let’s name that vector t‖ (see
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figure 10.4). Then, the following condition must be satisfied:
ni · t‖ = N i · t‖ (10.13)
Which translates into the following variation of equation (5.3):
ni =
»
1− (N i · t‖)2 ·
(I − t‖ · t‖T ) ·
ri∑
k=1
wkα/A◦ · ŷ
k∥∥∥∥(I − t‖ · t‖T ) · ri∑
k=1
wkα/A◦ · ŷ
k
∥∥∥∥ + (N
i · t‖) · t‖
(10.14)
For the general case it is necessary to explicitly define the direction of
t‖ by the user. In particular, it must be defined by the pre-processor, as the
direction tangent to the boundary at the node cannot be obtained from the
mesh and needs to be provided by the actual geometry of the shell.
Deriving equation (10.14) we obtain the following expressions to sub-
stitute equations (D.28) and (D.29):
∂ni
∂x̃r
=
»
1−
(
N i · t‖
)2 · (I − t‖ · t‖T )∥∥∥∥(I − t‖ · t‖T ) · ri∑
k=1
wkα/A◦ ŷ
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
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∂
∂x̃r
Ä
wkα/A◦ ŷ
k
ä
−
Figure 10.4: Figure showing the meaning of the boundary condition of a
continuous simply supported shell edge in the direction normal to the tan-
gent plane. A graphical interpretation of the meaning of equation (10.13)
is also presented. That is, the vector ni can rotate only about the vector
t‖. When this condition is met at the two nodes bounding an edge, then it
is satisfied along all the edge.
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∂2ni
∂xh(v)∂x
s
(w)
=
»
1−
(
N i · t‖
)2 · (I − t‖ · t‖T )∥∥∥∥(I − t‖ · t‖T ) · ri∑
k=1
wkα/A◦ ŷ
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k
ãT
· (I − t‖ · t‖T ) ·
ri∑
k=1
∂
∂xh(v)
Ä
wkα/A◦ ŷ
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k
ä
∥∥∥∥(I − t‖ · t‖T ) · ri∑
k=1
wkα/A◦ ŷ
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10.5 Symmetry boundary condition
This condition is obtained combining the conditions described in sections 10.2
and 10.3 (see figure 10.5). In this case, the direction of t⊥ corresponds to
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the director vector of the plane of symmetry.
Figure 10.5: Figure representing the conditions that configure a symmetry
boundary condition.
10.6 Hinge
With this case the author starts the cases where the shell presents two
distinct areas that do not present continuity in the normal direction. This
can be because the shell is folded, or hinged, or branched. The case of the
hinge is treated first for pedagogic purposes.
Whenever a region of the shell presents discontinuity in the normal
direction, the modeler using the BEST finite element shall instruct the
pre-processor to identify the surface entities at each side of the discontinu-
ity line. This can be established as a special boundary condition. Doing so
allows the computer program to compute two different normal directions
for one same node located on the discontinuity line: one for each surface
entity (see figure 10.6). By discriminating the elements, the computation
of the normals for one surface entity is independent of the elements at the
other side of the hinge, which allows the two sides to have the free rotation
intended by the hinge. For notation purposes, let’s label the magnitudes
relative to the surface entity on the same side of the discontinuity line as
the element being considered using a bullet and a vertical line (•|) as a sub-
script. The magnitudes relative to the surface entity on the opposite side
of the discontinuity line to the element being considered will be identified
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using a vertical line and a circle (|◦) as subscript.
ni•| =
ri∑
•|
k=1
wkα/A◦ ŷ
k
∥∥∥∥∥∥
ri∑
•|
k=1
wkα/A◦ ŷ
k
∥∥∥∥∥∥
(10.17)
ni|◦ =
ri∑
|◦
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k
∥∥∥∥∥∥
ri∑
|◦
k=1
wkα/A◦ ŷ
k
∥∥∥∥∥∥
(10.18)
Figure 10.6: Whenever two surface entities meet at an angle, their nor-
mals shall be distinguished at the nodes along the discontinuity line. Here
the dark surface has the normal vector ni•| at i. And the light surface has
the normal vector ni|◦ at i.
A hinge causes the two regions at each side of the hinge to have only C0
continuity at the boundary defined by the hinge line. In order to enforce
C0 continuity it is necessary not only to share the corner nodes, but also
that the boundary control points along the hinge are coincident. So far,
the construction of the BEST elements accomplishes this, as long as the
normal vectors at the nodes are coincident for all the elements sharing the
node. As soon as the normals become dissociated along a hinge line, the
geometry of the intersection between the two elements at each surface en-
tity becomes indeterminate. As a result, the author suggests the following
approach.
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Figure 10.7: Representation of two curved elements meeting at a hinge
line. The geometry of the intersection is determined by intersecting the
planes perpendicular to ni•| (horizontal stripes) and n
i
|◦ (vertical stripes),
respectively. Finally, the precise location of the intermediate control points
along the hinge line is determined by the intersection of an additional
plane (shaded dark gray), which is located at the distance specified by the
parameter Ψ (equation (10.20)).
The intersection line between the two elements needs to be computed
(see figure 10.7). The location of the control points along the hinge de-
termines the tangent direction of the hinge at the nodes. The tangent
direction of the intersection between two surfaces can be computed as the
intersection of the two surfaces’ tangent planes. Once the hinge’s tangent
line has been obtained, the distance at which the control points shall be
located needs to be determined. This distance will be different for the two
connecting triangles because they are no longer co-planar. Therefore the
author proposes averaging the values of Ψ(ϕ, θ) obtained for the triangles
at each side of the hinge line.
Using all the above, the contour control points of an element having
one side at a hinge are determined intersecting the following three planes:
1. The plane perpendicular to the normal at the vertex (ni = ni•|).
2. The plane perpendicular to the other normal at the vertex (ni|◦).
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3. The plane perpendicular to the edge of the flat triangle considered.
The exact location of this plane will be defined by the magnitude Ψij .
The mathematical expression of these three planes and their intersec-
tion is presented in equation (10.19): ni•|
T
ni|◦
T
(xi − xj)T
 · pij =
 ni•|
T · xi
ni|◦
T · xi
(xi − xj)T ·
[
(1−Ψij)xi + Ψijxj
]
 (10.19)
It’s obvious to say that when ni•| and n
i
|◦ are coincident, then this sys-
tem is indeterminate. But this would most probably be a result of a design
error, since there is no point in setting a hinge in a shell only to result in a
perfectly G1 continuous shape. The virtue of the hinge is that it allows the
two sides to be at an angle and therefore increases the axial carrying load
without overloading the bending capacity of the shell. If the two sides are
G1 continuous, it means that there wouldn’t be a significant bending mo-
ment across the hinge line and therefore the hinge is totally unnecessary.
Furthermore, a structural designer will use a hinge wherever large point
loads are likely to appear in the transverse direction of the shell midsur-
face, and would otherwise cause a very large and local bending moment.
In order to better resist these loads, the structural designer will shape the
shell parts at an angle to the load direction in order to better resist the
loads with the phenomenal axial carrying capacity of the shell. Usually,
the hinge will result in smaller bending moments in the shell. If however
the displacements are an issue of concern, the structural designer will in-
stead dispose a kink in the shell that will form an even stiffer structure.
This configuration will be covered in section 10.7.
Using the definition of equation (9.17), the value of Ψij is redefined for
the hinged sides of an element in the following way:
Ψij =
Ψ(ϕij•|, θ
ij
•|) + Ψ(ϕ
ij
|◦, θ
ij
|◦)
2 (10.20)
and where ϕij•| and ϕ
ij
|◦ are defined by extension of equation (9.18)
ϕij•| = arcsin
ni•| · (xi − xj)
‖xi − xj‖
(10.21)
ϕij|◦ = arcsin
ni|◦ · (xi − xj)
‖xi − xj‖
(10.22)
θij•| = arcsin
sinϕij•| · (n
i
•| · n
i
|◦)− sinϕ
ij
|◦
cosϕij•| · ‖(I − ni•| ⊗ niT•| ) · ni|◦‖
(10.23)
θij|◦ = arcsin
sinϕij|◦ · (n
i
|◦ · n
i
•|)− sinϕ
ij
•|
cosϕij|◦ · ‖(I − ni|◦ ⊗ niT|◦ ) · ni•|‖
(10.24)
Note that the above definitions of θij•| and θ
ij
|◦ serve the only purpose of
computing Ψij and they have no direct effect on the determination of the
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geometry of the element edge. Therefore, we do not care about the actual
sign of θij•| and θ
ij
|◦ because the function Ψ
ij(ϕij , θij) is an even function with
respect to both variables.
Note also that dissociating the normals along the hinge line for each
surface entity implies that the sets of nodes used to compute ni•| and n
i
|◦
are each a subset of all the nodes that would form the patch around the
node in the absence of the hinge line (see equations (10.17) and (10.18)).
But because the two magnitudes are used in the formulas, all the nodes
in the patch are needed in order to compute the stiffness matrix of the
element; regardless of whether they belong to a different surface entity.
The equations (5.16), (7.25) and (7.26) are used changing the expres-
sions forAijp and b
ij
p according to equation (10.19). The derivatives of these
expressions as well as the derivatives of equation (10.23) can be found in
appendix D.
10.7 Kinked shell
The term kink is synonymous of fold or bend and implies a sharp corner
of an otherwise smooth geometry. When a shell presents a kink, the finite
element analyst can no longer assume G1 continuity; unless a very refined
mesh is used. For these cases it is common to assume that the angle be-
tween the normal vectors at the edge of the elements on each side of the
fold remains constant throughout the deformation process [42]. This as-
sumption is consistent with maintaining the continuity of the shell’s trans-
verse fibers at the kink.
C0 continuity is achieved using the same approach used for hinges in
section 10.6. The location of the control points along the boundary of the
elements at both sides of the kink is determined by solving the intersection
of the two neighboring elements at each side of the kink or mesh set. How-
ever, in this case, unlike in section 10.6, the relative angle of the normals
is constrained and must be kept constant throughout the deformation.
The author proposes to apply the same approach already explored in
section 9.2.1 to maintain a rigid angle at the kink. The abanico analogy
showed that by imposing a rotation equal to the average of the relative
rotations of the remaining vectors, a rigid rotation of all the vectors is
recovered (see section 9.5.1).
The normal vector ni is obtained by conveniently rotating the average
of the normals of the surrounding triangles on the same side of the kink
line (ni•|). In order to maintain the relative angle of n
i with respect to the
other normal at the node ?ni (see figure 10.8), the latter is also obtained by
conveniently rotating the normal computed as an average of the normals
of the surrounding triangles on the opposite side of the kink line (ni|◦). The
normals ni•| and n
i
|◦ have been defined in equations (10.17) and (10.18).
First, let’s define the relative angle between the two normals as
τ ij•|◦ =
{
+ arccos(ni•| · ni|◦) if (ni•| × ni|◦) · (xi − xj) > 0,
− arccos(ni•| · ni|◦) if (ni•| × ni|◦) · (xi − xj) < 0.
(10.25)
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Figure 10.8: Representation of two curved elements meeting at a kink. In
this case the reference configuration is represented (doted lines). This is
used to explain that the relative angles between the two surfaces converg-
ing at the kink are maintained in the deformed configuration. The normal
vector at each side of the fold line is obtained by conveniently rotating the
normals of the adjacent elements (nj•| and n
j
|◦) until the relative angle be-
tween the normals at each side of the kink line (T j•|◦) is recovered. The ge-
ometry of the intersection is determined following the procedure depicted
in figure 10.7.
It’s straightforward to infer that
τ ij◦|• = −τ
ij
•|◦ (10.26)
The author defines an associated unit rotation vector aligned with the tan-
gent of the kink line or fold (f̂ ij).
f̂ ij =

+
ni•| × n
i
|◦
‖ni•| × n
i
|◦‖
if (ni•| × ni|◦) · (xi − xj) > 0,
−
ni•| × n
i
|◦
‖ni•| × n
i
|◦‖
if (ni•| × ni|◦) · (xi − xj) < 0.
(10.27)
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Note that the functions defining τ ij•|◦ and f̂
ij are not defined when
(ni•| × ni|◦) · (xi − xj) = 0
This should not be a problem because this only happens if:
• ni•|, n
i
|◦ and (xi − xj) are co-planar (impossible); or
• if ni•| and n
i
|◦ are parallel, which is contradictory with the definition
of kink.
Finally equation (5.3) is modified and the normal vector is corrected ap-
plying the Rodrigues’ formula and the abanico analogy. Also the normal of
the other surface entity is corrected in order to determine the intersection
between the two surface entities.
ni = R
(
f̂ ij ,
τ ij•|◦ − T
ij
•|◦
2
)
· ni•| (10.28)
?
ni = R
(
f̂ ij ,
τ ij◦|• − T
ij
◦|•
2
)
· ni|◦ = R
T
(
f̂ ij ,
τ ij•|◦ − T
ij
•|◦
2
)
· ni|◦ (10.29)
T ij•|◦ corresponds to the value of τ
ij
•|◦ in the reference configuration.
Equation (10.19) holds for determining the geometry of the intersection
of the kink because the intersection of the planes perpendicular to ni and
?
ni is the same as the intersection of the planes perpendicular to ni•| and
ni|◦. The only thing that changes is the value of Ψij .
Ψij = Ψ(ϕ
ij , θij) + Ψ( ?ϕij ,
?
θij)
2 (10.30)
and where ϕij was defined in equation (9.18), and ?ϕij is defined by exten-
sion
?
ϕij = arcsin
?
ni · (xi − xj)
‖xi − xj‖
(10.31)
θij = arcsin sinϕ
ij · (ni · ?ni)− sin ?ϕij
cosϕij · ‖(I − ni ⊗ niT ) · ?ni‖ (10.32)
?
θij = arcsin sin
?
ϕij · ( ?ni · ni)− sinϕij
cos ?ϕij · ‖(I − ?ni ⊗ ?niT ) · ni‖ (10.33)
10.8 Branching configurations
In the previous two sections the author has presented general approaches
to solve hinges and kinks in shells. The approach presented takes advan-
tage that only two different surfaces converge at each interface. Thanks
to this, the tangent direction of the intersection of both surfaces is eas-
ily determined. When the number of converging surfaces grows to three
or more, the determination of the intersection tangent is not unique, in
general.
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One possible approach to this scenario could be to compute an average
intersection tangent. But the author is rather inclined to combine differ-
ent boundary conditions. In this case, for the third and onward incoming
surfaces to a kink or a hinge, an additional boundary condition should be
applied. That would be a boundary condition equivalent to a continuous
simply supported shell (both in the tangent and normal directions). Re-
view sections 10.2 and 10.4.
10.9 Summary
In the BEST element, only the application of Dirichlet boundary conditions
on the displacements of discrete points is straightforward.
For the application of Dirichlet boundary conditions on displacements
of lines it does not suffice fixing the value of the displacement degrees
of freedom of the corner nodes. The displacement of the control points
at the boundary also needs to be fixed. And for that, the user needs to
impose conditions either on the direction of the normal n at the nodes of
the boundary or on the drilling rotations θ of the edges on the boundary.
Likewise, the application of Dirichlet boundary conditions on the rota-
tions of discrete points or lines also requires to impose conditions either on
the direction of the normal n at the nodes or on the drilling rotations θ of
the edges on the line.
In doing this, the shape functions of the element are indeed modified
to satisfy the boundary conditions. The advantages of this method are
that the system matrix does not increase in size (as could have been if
we were to impose additional constrains on the relation amongst the free
variables and then applying the penalty method), and that there is no need
to deal with esoteric coefficients. But more importantly the symmetric and
positive definite character of the matrix is conserved.
The simplicity of applying those conditions on internal variables of the
BEST element is a clear advantage with respect to other rotation-free shell
elements that require the use of additional nodes to apply Dirichlet bound-
ary conditions on the rotations of the element [100, 142].
However, in order to implement these boundary conditions in the over-
all workflow, the pre-processor has to share the information about the con-
ditions on lines with the solver. In this thesis, the author has used the
GiD pre- and post-processor to run the examples. The solver has been pro-
grammed using the RamSeries solver framework for the Tdyn solver suite
of multi-physics problems. The problemtype definition for the RamSeries
solver framework in GiD does not provide by default the information set on
the line boundaries to the edges of the mesh. It transfers the information
of the conditions of lines to the nodes on those lines. Therefore, it would
be required to adapt the RamSeries problemtype to the requirements of
the element. This thesis stops short of doing that adaptation. And all the
numeric examples are run without the correct application of the boundary
conditions on lines.
The ease of the BEST element to apply Dirichlet boundary conditions
on the rotations is equivalent to that of other a rotation-free shell ele-
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ments, and satisfies one of the main design goals set out for the element in
section 2.2.

Chapter 11
Numerical examples
THIS CHAPTER PRESENTS A SERIES OF BENCHMARK TESTS using theBEST element developed in the present thesis. A series of tests have
been performed on the element to evaluate its performance and also to find
out the goodness of the two possible values of θij proposed in section 9.5.1.
The tests have been selected to evaluate the specific performance of the
BEST element under the different deformation modes of a shell: mem-
brane shear, membrane extension, and bending. Finally, the shell obstacle
course is used to compare the performance of the BEST element with re-
spect to other shell elements in the literature.
11.1 In-plane shear oriented examples
11.1.1 Thick beam
This example consists on a cantilever thick beam subject to a point load at
its tip. The purpose of this test is to confirm whether the in-plane shear
mode is preventing the element from achieving fast convergence. The au-
thor had the intuition that shear deformation, which had not been dealt
with specifically, was responsible for the slow convergence of the element
to the solution of the different problems. The reference solution for the
displacement of the tip, as reported in [82], is 0,35533. Both translation
degrees of freedom are restrained at the root nodes. The properties of the
example are shown in figure 11.1. And the calculation meshes used are
shown in figure 11.2. This problem has already been used to evaluate the
improvement of the BEST element when drilling degrees of freedom are
added to the kinematics of the element. But further comments are de-
served than those provided in chapter 9.
This example tests the plane defromation properties of the shell ele-
ment. This includes the membrane stretch kinematics and in-plane shear
kinematics. But the bending mechanism is non-existent because the out-
of-plane displacements are restrained. This is a very well suited example
to evaluate the improvements brought in by the drilling degrees of freedom
in shell and plane deformation elements.
The reader can observe that the BEST element with symmetric drilling
degrees of freedom achieves similar precision to that obtained with other
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(a) Geometry and conditions of the problem.
(b) Vertical displacement and its error of the free tip of the beam. Results normalised using
as reference solution 0,35533.
Figure 11.1: Thick beam. Comparison of results with other elements from
the literature. The data from other elements is obtained from [82].
elements in the literature. Although there are elements with signifficantly
better precision.
Unlike the next example of the cylinder under torsion, in this example
the configuration of the element setting the angle θij = 0 does not improve
the results over what had been presented in figure 8.7 on page 94. Indeed,
the results are identical because in this problem with a flat geometry, the
modification on the computation of the control points introduced in sec-
tion 9.2.2 (see figures 5.5 and 9.3 on page 52 and on page 105) does not
produce any difference in the computation of the control points and their
kinematics if θij is set to 0.
Nevertheless, in all the cases the error converges linearly. Therefore,
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if the improvement suggested in section 9.5.2 were to be be successful and
the element achieved the full cubic convergence enabled by the potential
of the cubic nature of the description of its kinematics, then the BEST
element would prove to be a superior element to the other elements in the
literature with similar characteristics.
(a) Mesh with 20 degrees of freedom.
(b) Mesh with 28 degrees of freedom.
(c) Mesh with 86 degrees of freedom.
(d) Mesh with 298 degrees of freedom.
Figure 11.2: Calculation meshes used for the thick cantilever beam exam-
ple.
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11.1.2 Torsion of tube
This example consists on a cylindrical shell subject to pure torsion. In this
case the torque is applied using 4 point loads on one of its bases, while
the other base is fixed (see figure 11.3). This example was devised by the
author to test the the BEST element subject to in-plane shear and comple-
ment the results obtained in the “thick beam” example. In the thick beam
example the geometry is flat and therefore the BEST elements do not have
any curvature. In this example, the deformation remains strictly as in-
plane shear, but in this case the geometry of the BEST elements is curved,
therefore the advantages of the kinematics implemented in section 9.2.2
(see figures 5.5 and 9.3 on page 52 and on page 105) may have an effect.
So this simple example using Saint-Venant’s theory for pure torsion of hol-
low tubes is used. In order to prevent an excessive effect of the localised
loads, a thick wall is used in this example. And the reference measure-
ments are taken in the midle of the cylinder to stay away from those local
deformations caused by the point loads.
Figure 11.3: Geometry and conditions of the problem. Elevation and lat-
eral view.
Under Saint-Venant’s hypotheses, which are valid for a straight cylin-
der under uniform torque, the rate of angular torsion is constant along
the length of the tube and there is no warping of the cross-sections of the
cílinder. This allows to find a very simple solution to the problem.
α = Mtor · l
G · I0
(11.1)
Where α is the total rotation of the tube from end to end, Mtor is the torque
applied, l is the distance from the fixed base of the cylinder to the mea-
surement point, and I0 is the polar moment of the tube’s section. For a
thin walled tube the polar moment of inertia can be calculated as
I0 = 2 · π ·R3 · h (11.2)
where h is the wall thickness. Then, the tangential displacement of the
measurement point is equal to the angle α times the radius. Under these
assumptions, the displacement of a point A in the middle of the cylinder
should be 6, 621 · 10−4. But instead, the numerical solution for the average
of the mid section seems to converge towards a value of 6, 6046 ·10−4, which
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is within a 0, 5% margin of error. Certainly the localized application of
the torque load leads to localized deformations which in turn leaves less
deformation energy available to the torsion mechanism.
The first thing to notice when looking at the results in figure 11.4 is
that for the averaged measurement of the tangential displacement of the
mid section of the tube, the solutions obtained using a value of θij = −θji
equation (9.33), differ from the solutions obtained using a value of θij = 0
equation (9.34). More so: while with θij = 0 the solution converges rapidly,
with θij = −θji the convergence is much slower. The second thing to no-
tice is that for the tangential displacement of point A, and when using
θij = −θji, the structured and unstructured meshes yield different results,
whereas when using θij = 0 the results with structured and unstructured
meshes converge to the same value. This leads the author to suspect about
the validity of the results obtained with θij = −θji, which is a very arbi-
trary condition. The results obtained with θij = 0 converge to a value of
6.566 · 10−4 for the tangential displacement of point A.
Figure 11.5 shows an unstructured mesh using 1268 nodes and the
corresponding converged results. The results are as expected. Half of the
cylinder exhibits the effects of the localised loads. This can be observed in
the displacements in the direction of the cylinder’s axis, which although
they are restricted to vey low values (of the order of 10−5), they pinpoint
clearly the position of the point loads that provide the torque. The other
half of the cylinder does not exhibit any displacement in the direction of the
axis. This is consistent with the theory. The displacements in the X and Z
directions are conjugate of each other, as they represent the two directions
in the cross section of the cylinder. They also reflect the position of the
point loads. It is best then to analyze the modulus of the displacement in
order to evaluate the results in the cross section of the cylinder, because
we have already determined that the displacement in the axial direction
is 0. Taking a look at the modulus of the displacements we can conclude
that the tangential displacement varies linearly along the first half of the
cylinder, which is also consistent with the theory.
But the most interesting detail to notice is that, contrary to what could
be expected, the convergence obtained in this example with θij = 0 is no-
ticeably faster than what was achieved in section 8.3.1 on page 94. In order
to introduce the drilling rotations, the construction of the BEST element
has been changed (see section 9.2.2). This result is a definitive proof that
the improved kinematics of the BEST element to emulate drilling rota-
tions, which unleash the cubic nature of the element for the in-plane shear
deformations, are a step in the right direction. Even with the drilling
rotations locked —with θij = 0—, when the element has curvature, the
boundary of the element is no longer confined to a flat curve, and instead
is allowed to warp. Even without fully unleashing the potential that the
drilling rotations provide, just this slight modification represents a great
improvement for the accuracy of the element. Remains to test whether the
proposed value by the author for θij as a sum of the rigid body rotation and
the rotation caused by the in-plane shear (see equation (9.35) on page 120),
can yield even better convergence properties.
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(a) Average tangential displacement of the central section of the cylinder. The average of a
quarter of the section is computed. Results obtained using structured meshes.
(b) Tangential displacement of point A (along the same generatrix of a loaded point). Results
obtained using structured and unstructured meshes.
Figure 11.4: Torsion of tube. Comparison of results with 2 different values
for θij : using a symmetric definition of θij according to equation (9.33), or
setting θij = 0.
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(a) Unstructured mesh with 1268 nodes. (b) Displacements in the axial direction of the cylinder.
(c) Displacements in the X direction. (d) Displacements in the Z direction.
(e) Modulus of displacements. (f) Tangential displacements of the
cross section at point A.
Figure 11.5: Torsion of tube. Results obtained using an unstructured mesh
with 1268 nodes. These results correspond to a value of θij = 0.
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11.2 Membrane oriented tests
11.2.1 Cylinder under internal pressure
This test was selected by the author in section 8.2.1 to determine whether
using full quartic integration for the BEST element was worth it. Indeed,
figure 8.4 made the case for using full quartic integration for the BEST ele-
ment. In the present chapter, the author runs the test again after applying
the changes described in chapter 9.
(a) Geometry and properties of the problem. (b) Original and deformed mesh for
a mesh with 16 divisions around the
perimeter and 10 divisions along the
length of the cylinder.
(c) Diameter variation at point A. Results obtained using structured biased meshes.
Figure 11.6: Cylinder under internal pressure. Results obtained for two
possible definitions of the drilling rotations: θij = 0 and θij = −θji. The
reference solution for the variation of the diameter is 1.
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Figure 11.6c shows that results computed using both values of θij con-
verge very quickly, although only quadratic convergence is obtained and
not cubic. It appears that for the kinematics defined in section 9.2.2, nei-
ther θij = 0 nor θij = −θji are good enough to ensure optimal convergence.
Nevertheless, both values do converge to the correct value and do so at a
quadratic rate of convergence. Figure 11.7 shows no spurious effects of the
mesh.
Figure 11.7: Transverse shrinkage due to the Poisson modulus. The refer-
ence value of the displacement at the edges is 0.3. Result obtained using
a mesh with 16 divisions around the perimeter and 10 divisions along the
lengh.
11.2.2 Parabolic roof
This example was also used in chapter 8, section 8.2.2 to test the mem-
brane capabilities of the BEST element. This test takes inspiration from
the roof structure of the Dulles International Airport. Other buildings that
have also used a similar roof typology are shown in figure 11.9.
(a) (b)
Figure 11.8: Parabolic roof problem. (a) Geometry and material properties
of the problem. (b) Sample structured mesh with biased triangles. Mesh
with 231 nodes and 400 elements.
The parabolic roof example aproaches the geometry of the catenary.
But is not equal. Therefore, under self-weight load it will develop some
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(a) The roof of the Dulles International Airport was designed by Eero Saarinen as a catenary.
(b) The roof of the Caracas hipodrome was
designed by Arthur Froehlich as a series of
catenaries.
(c) The canopy of the Bellvitge gas station
(Barcelona) was also designed as a series of
catenaries.
(d) The canopy of the Portuguese pavilion for the Expo’98 in Lisbon is a spectacular catenary
conceived by Alvaro Siza Vieira and designed by Cecil Balmond.
Figure 11.9: The example of the parabolic roof is inspired in catenary roofs
built around the world. The parabolic shape is the funicular of a uniform
distributed load. While the catenary shape is the funicular of the self-
weight load.
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bending stresses (just as the cylinder under internal pressure does due to
the decrease in curvature when the radius increases). The deformation of
the roof will approach the catenary. The shape of a catenary is shallower
at the trough and steeper at the abutments than the parabola. Therefore,
the shell will rise at the trough and descend at the flanks to approach the
catenary (see figure 11.10). We will measure how much the shell elevates
at the center of the free edge.
The problem has been solved using both structured and structured
meshes. The full model has been meshed. In the case of the structured
meshes, non-symmetric meshes have been used (see figure 11.8b).
(a) Elevation of the free edge’s midpoint. Averaged values of the two free edges. Convergence
of the error.
(b) Lateral view of the parabolic roof. Comparison of the reference mesh and the
deformed mesh. Solution obtained with a structured mesh of 10000 elements and
5151 nodes.
Figure 11.10: Results of the parabolic roof example.
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Figure 11.10 shows the convergence of the different meshes with the
two different settings of θij . In all cases the convergence is similar and
the results converge quadratically with the number of nodes in the mesh.
Refinement has been analogous in the two main directions of the mesh.
A converged solution has been obtained using an extra-refined mesh in
the direction of the parabola (with 160 divisions in the direction of the
parabola and 150 divisions length-wise), and a value of 0,1882 has been
used as a reference elevation at A.
The effects of the biased mesh can be seen in the y-displacements field,
see figure 11.11. As the displacements along the y-axis direction ought to
be 0, plotting the field of displacements in the direction of the y-axis re-
veals the magnitude of the effect that the biased mesh has on the numeric
results. As figure 11.11 shows, the effect of mesh bias is some orders of
magnitude smaller than the displacement values in the z- or x-axis. And
its value diminishes as the mesh is refined. Therefore, we can conclude
that the BEST element is safe from the effects of mesh bias.
(a) Mesh with 3600 elements and 1891 nodes.
(b) Mesh with 24000 elements and 12231 nodes.
Figure 11.11: Effects of mesh bias on the results. As the mesh is refined
the effect of the mesh bias diminishes. Displacements in the direction of
the supported edges of the parabolic roof example.
11.3 Bending oriented tests
Shells have the property of resisting deformations through sheer mem-
brane rigidity. That’s what confers them their unique advantage. In order
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to evaluate the bending properties of the BEST element, the author pro-
poses using examples with a flat geometry.
In the linear regime, the BEST element cannot activate its membrane
rigidity if the geometry is flat and the loads are exclusively oriented per-
pendicular to the shell’s surface. Under these circumstances, the shell acts
as a plate because in the reference configuration the shell has no curvature
to transfer the loads to the membrane load bearing mechanisms. However,
as the shell deforms due to bending, the current configuration presents
curvature and the membrane load bearing mechanisms are activated.
The author takes advantage of this property in order to evaluate the
bending accuracy of the BEST element with 2 simple examples.
11.3.1 Slender beam
This example consists on a rectangular plate simply supported in the two
far sides, acting as a simply supported flat beam. The plate has a uniform
load. See figure 11.12.
Figure 11.12: Geometry, boundary conditions and property materials for
the slender beam problem. Both short edges of the plate are simlpy sup-
ported. Plan and elevation.
Under linear analysis, this problem degenerates to a plate. The shell
does not develop membrane strains because under linear analysis the loads
perpendicular to the midsurface of the shell cause only displacements also
perpendicular to the midsurface of the shell. And because of that orthog-
onality, the tensor that relates the membrane deformations to the nodal
coordinates (Bm) is also orthogonal to the nodal displacements (∆x̃r), and
the multiplication ∆x̃r ·Bm = 0. That’s why linear analysis is only valid
for small deflections.
The author has used 2 series of structured meshes to analyze this prob-
lem. A set of symmetrically divided quadrangles and another set of unsym-
mmetrically divided quadrangles have been used for the computations (see
figure 11.13).
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(a) Symmetric mesh. Quadrangles divided symmetrically.
(b) Unsymmetric/biased mesh. Quadrangles divided assymetrically.
Figure 11.13: Samples of meshes for the slender beam problem. Top: ex-
ample for the series of symmetric meshes. Bottom: example for the series
of unsymmetric/biased meshes.
Linear analysis
The problem is set so that large deflections develop. Actually, the analyt-
ical solution —as a beam— for the midpoint deflection in this particular
case is wmax = 1⇒ wmaxL =
1
10 . This is a value well beyond what is consid-
ered small deflections (wL ≈
1
1000 ∨ w < h). Nevertheless, we carry on with
the linear analysis to continue the characterization of the BEST element.
The most striking result when looking at figure 11.14 is that the sym-
metric and unsymmetric meshes converge to different results. And the
other obvious result is that both settings with θij = 0 and θij = −θji are
identical (only the results with θij = 0 are presented). The second observa-
tion stems from the fact previously explained that Bm ⊥ ∆x̃r. Therefore,
the value of θij —which for a flat geometry only affectsBm— is irrelevant.
Let’s discuss into more detail the first observation.
In this case, the convergence deteriorates signifficantly. The author ar-
gues that the cause for this phenomenon, which occurs in a flat geometry
of the shell —but not when the shell has curvature— is in the definition of
Ψijϕ . We shall recall that the definition of Ψijϕ in equation (5.21) on page 57
obeys to a very strong hypothesis: that of assuming that the curve de-
scribed by the edge of the triangle is a flat curve and also that this curve
is a circular arch with symmetric angles with respect to the flat triangle
at the vertices. This determines a function Ψijϕ (ϕ) which has a derivative
equal to 0 when the geometry of the shell is flat (ϕ = 0) See figure 9.7 on
page 111. This derivative equal to 0 makes the element overly stiff in this
particular example.
Furthermore, in this flat geometry the element becomes overly sensi-
tive to mesh anisotropy. For the symmetric series of meshes, the author
has created meshes with divisions of an equal size for the two main direc-
tions of the beam; with 2 exceptions. In one case, the author has divided
the width in 8 divisions while dividing the length in 96 divisions. This
makes divisions with a size ratio of 1.2 : 1 for the two main directions of
the mesh; and the result doesn’t fit in the convergence curve. Instead, in a
mesh with fewer nodes (8 divisions across and 80 divisions length-wise) the
result is much more accurate and also fits better in the convergence graph.
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Figure 11.14: Convergence of the deflection of the free edge’s midpoint.
Series of results of the linear problem obtained with regular meshes of 1:1
sized cells (continuous and discontinuous lines); both symmetrically and
unsymmetrically divided (see figure 11.13). Individual results for meshes
of different size ratios are also plotted (see figure 11.15 for an example of
a mesh with a 5:1 size ratio of the cells symmetrically divided).
Figure 11.15: Detail of an anisotropic mesh using symmetric divisions. Di-
visions with a size ratio of 5 : 1. The resulting triangles have circumscribed
circles of very different sizes. The larger circle has a radius 4.5 times that
of the smaller circle; and an area 20 times larger.
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Using a larger size ratio only exacerbates the problem (see figure 11.14).
The reason for this behavior stems from the definition of the normal
vector at the nodes. The normal vector at the nodes is defined assuming
that the mesh approximates a quadric surface; and that each of the trian-
gles in the mesh represents a section of that quadric surface (see [129]).
This assumption determines the weights that ultimately define the direc-
tion of the normal at the node. In the case of the flat surface, there is no
doubt about which is the normal vector. But the problem lies in its deriva-
tive as the midsurface of the shell deforms. The relative shapes and sizes
of the triangles surrounding the node determine the behavior of the deriva-
tive of the normal. There is no geometric information to characterize the
normal derivative because the surface has no curvature. Therefore, the
characterization of the normal derivative depends only on the mesh topol-
ogy. Then, if the relative sizes and shapes of the triangles surrounding the
nodes of the flat surface are uneven, most probably the information on the
normal derivatives will behave oddly. This is for example the case for an
extra-refined mesh in the length-wise direction; with 500 elements length-
wise and only 10 elements across. So the triangles have a ratio of 5 : 1
for the two main directions of the mesh (see figure 11.15). With a sym-
metrically divided mesh, the differences between the triangles are very
pronounced and the result is completely wrong in magnitude. However,
with a biased mesh, the triangles are all equal (all equally skewed). And
in this case the result is much closer to the correct one (although overstiff).
For these two reasons —which also cause the mismatch of the conver-
gence of the two mesh sets— the author concludes that the BEST element
isn’t suitable for linear analysis of plate problems. And that in those cases
it has to be used always in the non-linear regime in order to overcome the
shortcomings described above. Those two shortcomings are corrected once
the geometry has some curvature, which is the defining characteristic of
shells and what the BEST element has been designed for.
Therefore, it becomes important to perform a non-linear analysis of
shells under large-displacements assumptions in order to accurately char-
acterize the exact elastic response of the shell to the loading applied.
Non-linear analysis
When switching to the non-linear analysis, we are turning this problem,
which was conceived as a bending dominated problem, into a membrane
dominated problem. Because, now, as the supported edges of the plate are
restricted from moving toward each other, the shell will undergo important
axial stresses which not only will dwarf the bending stresses of the shell,
but which will also reduce the bending moments in the shell.
Timoshenko and Woinowsky-Krieger [127] present the analytical solu-
tion for the general problem of a rectangular plate simply supported on
two oposite sides and with an uniform load. The analytical solution is
3, 0000 · 10−2. The difference with respect to the numerical results may
be due to the fact that the analytical solution is for a strip of the plate
sufficiently separated from the free edges of the plate. And not only this
problem is too narrow to have any point sufficiently separated from the
free edges, but in addition, the numerical result is measured at the edge.
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Figure 11.16: Convergence of the deflection of the free edge’s midpoint.
Series of results of the non-linear problem obtained with regular meshes
of 1:1 sized cells; both symmetrically and unsymmetricaly divided (see fig-
ure 11.13). Only the formulation with θij = 0 converges to a result. Defin-
ing θij = −θji does not yield convergence.
Nevertheless, the numerical result is sufficiently close to the analytical
result to accept that the numerical result is correct.
But the most relevant result of all is that in trying to solve the non-
linear problem, the author has faced the same problem reported earlier
in this thesis in section 5.4. When trying to solve the non-linear problem
following the Newton-Raphson method and having defined θij = −θji, the
program cannot reach convergence. When the residual seems to be reduc-
ing, all of a sudden it jumps in value again. The cause of the problem now
and then is very similar. In [132], the problem was the definition of the
kinematic parameter Ψ as fixed. The author concluded that the space of
solutions created by the way the Bézier triangle was being constructed, did
not include the solution to the non-linear problem. With the present result
we may reach the same conclusion. Either way, what causes this issue is
that the problem is not well posed.
Notwithstanding the previous negative result, the author reports ex-
cellent convergence for the non-linear problem using the formula in equa-
tion (9.34). That is: θij = 0. As explained in section 9.5.1, this is just
a temporary fix. And a more rich and comprehensive definition of θij is
desirable in order to continue improving the BEST element. The author
has proposed a framework to find that comprehensive definition of θij in
section 9.5.2. An in depth discussion will ensue in chapter 12.
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(a) Linear solution. The effect of the biased mesh can be noticed if paying close attention to
the curved isolines.
(b) Non-linear solution. The effect of the biased mesh is completely eliminated.
Figure 11.17: Comparison of the effect of the biased meshes on the result
of the displacements in the Z-direction. Results obtained with a mesh of
124 nodes.
Be as it may, the BEST element shows linear convergence for the non-
linear problem. Also important is the fact that convergence is reached
with much coarser meshes than for the linear problem. The issue of the
different converging values for the two different sets of meshes (symmet-
ric and biased) is completely alleviated (see figure 11.16). The slight effect
of the biased meshes on the results is mostly vanished (see figure 11.17).
The only issue that remains is the effect of the meshes with uneven ele-
ment sizes for the two main directions. Albeit even that problem has been
signifficantly reduced when solving the problem in the non-linear regime.
11.3.2 Circular plate
This is also a classic problem that has the same characteristics as the slen-
der beam problem above. However, in this case, because of the axisym-
metric symmetry we can use a different mesh topology. And evaluate the
performance of the BEST element in these conditions.
Linear analysis
The analytical solution for the linear analysis of a circular plates under
uniform load is provided by Timoshenko and Woinowsky-Krieger [127] and
by Ventsel and Krauthammer [135]. The maximum deflection at its center
is calculated with the following simple formula:
wmax =
3qR4(1− ν2)
16Eh3
Å5 + ν
1 + ν
ã
(11.3)
In the case defined in figure 11.18 the value for the maximum deflection at
the center is 8, 28125 · 10−2.
The results show that the convergence graph crosses the result. This
produces a peculiar pattern in the error graph. The error graph in fig-
ure 11.20 shows two distinctive branches. Because the convergence graph
11.3. BENDING ORIENTED TESTS 161
Figure 11.18: Geometry, boundary conditions and material properties of
the circular plate problem. Plan and cross section.
Figure 11.19: Sample mesh of the circular plate problem with 10 divisions
in the radial direction.
crosses the exact result, only the later part of the error graph can be in-
terpreted. Convergence in this problem is very slow. The cause of this
apparently poor performance is that the author has not implemented in
the program the boundary conditions for continuous supports described in
chapter 10. Particularly the continuous simply supported shell in the tan-
gent plane direction condition (see section 10.2) and the continuous simply
supported shell in the normal direction condition (see section 10.4). Both
conditions are needed to adequately model this problem. Without them,
the continuous support of the boundary is only modeled discretely at the
vertices of the triangles. So convergence to the right solution occurs much
slower than it should because the model needs that many more nodes at
the boundary.
Another cause for the poor convergence performance of the BEST el-
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Figure 11.20: Convergence of the deflection of the central point in the
circular plate problem. Linear solution. Results obtained with regular
meshes (see figure 11.19).
ement in this problem has already been discussed in section 11.3.1 and
consists on the role played by the definition of the Ψϕ function and its
derivative equal to 0 when ϕ = 0.
Non-linear analysis
Let’s swtich again the problem into the non-linear regime. Again, when
doing so we are turning this problem, which was conceived as a bending
dominated problem, into a membrane dominated problem.
Timoshenko and Woinowsky-Krieger [127] present the analytical solu-
tion for the general problem of a circular plate simply supported under
uniform load for the particular case of ν = 0.3. They also provide a series
of graphics for the case of ν = 0.25.
This case is aproaching the very thin shell problem. And therefore is
prone to membrane locking. As should have been expected, membrane
locking occurs in this problem. It did not happen for the linear analysis,
because shell elements do not lock when solving plate problems1 (Choi,
Palma, Sanchez-Palencia and Vilariño [31]). However, this example shows
the problem caused by not having found a comprehensive solution for the
drilling rotations. Fixing the value of θij to 0 limits the degree of the poly-
nomial expression of the in-plane kinematics of the element. Choi et al.
prove in [31, p. 139] that representing the in-plane kinematics of the shell
1Shell elements don’t lock when solving plate problems because under linear analysis
they do not develop membrane stresses. See section 11.3.1.
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Figure 11.21: Evolution of the convergence of the BEST element as the
thickness decreases. Example of a simply supported circular plate. Non-
linear solution. Results obtained with regular meshes (see figure 11.19).
element with polynomials of lower order than the order used to represent
the out-of-plane kinematics of the element leads inevitably to membrane
locking. While Hakula, Leino and Pitkäranta demonstrate that even for
finite elements with the same finite element representation in all the com-
ponents of the displacement field [51, p. 161], locking may still occur then
the polynomial degree of such representation is low (1 or 2). Hakula et al.
also demonstrate numerically that for such elements using polynomial ex-
pressions of degree 3 and higher, the elements should not show signifficant
locking problems.
In figure 11.21 the author presents the evolution of the convergence
curves as the ratio thickness/radius becomes smaller and smaller. We can
observe how the numerical solution using the BEST element progressively
diverges from the exact solution. Even the pattern of the convergence
curves changes at a given point, when it becomes apparent that even in
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Figure 11.22: Convergence of the deflection of the central point in the cir-
cular plate problem. Non-linear solution. Results obtained with very re-
fined regular meshes (see figure 11.19). Particular case for h=0.005.
the limit of the size of the elements approaching 0 the numerical solution
will not reach convergence to the exact solution.
For the case of h=0.005, the author presents in figure 11.22 an extended
convergence curve that shows how as the mesh becomes very refined it
converges to the correct result, albeit very slowly.
11.4 Shell Obstacle Course
Next, I present the comparison of the performance of the BEST element
with other elements in the literature using three well known test exam-
ples. These three examples are commonly refered to as the shell obstacle
course [10] because “together they are a very discriminating set of prob-
lems”.
After having tested the BEST element with the previous set of exam-
ples, the author has reached the conclusion that the variation of the for-
mulation using θij = −θji according to equation (9.33) does not offer any
advantage performance-wise nor precision-wise with respect to the basic
solution θij = 0 proposed in equation (9.34). Furthermore, it has been
demonstrated that using equation (9.33) does not produce convergence in
non-linear problems, and therefore it leads to a non-well-posed problem;
while equation (9.34) does yield convergence for non-linear problems. Be-
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casue all of this, the tests of the shell obstacle course will be presented
using only θij = 0.
The comparison will be presented against a wide range of shell ele-
ments to have an accurate view of how does the BEST element rank with
respect other elements. For comparison with another family of rotation-
free finite elements I have chosen the BST/enhanced basic shell triangle
(EBST) family by Oñate, Zárate and Flores [95]. For comparison with
other elements with rotations, I have taken the linear triangle S3 from
ABAQUS [1] and a quadratic element family: the T6/T6H elements im-
plemented in ANSYS [4]. Also the versions of the EBST shell element
with rotational degrees of freedom called EBST+ and EBST+1 [145] are in-
cluded in the comparison. Finally, also the quadrangular elements MITC9
[6], Q8H [54] and S4 (and its reduced integration version S4R) also from
ABAQUS are included.
The results published in [68] have been used to benchmark the BEST
element with respect to the following elements: Q8H, MITC9, T6, T6H,
S3, S4 and S4R. The author expresses his gratitude to professor Laulusa
for gratiously providing his published results in tabulated form. For the
BST/EBST/EBST+/EBST+1 family of elements, the results for comparison
are taken from [95, 145]
11.4.1 Scordelis-Lo Roof
This problem consists on a cylindrical roof under a uniform pressure load.
The roof is simply supported on rigid diafragms on both ends (the di-
afragms are rigid in their plane but flexible out of plane). The structure is
loaded with a uniform dead weight q = 90.
(a) (b)
Figure 11.23: Scordelis-Lo problem. (a) Geometric definition and material
properties. (b) Mesh used for the computations. A structured mesh is used
with biased triangles. The full domain is computed.
The results presented are all normalized and the unit of comparison
of the meshes is the total number of degrees of freedom used for 14 of the
geometry.
Figure 11.24 presents a comparison of the performance between a se-
ries of shell elements. This problem exemplifies the virtues of shells to
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Figure 11.24: Comparison of the convergence between different shell el-
ements for the Scordelis-Lo problem. The reference solution is taken as
0.3024.
Figure 11.25: Field of vertical displacements of the Scordelis-Lo roof prob-
lem. Results obtained using a mesh with 64 divisions for half the span and
half the arch. Representation of the deformation of the structure magni-
fied x10.
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resist loads through form and membrane stresses. Therefore, in this exam-
ple the roof undergoes all sorts of membrane deformations while minimiz-
ing bending. In the words of Belytschko et al. [10, p. 239]: “A substantial
part of the strain energy is membrane strain energy”. This implies also the
presence of in-plane membrane shear in the shell; just as in the case of the
circular plate problem. And they further predict: “[. . . ] inadequacies in
membrane stress accuracy will severely inhibit convergence.” We already
know that the BEST element lacks accuracy to represent in-plane shear
strains and as a result its performance is clearly subpar when compared
with all the other elements. Nevertheless, the author has also reported
the reason for this defect (see section 11.3.2) and the belief that it can be
very much alleviated (see chapter 9). Figure 11.25 displays the deformed
structure magnified.
11.4.2 Pinched Cylinder
(a) (b)
(c)
Figure 11.26: Pinched cylinder problem. (a) Geometric definition and ma-
terial properties. (b) Mesh used for the computations. A structured mesh
is used with biased triangles. The full domain is computed. (c) Axial view
of the deformation of the cylinder. Magnification factor: x500.
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Figure 11.27: Comparison of the convergence between different shell ele-
ments for the pinched cylinder problem. The reference solution is taken as
0.0018249.
This example consists on a cylinder subjected to two diametrically op-
posed puntual loads, see figure 11.26. The ends of the cylinder are simply
supported on rigid diafragms (the diafragms are rigid in their plane but
flexible out of plane). It is (according to Belytschko et al. [10, p. 239]) “one
of the most severe tests for both inextensional bending modes and com-
plex membrane states”. However, this statement is challenged by Chapelle
and Bathe [22] who state that in this problem “pure bending is inhibited”.
Therefore it does not test the elements for inextensional bending modes to
the degree claimed by Belytschko et al. The author agrees with Chapelle
and Bathe. As we will see in section 11.4.3, the hemispherical shell prob-
lem really poses a problem to those elements which are not able to repro-
duce inextensional bending modes.
The results of the Pinched Cylinder in figure 11.27 show the excellent
behavior of the BEST element. It clearly outperforms the EBST family
of elements (with and without rotations). It also outperforms all the other
triangular elements in the set; both linear and quadratic (S3, T6 and T6H).
It is on par with the quadrilateral elements S4 and S4R. The only elements
in the set that perform better than the BEST element in this problem are
the MITC9 and the Q8H elements. Nevertheless, the author believes that
if the in-plane shear problems of the BEST element are solved, there is
still room for improvement even for this excellent result.
Figure 11.26c and figure 11.28 display the deformed structure magni-
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fied.
Figure 11.28: Field of displacements (modulus) of the pinched cylinder
problem. Results obtained using a mesh with 96 divisions for a quarter
of the circumference and 64 divisions for half the length of the cylinder.
Representation of the deformation of the structure magnified x1000.
11.4.3 Pinched Sphere / Hemispherical Shell
The pinched sphere example (also called hemispherical shell) is also a clas-
sic benchmark example for shell elements. It consists on a hemispherical
shell truncated at the top according to an 18º hole. The shell is subject to
diametral opposed forces on the 2 main axis. One pair of forces pulls the
shell while the other pair of forces pinches the shell. This is an example of
what Chapelle and Bathe [22] call non-hinhibited bending. Therefore, the
problem is bending dominated and as Belytschko et al. report: “it exhibits
almost no membrane strains”. Although, as Chapelle and Bathe point out,
the geometry of the problem is very sensitive to the boundary conditions
and could very easily become an inhibited bending problem. We shall ex-
pect the BEST element to have difficulties solving this problem.
As expected, figure 11.30 shows the issues of the BEST element with
inextensional bending modes. The EBST family of elements performs bet-
ter than the BEST element, although not by much. The author is sur-
prised about the results reported by Laulusa et al. [68] for the S4 and S4R
elements. Being all of them linear elements, it is remarkable that in this
problem so prone to membrane locking they outperform other higher order
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(a) (b)
Figure 11.29: Pinched sphere problem. (a) Geometric definition and mate-
rial properties. (b) Mesh used for the computations. A structured mesh is
used with symmetric triangles. The full domain is computed.
Figure 11.30: Comparison of the convergence between different shell ele-
ments for the hemispherical shell problem. The reference solution is taken
as 0.094.
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Figure 11.31: Field of vertical displacements of the hemispherical shell
problem. Results obtained using a mesh with 32 divisions for a quarter of
the equator and for each meridian. Deformations magnification factor x50.
elements such as the MITC9 and the Q8H; and the triangular S3 is not far
behind. In the opinion of the author, the result obtained by Laulusa et al.
in [68, Fig. 12] contradicts the results obtained by Hakula et al. in [51].
Figure 11.31 displays the contour fill for the vertical displacements field of
the shell.
11.5 Summary
Four sets of tests have been presented. The first three sets have tested
the BEST element convergence properties for the 3 different deformation
modes of a shell: in-plane shear, axial strain (membrane) and bending.
Also, for these first three sets, the two different formulæ for the value of
the drilling rotations —equations (9.33) and (9.34)— have been tested.
The results obtained for the thick beam problem (section 11.1.1) demon-
strate the benefits of enriching the kinematics of the element through the
value of θij . However the improvement is minimal because the value as-
signed in equation (9.33) is not a sufficiently good approximation.
On the other hand, the results obtained for the torsion of a tube give
a first hint at the problems that the equation (9.33) might introduce that
surpass the advantages. This first hint is a lack of consistency in the re-
sults between structured and unstructured meshes.
With respect to the membrane oriented tests, there is almost no differ-
ence between the results obtained by the use of equation (9.33) or equa-
tion (9.34). And in both problems, the cylinder under internal pressure,
and the parabolic roof, the convergence is better than linear. There has
been a loss of convergence speed in the problem of the cylinder under inter-
nal pressure with respect to the results already reported in section 8.2.1.
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The difference between the two results can only be caused by the changes
in the construction of the element to enable the θ drilling rotations (see
the differences between figures 5.5 and 9.3). So, cubic convergence has
been lost for this problem, but if a correct value of θ is found, it should be
recoverable.
Finally, in order to test the bending deformation mode of the BEST ele-
ment, the author uses two plate examples: a rectangular plate configured
as a slender beam and a circular plate. These examples are chosen because
mathematically, in the linear case, the shell elements do not develop mem-
brane strains. Therefore the analyst can focus exclusively on the bending
mode response of the element. However, since there is no membrane strain
and the geometry is flat, this means that there is no difference in the re-
sults between the use of equation (9.33) or equation (9.34). Nevertheless,
a wealth of information is extracted from these two examples.
The first interesting result is that for the slender beam problem, dis-
cretizing the domain with biased meshes or with symmetrically divided
meshes, yields different results —although very close to the correct result.
This result leads the author to conclude that the BEST element isn’t well
suited for plate problems, because it needs the information provided by the
curvature of the surfaces. The curvature of the surface embeds informa-
tion onto the mesh to determine not just the direction of the normals, but
also their derivatives when the surface deforms. With zero initial curva-
ture, the mesh has zero initial information from the surface on how the
normals will change as the surface deforms. And therefore that informa-
tion becomes mesh-dependant. Since the plate doesn’t have initial curva-
ture, the computation becomes overly sensitive to the mesh discretization.
The author demonstrates these statements by turning the problem into
geometrically non-linear. In this non-linear configuration the BEST ele-
ment recovers the consistency between the sets of meshes (biased trian-
gles and symetrically divided triangles). But the author also discovers
that using the equation (9.33) for θij , the BEST element does not con-
verge in the non-linear solving alogrithm. The author reports that the
behavior is similar to the one already reported in section 5.4 —fixing the
value of Ψ = 13 made it impossible to obtain convergence in the non-linear
Newton-Raphson algorithm—. This result is conclusive to discard the use
of equation (9.33) in the construction of the BEST element; as it produces
an ill-posed problem. On the contrary, using equation (9.34) the BEST
element converges optimally in the Newton-Raphson algorithm.
The circular plate problem provides another opportunity to further char-
acterize the BEST element. While for the linear problem the BEST el-
ement converges to the correct result (albeit very slowly), when turning
it into geometrically non-linear the author found that the BEST element
wasn’t converging to the correct result. This result was shocking at first.
Certainly, the mechanisms of the linear and the non-linear problems are
different. While for the linear problem the response is only in bending
mode, for the non-linear problem the response is mostly in membrane
mode. But an error of over 7% was completely unexpected. The portion of
the deformation energy absorbed by the membrane mode becomes larger
as the thickness becomes small. This fact led the author to test the same
problem in the non-linear regime for different thicknesses, finding a very
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enlightening result. Figure 11.21 shows how the BEST element progres-
sively becomes locked as the thickness of the plate becomes smaller. This
result is consistent with the explanation published by Choi et al. [31].
The last set of problems is the shell obstacle course. In this set of prob-
lems the most remarcable result is obtained for the pinched cylinder prob-
lem. For the pinched cylinder problem, the BEST element exhibits excel-
lent performance, proving to be superior to all the other elements used for
comparison except for the more sophisticated MITC9 and Q8H elements
which are quadratic quadrangular elements with rotation degrees of free-
dom. For the Scordelis-Lo roof problem and the hemispherical shell prob-
lem the results obtained are consistent with the results already discussed
for the slender beam, the circular plate and the thick beam tests. The
advantage of using examples that test the specific deformation modes of
the element is that it allows to better identify the defects of the element.
Whereas the advantages of using the examples in the shell obstacle course
is that it provides a consistent base to compare against other elements in
the literature.

Chapter 12
Future work and Futuros trabajos
further research y propuestas de mejora
ANY RESEARCH WORK departs from one ormany starting points and makes develop-
ments based on that basis; and in most cases
without reaching a closed result. Usually re-
search efforts serve rather to open windows than
to close doors, and I believe that this thesis is a
good example. I am sincerely satisfied with my
work, but I can’t refrain from expressing some
annoyance because there is still job to do. The ex-
ercise of starting a research work, exploring the
knowledge, pursuing the endless frontier (borrow-
ing the words from Chuck Vest [136]); is an in-
trinsically bold and ambitious endeavor. As a con-
sequence, as it usually happens, the author did
not measure with precision the effort required to
achieve the initial objectives; because it is impos-
sible to evaluate the difficulty of solving the chal-
lenges and overturn the adversities that such a
discovery endeavor entails.
This chapter lists those aspects of the re-
search that are affected because eventually we all
have to call it a day in order to move on. The the-
sis includes considerations of varying degree to
shine some light on the paths that are left to ex-
plore. There is even two full chapters of the thesis
devoted to expose clearly the opinion and recom-
mendation of the author to improve the results
reached by the thesis.
TODO TRABAJO DE INVESTIGACIÓN toma uno o va-rios puntos de partida y realiza unos desarrollos
a partir de ellos; en la inmensa mayoría de casos sin
llegar a un resultado acabado. Normalmente los tra-
bajos de investigación sirven más para abrir puertas
que para cerrarlas, y creo que esta tesis es un ejemplo
de ello. Estoy sinceramente satisfecho con el trabajo
que he hecho, pero no puedo dejar de manifestar una
cierto desasosiego por aquello que queda por hacer. El
ejercicio de emprender un trabajo de investigación, de
exploración del conocimiento, de perseguir la fronte-
ra inalcanzable (en palabras de Chuck Vest [136]); es
un ejercicio inherentemente atrevido y ambicioso. Es
natural por consiguiente que el autor no midiera con
precisión el esfuerzo requerido para cumplir los obje-
tivos iniciales planteados, porque era imposible medir
la dificultad de resolver los desafíos y sortear los obs-
táculos que se encontrarían en ese ejercicio de descu-
brimiento.
Este capítulo enumera de manera sucinta
aquellos aspectos de la tesis que por motivos va-
rios se han quedado en el tintero. La tesis incluye re-
flexiones de distinta profundidad sobre la manera de
abordar los caminos que quedan por transitar. Inclu-
so dos capítulos enteros de la tesis están dedicados a
detallar la resolución que el autor propone a estos re-
tos. Sirvan pues los contenidos de este capítulo para
exponer de manera clara cual es la opinión y la reco-
mendación del autor para mejorar los resultados al-
canzados en esta tesis.
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12.1 Optimize the programming Optimizar la programación
The BEST element presented in this thesis has
been programmed and implemented in a com-
puter code. The implementation done by the au-
thor makes an abuse of the tensors of many di-
mensions (up to 5 dimensions) for the storage
of variables. The code also makes an abuse of
nested loops in order to process all those vari-
ables. In reality most of the components of these
tensors are zero. This abuse of tensors and
nested loops generates a great inefficiency in the
element’s system matrix build routine. There-
fore, the current implementation of the code does
many superfluous operations and is using a lot of
unneeded memory.
It is necessary, indeed, to improve the imple-
mentation of the programming code of the BEST
element by optimizing and using specialized li-
braries for the manipulation of tensors of many
dimensions which are essentially sparse and the
corresponding algorithms to operate with them.
Without that optimization it is pointless to ana-
lyze the computational efficiency of the BEST el-
ement in detail.
12.2 Nodal vs elemental assembly: Ensamblaje nodal vs ensamblaje elemental:
edge-based assembly? ¿ensamblaje por aristas?
In [96] Oñate and Zárate make a point for using
vertex-based rotation-free shell elements (BSN).
In their case, the precision improvement of the
vertex-based formulation over the element-based
formulation stems from the increased number of
connectivities achieved by the vertex-based for-
mulation.
The BEST element performs most of the cal-
culations using the nodes as the reference to ac-
cess the information. So much so, that for each
calculation the information can be structured and
contained associated to the node instead of the
element. Therefore it is appropriate to consider
whether programming the element using nodal
assembly could be faster and more efficient than
using an elemental assembly algorithm. In a
nodal assembly program there are lots of possi-
bilities to reduce repeated operations that hap-
pen in elemental assembly because the variables
associated to each node are recomputed once and
El código que ha programado el autor para implemen-
tar el elemento BEST desarrollado en esta tesis hace
un abuso de los tensores de varias dimensiones (hasta
5 dimensiones) para el almacenamiento de variables.
Asimismo también abusa de los bucles anidados pa-
ra procesar todas esas variables. En realidad muchos
de los componentes de esos tensores son cero. Ese abu-
so de tensores y de bucles anidados causa una gran
ineficiencia en la rutina de construcción de la matriz
del sistema del elemento. Puesto que con la implemen-
tación actual del código se están realizando muchas
operaciones superfluas y se está usando espacio de me-
moria de manera innecesaria.
Una evidente y necesaria mejora de la implemen-
tación del código del elemento BEST sería la optimi-
zación y uso de librerías especializadas para la ma-
nipulación de tensores de múltiples dimensiones emi-
nentemente sparse y los correspondientes algoritmos
para operar con ellos. Sin dicha optimización no es ni
siquiera planteable un análisis en profundidad de la
eficiencia computacional del elemento BEST.
En [96] Oñate y Zárate introducen la consideración de
usar elementos de lámina sin rotaciones basados en
los vértices (BSN). En su caso, la mejora de la preci-
sión de la formulación basada en los vértices (sobre la
formulación basada en los elementos) se debe al mayor
número de conectividades logrado por la formulación
basada en los vértices.
El elemento BEST realiza casi la totalidad de las
operaciones tomando como referencia los nodos. De tal
manera que en cada operación se puede estructurar
la información conteniéndola en el nodo en lugar de
en el elemento. Por consiguiente es oportuno plantear
si una programación del elemento ensamblando por
nodos puede ser más rápida y eficiente que una pro-
gramación ensamblando por elementos. En la progra-
mación ensamblando por nodos hay muchas posibili-
dades de reducir la repetición de operaciones que en
el ensamblaje por elementos se producen dado que las
variables asociadas a cada nodo son recalculadas una
y otra vez por todos los elementos que lo comparten.
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again by all the elements that share that node.
The only values of the element requiring the
simultaneous information from the 3 nodes of the
element are those related to the central control
point of the element. Since the information to
compute the central control point requires infor-
mation from the three edges, an edge-based for-
mulation can be considered worth studying. In
fact, different authors have performed adapta-
tions of shell finite elements into an edge-based
smoothed formulations recently [30, 69, 101].
12.3 Solve the membrane locking Resolver el bloqueo por membrana
Chapter 9 has shown that the BEST element suf-
fers membrane locking because of the way it has
been kinematically built. This problem has also
been reproduced with more severity in the exam-
ple of the circular plate (see section 11.3.2). Such
locking inhibits the element from converging cu-
bically wherever there may be any in-plane shear
deformation, and instead exhibits only linear con-
vergence —or worse—. It is highly desirable to
fix this behavior, as that would conclusively jus-
tify the strategy developed in this thesis. Never-
theless, the results obtained, albeit partial, con-
firm that the strategy developed is correct; al-
though an evolution is highly desirable. The au-
thor has also set forth in chapter 9 the exist-
ing defect in the element’s kinematic construc-
tion which causes that locking behavior. And has
come up with an idea to solve this issue liber-
ating the so called drilling degrees of freedom.
The BEST element allows to emulate the effect
of these drilling degrees of freedom, that’s why
it isn’t necessary to include them in the descrip-
tion of the element. What the element needs is
to modify the kinematics of its construction to be
able to accurately reproduce their effects.
The author has successfully shown how to un-
leash the kinematics of the drilling rotations in
the element. And in doing so he shows that the el-
ement improves its convergence properties. How-
ever, the results only display a marginal improve-
ment, because the implementation still does not
translate the kinematics of the drilling rotations
into a precise description of the deformation of
the element. The author has implemented in the
computer code a very basic description of the de-
Los únicos datos del elemento que requieren de la
información simultánea de los 3 nodos del elemento
son los relativos al cálculo del punto de control cen-
tral del elemento. Como la información para calcular
el punto de control central toma como punto de parti-
da la información de las tres aristas, podría ser venta-
joso estudiar una formulación basada en las aristas.
De hecho, recientemente varios autores han desarro-
llado adaptaciones de elementos finitos de lámina a
formulaciones basadas en las aristas aplicando técni-
cas de suavizado [30, 69, 101].
Como se ha mostrado en el capítulo 9 el elemento
BEST tal y como se ha definido cinemáticamente pa-
dece de bloqueo por membrana. Este problema tam-
bién se ha demostrado con más severidad en el ejem-
plo de la placa circular (véase el apartado 11.3.2). Di-
cho bloqueo impide que el elemento pueda converger
cúbicamente en aquellos casos en los que exista defor-
mación por cortante en el plano del elemento en algu-
na medida, y en su lugar sólo exhibe convergencia li-
neal —o peor—. Es altamente deseable poder corregir
este comportamiento, pues ello terminaría de justificar
la estrategia desarrollada en esta tesis. No obstante,
se han alcanzado resultados parciales que corroboran
que la estrategia desarrollada es acertada; si bien es
muy deseable una evolución. El autor ha señalado en
el capítulo 9 el defecto en la construcción de la cine-
mática del elemento que causa este bloqueo. Y ha pro-
puesto resolver ese defecto liberando los llamados gra-
dos de libertad de taladro. El elemento BEST permite
emular el efecto de estos grados de libertad de taladro,
y por ello no es preciso añadirlos a la descripción del
elemento. Lo que se precisa es adaptar la cinemática
de la construcción del elemento para que éste pueda
reproducir su efecto.
El autor ha demostrado con éxito la manera de li-
berar la cinemática de las rotaciones de taladro en el
elemento. Y con ello muestra la mejora que experimen-
ta la convergencia el elemento. Si bien, los resultados
sólo muestran una mejora marginal, pues aún es nece-
sario traducir la cinemática de las rotaciones de tala-
dro en una descripción de la deformación del elemento
precisa. La descripción que se ha implementado en el
código programado por el autor es todavía muy primi-
tiva. Por ello se propone mejorar la descripción de la
deformación del elemento asociada a la cinemática de
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formation, and lacks sophistication. The author
proposes to improve the description of the de-
formation of the element associated to the kine-
matics of the drilling rotations. This description
of the deformation shall be consistent with the
continuum mechanics theories in order to avoid
adding an artificial stiffness to the element of any
kind; which is the cause for the membrane lock-
ing behavior in our case.
In section 9.5.2 the author sets forth a frame-
work that leads to a precise description of the
deformation based on the drilling rotations kine-
matics. That framework establishes that the el-
ement’s edge kinematics shall account for a solid
rigid rotation and a rotation associated to the in-
plane shear deformation. And on the other side,
it explains that the deformation gradient tensor
associated to the tangent plane at the vertex —
where the drilling rotations are conceptualized—
is also decomposed into a (solid rigid) rotation
tensor and a shear deformation tensor (in-plane).
And therefore proposes to relate the drilling ro-
tations kinematics to the description of the defor-
mation, by deriving the corresponding formulæ.
However, the full development of those formulæ
and the implications on the rest of the element’s
kinematics is an adaptation left to be done in a
future work.
12.4 Implement Dirichlet Implementar las condiciones
boundary conditions de contorno de Dirichlet
The BEST element presented in this thesis has
been programmed and implemented in a com-
puter code. The implementation done by the au-
thor lacks the complementary routines to apply
the Dirichlet boundary conditions on the models.
In order to extend the use of the BEST element to
a wide range of academic and engineering prob-
lems it is necessary to implement these boundary
conditions (see chapter 10). Nevertheless, the ex-
amples shown in this thesis allow to reach suffi-
ciently founded conclusions regarding the devel-
opments of the thesis.
Indeed, the conclusions of this thesis clearly
express the need to improve the performance of
the BEST element with respect to the membrane
locking phenomenon. In the opinion of the au-
thor, it is worthless evaluating the BEST element
las rotaciones de taladro. Esta descripción de la de-
formación debería ser consistente con los postulados
de la mecánica del continuo para evitar introducir en
el elemento algún tipo de rigidez artificiosa, que es lo
que en definitiva está activando el bloqueo por mem-
brana del elemento.
En el apartado 9.5.2 el autor avanza un marco de
trabajo que debe permitir esa descripción precisa de
la deformación a partir de la cinemática de las rota-
ciones de taladro. Dicho marco de trabajo establece
que la cinemática del elemento debe contemplar que
para cada arista del elemento, la rotación de taladro
se descompone en un giro de sólido rígido y un giro
de deformación de cortante en el plano. Y por otro la-
do se explica como el tensor gradiente de la deforma-
ción asociado al plano tangente en el vértice —donde
se conceptualizan las rotaciones de taladro— también
se descompone a su vez en una componente de rotación
(de sólido rígido) y otra de deformación de cortante (en
el plano). Y se propone una manera de relacionar la ci-
nemática de las rotaciones de taladro con la descrip-
ción de la deformación, derivando las correspondien-
tes fórmulas. No obstante, el desarrollo completo de
dichas fórmulas y la adecuación del resto de la cine-
mática del elemento a lo que estas fórmulas implican
es un trabajo que queda para el futuro.
El código que ha programado el autor para implemen-
tar el elemento BEST desarrollado en esta tesis no in-
cluye las rutinas necesarias para aplicar las condicio-
nes de contorno de Dirichlet en los modelos. Si bien
la implementación de dichas condiciones de contorno
(véase el capítulo 10) es necesaria para poder exten-
der el uso del elemento BEST a una amplia casuística
de problemas académicos e ingenieriles, los ejemplos
expuestos en esta tesis permiten alcanzar conclusio-
nes suficientemente fundamentadas en relación a los
desarrollos de la tesis.
De hecho, las conclusiones de esta tesis indican
claramente la necesidad de mejorar el rendimiento
del elemento BEST frente al fenómeno de bloqueo por
membrana. Es la opinión del autor que carece de in-
terés evaluar el elemento BEST frente a un conjunto
de ejemplos más amplio que los presentados en esta
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using a broader set of examples than those pre-
sented in this thesis without previously improv-
ing the behavior of the BEST element to pre-
vent membrane locking. Nonetheless, it is highly
desirable to include in the code of the program
that implements the BEST element the feature
to apply those boundary conditions described in
chapter 10 in order to benchmark the BEST ele-
ment capabilities thoroughly and compare them
to other existing formulations in the literature
and using a wider variety of benchmarking ex-
amples commonly used.
12.5 Develop adequate representation Desarrollar técnicas de representación
techniques for the BEST element adecuadas para el elemento BEST
The development of this research would have
benefited from having a graphical representation
system of the element’s Bézier-enhanced geome-
try. The only such representation included in this
thesis is in figure 5.10c. And it was generated af-
ter programming the elements of that mesh one
by one on a Maple sheet. Lacking the means to
visualize the resulting Bézier constructions has
been a handicap in diagnosing the problems en-
countered.
It is thus highly advisable —in any further de-
velopment to improve the BEST element— to ar-
range a geometric representation system which
enables the visualization of the resulting Bézier
geometric reconstruction.
Such work would yield an additional advan-
tage when post-processing the results. As the
results could then be plotted on the geometric
representation of the Bézier-enhanced elements.
Currently the results are being represented on
the original mesh of linear triangles. This im-
plies an obvious loss of resolution of the results
actually computed, which are of cubic nature.
12.6 Try a different Probar con un operador
curvature operator de la curvatura distinto
During the research work to find an optimal op-
erator to approximate the normal direction at the
nodes of the mesh (see section 5.1 [129]), an in-
teresting reference on the approximation of cur-
vatures in triangle meshes arose [48]. That pa-
per evaluates the relative precision and compu-
tesis sin previamente mejorar el elemento BEST fren-
te al fenómeno de bloqueo por membrana. Dicho es-
to, es altamente deseable la inclusión en el código del
programa que implementa el elemento BEST la posi-
bilidad de aplicar las condiciones de contorno que se
detallan en el capítulo 10 para entonces evaluar en to-
da su extensión las capacidades del elemento BEST
y comparar sus virtudes y defectos con otras formula-
ciones existentes en la literatura usando una variedad
más completa de los ejemplos académicos normalmen-
te utilizados comúnmente.
Hubiera sido muy deseable para el desarrollo del tra-
bajo de esta tesis haber dispuesto de un sistema de re-
presentación gráfica de la geometría del elemento de
Bézier reconstruido. La única representación incluida
en esta tesis se encuentra en la figura 5.10c y se ge-
neró programando los elementos de esa malla uno a
uno en una hoja de cálculo de Maple. Sin la posibi-
lidad de visualizar la construcción geométrica de Bé-
zier resultante, ha sido muy complicado para el autor
diagnosticar los problemas que se iba encontrando.
Es por lo tanto altamente recomendable que —en
futuros desarrollos orientados a mejorar el elemento
BEST— se cuente con un sistema de representación de
la geometría que permita visualizar los resultados de
la reconstrucción geométrica de Bézier.
Este desarrollo tendría un efecto añadido benefi-
cioso para el post-proceso de los resultados. Ya que ac-
tualmente los resultados se están representando sobre
la malla original de triángulos lineales. Esto supone
una evidente pérdida de resolución de los resultados
realmente obtenidos, que tienen carácter cúbico.
Durante los trabajos de obtención de un operador óp-
timo para aproximar la dirección de la normal en los
nodos de la malla (ver apartado 5.1 [129]), apareció
una referencia interesante sobre la aproximación de
curvaturas en mallas de triángulos [48]. En dicho ar-
tículo se evalúa la relativa precisión y coste compu-
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tational cost of different approximation methods
of triangle meshes’ curvature. This is a funda-
mental operator in shell analysis, and has been a
central aspect of the development of the present
thesis. Gatzke and Grimm distinguish 3 different
families of operators:
• methods that interpolate a surface to the
nodes of the mesh,
• discrete methods (which attempt to obtain
partial metrics related to the curvature
based on different hypotheses), and
• methods of estimation of the curvature ten-
sor.
The paper includes methods that use the nodes
of the first ring of neighboring nodes, the sec-
ond ring and up to the third ring of neighboring
nodes.
This thesis hasn’t explored the possibility of
finding the metric of the curvature of the element
based on any of these methods. It is very ap-
pealing to analyze the convenience of using any
of these methods and compare both their preci-
sion and their computational cost with those of
the finite element developed in this thesis. Nev-
ertheless, the author makes some aprioristic con-
siderations. The methods based on the interpo-
lation of surfaces of increasing polynomial order
suffer from various defects. Amongst them, their
sensibility to mesh distortions caused by the ill-
conditioning of the system matrix that needs to
be solved in order to obtain the coefficients of the
interpolating surface. As a result, the computa-
tional cost of solving that matrix is affected if it-
erative methods are used. Discrete methods are
the most efficient from the point of view of their
computational cost, but they give unusable re-
sults for shell analysis, because they do not pro-
vide the complete information of the curvature
tensor; which would cause a significant loss of
precision in the calculation of the element. The
methods that estimate the curvature tensor offer
some practical interest. Although the results pro-
vided by Gatzke and Grimm aren’t promising on
what relates to their sensibility to mesh regular-
ity. As element robustness with respect to mesh
distortion and irregularity was an aspect specifi-
cally sought by this thesis development, this is a
research topic that has not been explored.
tacional de diversos métodos de aproximación de la
curvatura de mallas de triángulos. Este es un opera-
dor fundamental en el cálculo de láminas y ha sido un
aspecto central del desarrollo de esta tesis. De acuerdo
con Gatzke y Grimm, se pueden distinguir 3 familias
de operadores:
• métodos de interpolación de superficies a los no-
dos de la malla,
• métodos discretos (que pretenden obtener métri-
cas parciales relacionadas con la curvatura a
partir de distintas hipótesis), y
• métodos de estimación del tensor de curvatura.
En el artículo se consideran métodos que usan los no-
dos del primer anillo de vecinos, del segundo anillo de
vecinos o incluso de hasta el tercer anillo de vecinos.
En esta tesis no se ha explorado la posibilidad de
obtener la métrica de la curvatura en el elemento a
partir de cualquiera de estos métodos. Puede resultar
interesante analizar la idoneidad del uso de cualquie-
ra de estos métodos y comparar tanto su precisión y
coste computacional con la precisión y coste compu-
tacional del método de cálculo de la curvatura del ele-
mento desarrollado en esta tesis. En cualquier caso, se
pueden hacer algunas consideraciones apriorísticas.
Los métodos basados en la interpolación de superfi-
cies de creciente orden polinómico padecen de varios
defectos. Entre ellos, la sensibilidad a las distorsio-
nes de malla debido al mal condicionamiento de la
matriz del sistema que es preciso resolver para obte-
ner las coeficientes de la superficie interpolante y por
consiguiente también el elevado coste computacional
de la resolución de esa matriz por métodos iterativos.
Los métodos discretos son los más eficientes desde el
punto de vista computacional, pero ofrecen resultados
poco útiles para el cálculo de láminas porque no ofre-
cen la información completa del tensor de curvatura;
lo que conduciría a una pérdida significativa de pre-
cisión en el cálculo del elemento. Los métodos de es-
timación del tensor de curvatura son los que pueden
ofrecer algún interés práctico. Aunque los resultados
de Gatzke y Grimm no son muy halagüeños en lo que
se refiere a la sensibilidad de estos métodos respecto de
la regularidad de la malla. Dado que la robustez del
elemento desarrollado con respecto a la irregularidad
de la malla era un aspecto que se buscaba explícita-
mente en esta tesis, esta es una línea de investigación
que no se ha explorado.
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It could be of some interest to explore the pos-
sibility of developing a rotation-free thin shell
finite element based on the use of a curva-
ture approximation operator at the nodes of
the mesh, and evaluate whether it entails any
computational advantage. A comparative study
on the precision in the calculation of the cur-
vature between the methods based on opera-
tors as those cited in the paper [48] and the
method developed in the present thesis ought
to be done. However, from the author’s stand-
point, the level of specialization achieved in the
present thesis should provide an edge regard-
ing the precision/computational cost relationship.
The method used in this thesis uses 1 ring of
neighboring nodes (for every node of the triangle).
As a result, it should be more efficient than the
methods that use 2 rings of neighboring nodes.
And the specialization of the treatment of data
should provide better results than the methods
using 2 or even a third ring of neighbors. But
dispelling these guesses could be an interesting
exercise.
12.7 What about composite ¿Cómo se resuelven las láminas
and layered shells? de materiales compuestos y laminadas?
One of the requirements of the new element was
the possibility to solve for composite and layered
shells. However, it has been decided not to in-
clude this development in the scope of this the-
sis. Certainly the use of a rotation-free element
affects the possibilities of simulating a compos-
ite structure. In his book [93] Oñate explains
in detail the reasons why composite beams/shells
even if slender, need to account for shear defor-
mations. Without the rotation degrees of freedom
it is harder to reproduce the Reissner-Mindlin hy-
potheses, which are better suited to account for
shear deformations than the Kirchhoff-Love hy-
potheses. Nevertheless, for the case of layered
shells, there are other theories like the refined
zig-zag theory which can solve this issue [124,
126], or hierarchical split of the displacements
method which has been applied successfully but
has not yet been extended to geometrically non-
linear problems [87]. Despite the fact that this
thesis’ scope doesn’t include finally the consider-
ation for composite and layered shells, this re-
Podría resultar interesante explorar la posibilidad
de desarrollar un elemento finito de lámina delgada
sin rotaciones a partir del uso de un operador de apro-
ximación de la curvatura en los nodos de la malla y
evaluar si ello implica ventajas computacionales. En
ese sentido se tendría que realizar un estudio compa-
rativo sobre la precisión en el cálculo de la curvatu-
ra entre los métodos basados en operadores como los
indicados en el artículo citado [48] y el método desa-
rrollado en la presente tesis. Aunque desde el punto de
vista del autor, la especialización del método desarro-
llado en la presente tesis debería implicar una venta-
ja en cuanto a la relación precisión/coste computacio-
nal. El método desarrollado en la presente tesis usa un
anillo de vecinos (para cada nodo del triángulo). Por
consiguiente debería ser más eficiente computacional-
mente que los métodos que usan 2 anillos de vecinos.
Y la especialización del tratamiento de los datos debe-
ría dar resultados mejores que los métodos que usan
2 o incluso hasta el tercer anillo de vecinos. Pero sería
interesante dilucidar todas estas conjeturas.
Uno de los requisitos para el nuevo elemento era la po-
sibilidad de resolver láminas de materiales compues-
tos y laminadas. Sin embargo, se ha optado por no
incluir este desarrollo en la tesis. Ciertamente el uso
de un elemento sin rotaciones afecta las posibilidades
de simular una estructura de materiales compuestos.
En este libro [93] Oñate explica en detalle las razones
por las que incluso las vigas y láminas de materiales
compuestos delgadas necesitan contemplar las defor-
maciones de cortante. Sin los grados de libertad sin
rotaciones es más complicado reproducir las hipótesis
de Reissner-Mindlin, que son más indicadas para te-
ner en cuenta las deformaciones de cortante que las
hipótesis de Kirchhoff-Love. No obstante, para el ca-
so de láminas laminadas existen otras teorías como la
del zig-zag refinado que permite resolver este aspecto
[124, 126], o el método del desacoplamiento jerárquico
de los desplazamientos que ha sido aplicado exitosa-
mente aunque no se ha extendido todavía a problemas
geométricamente no-lineales [87]. A pesar de que fi-
nalmente el alcance de la tesis no incluye la conside-
ración de láminas de materiales compuestas y lami-
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quirement has been taken into account so that it
doesn’t hamper future efforts to implement this
capability. The reason is explained below.
Continuum-based formulation Formulación basada en el continuo
The concern for addressing the issue of composite
and layered shells is one of the reasons to opt for
a continuum-based approach (also called degen-
erated solid approach) instead of a shell theory
approach. Besides providing a sound mathemati-
cal foundation to the formulation, the continuum-
based model defines the stress and strain state of
each material point in the shell with precision.
This is because, it handles with ease all the high
order terms. Instead, in a resultant based shell
element, or in a shell theory model, usually the
high order terms are more difficult to deal with
—particularly in the non-linear regime— and are
often dropped.
Additionally, it is the view of the author, that
for engineering purposes, in the case of layered
shells made of anisotropic materials it is much
more interesting to provide the analyst with in-
formation on the stress and strain states of each
material layer, rather than providing him with
generalized (integrated through the thickness)
measures of strains and stresses. Even more
so, when in the non-linear regime, the higher
order terms might become relevant and their
corresponding generalized measures (called bi-
moments) don’t have an easy interpretation to
the engineer [13]. Furthermore, if required, these
generalized measures can be computed as a post-
process.
12.8 Practical applications Aplicaciones prácticas
In view of all the items included previously in
this chapter, and taking into account the moti-
vation set forth in chapter 1, it appears clear that
I fell short of the expectations coveted initially.
And particularly on what relates the justification
for the selection of the objective of this thesis; ex-
plained in section 2.3:
“Firstly, because there’s a need to analyze
sails as shells under non-linear assumptions of
large strains/displacements. And secondly, be-
nadas, se ha tenido en cuenta este requisito para que
no obstaculice futuros desarrollos para implementar
esta capacidad. La razón se explica a continuación.
La preocupación por abordar el asunto de las láminas
hechas de materiales compuestos y laminadas es uno
de los motivos para escoger una formulación basada
en el continuo (también llamada formulación de só-
lido degenerado) en vez de un planteamiento basado
en la teoría de láminas. Otro motivo muy importante
para la esta elección es la firme base matemática que
proporciona la formulación basada en el continuo y
que define el estado de tensión y deformación en ca-
da punto material de la lámina con precisión. Esto es
gracias a que maneja con naturalidad todos los tér-
minos de alto orden. En cambio, en un elemento de lá-
mina basado en resultantes de esfuerzos, o en un mo-
delo de teoría de láminas, normalmente los términos
de alto orden son más complicados de manipular—
particularmente en el régimen no-lineal—y a menudo
se obvian.
Por otro lado, es la opinión del autor que para pro-
pósitos ingenieriles, en el caso de láminas laminadas
formadas por materiales anisótropos es mucho más
adecuado proveer al calculista la información de los
estados de tensión y deformación de cada capa de ma-
terial; en lugar de proveer al calculista los esfuerzos
generalizados (integrados en el espesor) de tensiones y
deformaciones. Por añadidura, en el régimen no-lineal
los términos de alto orden pueden resultan relevantes
y sus correspondientes métricas generalizadas (llama-
das bi-momentos) no tienen una interpretación senci-
lla para el ingeniero [13]. Finalmente, si es preciso,
estas métricas generalizadas se pueden calcular como
un post-proceso.
A la vista de todos los puntos incluidos previamente
en este capítulo, y teniendo en cuenta la motivación
expuesta en el capítulo 1, resulta evidente que me he
quedado lejos de las metas ambicionadas inicialmen-
te. Y particularmente en lo que respecta a la justifica-
ción de la selección del objetivo de esta tesis; explicada
en el apartado 2.3:
“En primer lugar, por la necesidad de analizar las
velas como láminas en condiciones de no-linealidad y
asumiendo grandes deformaciones/desplazamientos.
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cause the use of this technology can subsequently
be used broadly in the structural analysis of the
sailboat.”
In this thesis I haven’t been able to perform a
sail’s practical analysis. Nor have I applied the
BEST element to the general analysis of a sail-
boat’s structure. In order to put the BEST ele-
ment into practice, the challenges set forth in sec-
tions 12.1 to 12.7 ought to be solved. Once these
milestones are accomplished, the BEST element
shall be applied to the practical case of a sailboat
analysis.
In order to do it, first the BEST element has to
be coupled with a CFD code. This should be rel-
atively simple since, as I have explained in sec-
tion 10.9, the BEST element has been integrated
in the RamSeries program; which in turn belongs
to the Tdyn suite. Tdyn is an excellent multi-
physics solvers suite that has sorted out fluid-
structure interaction and includes a top notch
CFD solver (as credited by the reference [28]).
And secondly a set of tests have to be defined
to validate the BEST element. Id est, for the
analysis of a sail, a benchmark case ought to be
chosen including:
1. the geometric definition of the sail’s design,
2. the boundary and wind flow conditions for
the analysis, and
3. the geometric definition of the deformed fly-
ing shape;
in order to compare the results of the BEST ele-
ment analysis with those of the experiment. And
for the analysis of a sailboat, another benchmark
case ought to be chosen including:
1. the geometric definition of the boat’s design,
2. the experiment’s conditions, and
3. the experiment’s results.
In all likelihood, in order to adequately repro-
duce the sail’s benchmark, it will be necessary to
combine the BEST element with other structural
cable and beam elements, as well as adding to the
program the capability to prestress appropriately
the shell structure.
Y en segundo lugar, porque el uso de esta tecnología se
puede aplicar posteriormente al análisis general de la
estructura del barco de vela.”
En esta tesis no he llegado a realizar un caso prác-
tico de análisis de una vela. Y tampoco he aplicado
el elemento BEST al análisis general de la estructura
de un barco de vela. Para poder poner en práctica el
elemento BEST, es necesario resolver los retos plan-
teados en los apartados 12.1 a 12.7. Una vez se ha-
yan cumplido esos hitos, es preciso aplicar el elemento
BEST al cálculo práctico de un barco de vela.
Para ello, en primer lugar será preciso hacer que el
elemento BEST esté acoplado con un código de resolu-
ción de fluidos. Esto debería ser relativamente sencillo
pues, como ya se ha explicado en el apartado 10.9, el
elemento BEST se ha integrado en el programa Ram-
Series que a su vez pertenece a la suite Tdyn. Tdyn es
una excelente suite de solvers multifísica que ya tiene
bien resuelta la interacción fluido-estructura e incluye
un solver de dinámica de fluidos de la máxima solven-
cia (como lo pone de manifiesto la referencia [28]).
Y en segundo lugar habrá que definir una serie de
tests de validación del funcionamiento del elemento
BEST. Es decir, para el análisis de una vela hay que
elegir un caso de benchmark que incluya:
1. la definición geométrica del diseño de una vela,
2. las condiciones de contorno y de flujo de viento
en las que se analiza, y
3. la definición geométrica de su forma deformada
en vuelo;
para así comparar los resultados del análisis del ele-
mento BEST con los del ensayo. Y para el análisis de
un barco de vela, hay que elegir un caso de benchmark
que incluya:
1. la definición geométrica del diseño del barco,
2. las condiciones de ensayo, y
3. los resultados del ensayo.
Con toda probabilidad, para poder reproducir ade-
cuadamente el benchmark de una vela, será necesario
combinar el elemento BEST con otros elementos es-
tructurales de biga y de cables, así como añadir la ca-
pacidad al programa de pretensar convenientemente
la estructura de la lámina.

Chapter 13
Conclusions Conclusiones
THE WORK PRESENTED IN THIS THESIS hasimplied a learning path. After the lessons
learned I would most certainly do things differ-
ently if I were to redo them again. And that’s
precisely the purpose of the research work in a
doctorate. A doctorate consists on generating
new knowledge and finding new discoveries,
but not only. It is also a path for learning (and
re-learning) pre-existing knowledge. I will try to
reflect on the following lines what are the most
notable aspects of that learning path and signal
the main contributions of this thesis.
13.1 Contributions Aportaciones
13.1.1 A new thin shell finite element Un nuevo elemento finito
de lámina delgada
There are lots of shell finite elements in the sub-
ject’s literature. To review them all is a task for
the very few. That’s why it is important to under-
score the references cited in the last paragraph
of section 3.1 and the references therein which,
albeit they do not encompass all the different el-
ements that exist, they represent a genuine ef-
fort to include comprehensively the ensemble of
the developments on shell finite elements. This
diversity of shell elements showcases the inher-
ent difficulty of finding an overall solution to the
problem. The BEST element doesn’t achieve it ei-
ther, but constitutes another element in the fam-
ily of shell finite elements and, in particular, in
the family of rotation-free thin shell finite ele-
ments, solving some of their shortcomings.
LA ELABORACIÓN DE ESTA TESIS ha supuesto uncamino de aprendizaje. Seguramente con todo lo
aprendido haría muchas cosas de manera distinta si
tuviera que volver a hacerlas. Pero precisamente en
eso consiste también el trabajo de investigación de
un doctorado. Un doctorado no consiste únicamen-
te en descubrir o en generar nuevo conocimiento, que
también. Además es un camino de aprendizaje (y re-
aprendizaje) de conocimiento ya existente. He tratado
y trataré de reflejar en las siguientes líneas en qué ha
consistido ese aprendizaje en sus aspectos más desta-
cables así como señalar cuáles son las aportaciones de
esta tesis.
Existen muchos elementos finitos de lámina en la lite-
ratura de la materia. Es una tarea al alcance de muy
pocas personas el revisarlos todos. Por ello es preciso
destacar las referencias citadas en el último párrafo
del apartado 3.1 y las referencias contenidas en ellos,
que aunque no los revisan absolutamente todos, sí ha-
cen un esfuerzo por abarcar de manera exhaustiva el
conjunto de trabajos para desarrollar elementos fini-
tos de lámina. Esta diversidad de elementos pone de
manifiesto la dificultad de alcanzar una solución que
cierre el problema. El elemento BEST tampoco lo con-
sigue, pero representa un nuevo elemento en la familia
de los elementos finitos de lámina, y en particular en
la de los elementos finitos de lámina delgada sin rota-
ciones que resuelve algunas de sus deficiencias.
El elemento BEST trata de resolver el problema de
185
186 CHAPTER 13. CONCLUSIONS
The BEST element tackles the problem of
rotation-free shell elements’ precision depen-
dency with respect to mesh distortion. Gärdsback
and Tibert explain in [49] that those rotation-
free shell elements which compute curvature as
a 2D tensor, achieve better consistency in their
accuracy with respect to irregular meshes than
rotation-free shell elements which consider the
curvature of the surface as a superposition of
unidimensional curvatures. Accordingly, the
BEST element adopts the approach of defining
the curvature as a 2D tensor (see equation (4.6)
where this approach is clearly shown; and equa-
tion (6.65) where the pseudo-deformation associ-
ated to bending is represented in Voigt notation
taking advantage of the symmetry of the tensor).
There is another aspect that improves the pre-
cision of the rotation-free shell elements, regard-
ing the computation of curvature, with respect to
the mesh used. Oñate and Zárate explain in [96]
that the BSN element achieves better accuracy
than the BST element. The difference between
the nodal implementation (BSN) and the elemen-
tal implementation (BST) consists in using all the
connectivities surrounding each node for the for-
mer, or just the adjacent triangles for the latter.
Cirak, Ortiz et al. [24–26] propose the subdivi-
sion surfaces paradigm to also take advantage of
all the connectivities of the nodes of the triangle
situated in a regular patch. Likewise, the BEST
element takes advantage of all the nodes’ con-
nectivities in each triangle of the mesh (see fig-
ure 4.2). In order to avoid the restriction of hav-
ing to use regular meshes of triangles, the BEST
element performs an intermediate step calculat-
ing the normal vectors at the nodes, and thus
condensing the information of the triangles sur-
rounding each node.
BEST is therefore a new rotation-free thin
shell finite element developed as a continuum-
based finite element, which uses a total La-
grangian formulation for the resolution of the
non-linear problem. The BEST element solves
correctly thin shell problems under the Kirchhoff-
Love hypothesis, although it suffers from mem-
brane locking, which becomes more severe as the
shell becomes thinner (see chapter 11). The name
of the BEST element is obtained as the acronym
of Bézier-Enhanced Shell Triangle.
la dependencia de la precisión de los elementos de lá-
mina sin rotaciones con respecto a la distorsión de
la malla. En [49] Gärdsback y Tibert explican que
los elementos de lámina sin rotaciones que calculan
la curvatura como un tensor 2D obtienen mayor ro-
bustez respecto a mallas irregulares que los elementos
de lámina sin rotaciones que contemplan la curvatu-
ra de la superficie como una superposición de curva-
turas unidimensionales. En este sentido, el elemento
BEST adopta el planteamiento de definir la curvatu-
ra como un tensor 2D (véase la ecuación (4.6) donde
se muestra claramente este planteamiento; y la ecua-
ción (6.65) donde se describe la pseudo-deformación
asociada a la flexión en notación de Voigt aprovechan-
do la simetría del tensor).
Además, existe otro aspecto que mejora la precisión
de los elementos de lámina sin rotaciones, en lo que
respecta al cálculo de la curvatura, en relación con la
malla usada. En [96] Oñate y Zárate explican que el
elemento BSN alcanza mejor precisión que el elemen-
to BST. La diferencia entre la implementación nodal
(BSN) y la implementación elemental (BST) consis-
te en usar todas las conectividades alrededor de cada
nodo en el primer caso, o solamente los triángulos ad-
yacentes en el segundo caso. Cirak, Ortiz et al. [24-26]
proponen el paradigma de las superficies subdividi-
das mediante el que también aprovechan todas las co-
nectividades de los nodos del triángulo situado en una
parcela regular. El elemento BEST hace lo propio, y
también aprovecha todas las conectividades de los no-
dos de cada triángulo de la malla (ver la figura 4.2).
Para evitar la restricción de usar mallas regulares de
triángulos, en el elemento BEST se realiza el paso in-
termedio de calcular los vectores normales en los no-
dos, condensando así la información de los triángulos
que rodean cada nodo.
Por lo tanto, BEST es un nuevo elemento finito de
lámina delgada sin rotaciones desarrollado como un
elemento basado en el continuo, y que utiliza una for-
mulación Lagrangiana total para la resolución del
problema no-lineal. El elemento BEST resuelve co-
rrectamente problemas de lámina delgada bajo las hi-
pótesis de Kirchhoff-Love, aunque adolece de bloqueo
por membrana que se acentúa a medida que la lámi-
na se hace más y más delgada (ver capítulo 11). El
nombre del elemento BEST resulta del acrónimo de
lámina triangular mejorada con Bézier (en inglés).
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13.1.2 Optimal estimation Estimación óptima
of the surface normal de la normal a una superficie
from a faceted mesh a partir de una malla de triángulos
A key development aspect of the BEST element
is the precise approximation of the surface nor-
mals at the nodes. Being an intermediate step in
the calculations, I was particularly worried about
carrying errors on to the construction of the ele-
ment. Therefore, I wanted to make sure I could
minimize the error incurred in the estimation of
the surface normal at the node, when condensing
the information of the triangles surrounding each
node.
For this reason I have created a framework to
reinterpret each triangle’s normal vector mean-
ing, in a mesh of triangles. In this framework I
have considered that a quadric is a second order
approximation to a smooth surface. And that the
triangles of the mesh represent planar sections of
that quadric surface. Therefore, each triangle’s
normal vector represents a normal vector of the
surface to the same extent as the section of the
quadric represented by the triangle represents
the point of interest in the surface. Along with
Estruch and García-Espinosa, in [129] I have de-
veloped this framework and I have justified the
use of different metrics as averaging weights of
the triangles’ normal vectors, for the estimation
of the surface’s normal direction at each node of
the mesh.
Ubach, Estruch and García-Espinosa per-
formed a comprehensive statistical comparison
of different weighting factors including other
weights previously used in the literature. The
conclusion of that work is that the inverse of
the area of the circumscribed circle to the trian-
gle and the internal angle of the triangle at the
node considered should be used as weighting fac-
tor (see equations (5.2) and (5.3) in section 5.1).
This result is an original contribution of the cited
paper, but it is also an integral part of this thesis’
research. Using this new weighting factor, we re-
duce by about 10% the root mean square error in
the estimation of normals of randomly generated
surfaces with respect to the previous best weight-
ing factor found in the literature and proposed by
Max [77] (see [129, Table I]).
Un aspecto clave del desarrollo del elemento BEST es
la estimación precisa de las normales a la superficie
en los nodos. Al ser un paso intermedio del cálculo,
me preocupaba especialmente que cualquier impreci-
sión se propagase a la subsiguiente construcción del
elemento. Por consiguiente, he querido asegurarme de
minimizar el error incurrido al condensar la informa-
ción de los triángulos que rodean cada nodo, para es-
timar el vector normal a la superficie en el nodo.
Por ese motivo he desarrollado un marco teórico
para reinterpretar el significado de los vectores nor-
males de cada triángulo de una malla de triángulos.
En este marco teórico, he considerado que una cuádri-
ca es una aproximación de segundo orden a una su-
perficie suave. Y que los triángulos de la malla repre-
sentan secciones planas de dicha superficie cuádrica.
Por consiguiente, el vector normal de cada triángulo
de la malla es representativo de un vector normal a la
superficie, en la medida que la sección representada
por el triángulo es representativa del punto de la su-
perficie que se quiere aproximar. Junto con Estruch y
García-Espinosa, en [129] he desarrollado dicho mar-
co teórico y he justificado el uso de distintas medidas
para ponderar las normales de los triángulos de la
malla, para estimar la dirección de la normal en cada
nodo de la malla.
Ubach, Estruch y García-Espinosa realizaron una
comparación estadística exhaustiva de distintos fac-
tores de ponderación, incluyendo otros usados previa-
mente en la literatura. La conclusión de dicho trabajo
conduce a usar como factor de ponderación para cal-
cular una media de los vectores normales de los trián-
gulos: el inverso del área de la circunferencia circuns-
crita al triángulo y el ángulo interno del triángulo en
el nodo considerado (ver ecuaciones (5.2) y (5.3) en el
apartado 5.1). Este resultado es una aportación origi-
nal del artículo citado, pero forma parte integral del
trabajo de investigación de esta tesis. Usando este nue-
vo factor de ponderación, se reduce en aproximada-
mente un 10 % el error medio cuadrático cometido en
la estimación de las normales de superficies generadas
aleatoriamente, respecto del mejor factor de pondera-
ción usado previamente en la literatura y propuesto
por Max [77] (ver [129, Tabla I]).
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13.1.3 New paradigm to reconstruct Nuevo paradigma de reconstrucción de un
a cubic shell element using elemento cúbico usando la información
the neighboring elements de los elementos vecinos
The BEST element takes advantage of the sur-
face’s geometric information provided by the tri-
angles around each of the mesh nodes. With this
information it builds cubic geometries starting
from a mesh of flat triangles. To accomplish it,
approximated surface normals are computed at
each node of the triangle using the information
of the neighboring triangles. The computation of
the normal vectors at the nodes doesn’t depend on
the number of triangles surrounding each node
of the mesh. Unlike the subdivision surfaces
paradigm by Cirak, Ortiz et al., the BEST ele-
ment is independent from the mesh topology.
Using the information of the normal vectors
at the nodes, I have developed a new paradigm
consisting on reconstructing the geometry of a cu-
bic triangular element exploiting the properties
of cubic B-spline functions (cubic Bézier trian-
gle). This way, I build a conforming shell finite
element which overcomes the unsatisfactory re-
sult presented in section 4.3. This approach is an
original contribution of this thesis.
The construction of the cubic Bézier triangle
requires fixing 30 parameters. Therefore it needs
to apply 30 independent conditions. 15 of these
conditions are given directly by the positions of
the 3 vertices of the triangle and the orientations
of the normal vectors at the 3 vertices (see fig-
ure 5.5). These 15 conditions ensure that the tri-
angles maintain C1 continuity at the vertices.
6 of the remaining 15 conditions are obtained
using criteria of internal energy minimization of
the element. I have deduced these internal en-
ergy minimization criteria of the element by solv-
ing reduced problems on the geometric construc-
tion of the Bézier triangle (see the sections 5.4,
9.3 and 9.4).
In order to avoid the definition of an ill-
conditioned system of equations (or even incom-
patible) for finding the position of the element’s
central control point, I have opted for a solution
of the 3 coordinates of the central control point by
averaging three approximate estimations; see the
equations (5.17) to (5.19). Each of these three ap-
proximated estimations is defined by extending
the concepts of minimization of the deformation
El elemento BEST aprovecha la información sobre la
geometría de la superficie facilitada por los triángu-
los que rodean cada uno de los triángulos de la ma-
lla. Con esta información genera geometrías cúbicas a
partir de una malla de triángulos planos. Para conse-
guirlo, se calcula una aproximación del vector normal
a la superficie en cada uno de los nodos del triángulo
a partir de la información de los triángulos que ro-
dean cada nodo. El cálculo de los vectores normales
en los nodos no depende del número de triángulos que
rodean cada nodo de la malla. De esta manera el ele-
mento BEST es independiente de la topología de la
malla, a diferencia del paradigma de las superficies
subdivididas desarrollado por Cirak, Ortiz et al.
A partir de la información de los vectores normales
en los nodos he desarrollado un nuevo paradigma que
consiste en reconstruir la geometría de un elemento
triangular cúbico usando funciones cúbicas B-spline
(triángulo cúbico de Bézier). De esta manera constru-
yo un elemento finito de lámina que es conforme y
que sortea el resultado insatisfactorio presentado en
el apartado 4.3. Este planteamiento es una contribu-
ción original de la presente tesis.
La construcción del triángulo cúbico de Bézier re-
quiere determinar 30 parámetros. Para ello es necesa-
rio aplicar 30 condiciones independientes. 15 de estas
condiciones se deducen de manera directa de la posi-
ción de los 3 vértices del triángulo y de las orientacio-
nes de los vectores normales en los 3 vértices (ver la
figura 5.5). Con estas 15 condiciones se asegura que
los triángulos mantienen continuidad C1 en los vérti-
ces.
De las otras 15 condiciones que quedan por impo-
ner, 6 de ellas las obtengo a partir de criterios de mi-
nimización de la energía interna de deformación del
elemento. Estos criterios de minimización de la ener-
gía interna del elemento los deduzco a base de solucio-
nar problemas reducidos de la construcción geométri-
ca del triángulo de Bézier (ver los apartados 5.4, 9.3
y 9.4).
Para evitar el planteamiento de un sistema de
ecuaciones mal condicionado (o incluso incompatible)
en la determinación del punto de control central del
elemento, he optado por una solución de las 3 coorde-
nadas del punto de control central promediando tres
estimaciones aproximadas; ver las ecuaciones (5.17)
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energy by taking the barycenter of the six inter-
mediate control points as a reference, and using
the goal of approaching C1 continuity across the
elements along the edges (see figure 5.6).
The 6 remaining conditions are obtained from
the drilling rotations for each of the edges that
converge on each node (see section 9.2). The re-
sults obtained in this thesis finally lead to estab-
lish the value of the drilling rotation as 0 in equa-
tion (9.34). But I propose as future work the mod-
ification of the element to establish drilling ro-
tations different than 0 based on the description
of the in-plane shear deformation —on the plane
tangent to the surface at each node— consistently
with the theory of deformation of the continuum
(see section 9.5.2).
Built in this manner, the only variables of the
BEST element are the vertices positions (9 vari-
ables). And it solves internally the remaining pa-
rameters corresponding to the geometric defini-
tion (21 parameters). 13 of these parameters are
determined based on geometric considerations,
strictly speaking: 6 out of the normal orienta-
tions at the vertices, 6 out of the drilling rota-
tions at the vertices and 1 out of the central con-
trol point elevation with respect to the barycen-
ter. Whereas the other 8 parameters are deter-
mined based on mechanic energy minimization
considerations: 6 Ψ values and the 2 coordinates
which define the position of the barycenter. In or-
der to fix the values of these 21 internal parame-
ters, each BEST element needs to solve 9 systems
of linear equations of rank 3.
Taking all this into account, the BEST ele-
ment can also be understood as a reduced order
cubic shell element; for which the 30 variables
of the cubic element have been condensed into
just 9. This represents a new paradigm in which
the model is not order-reduced as a whole, but
through the order-reduction of each of the model’s
elements.
13.1.4 Successful element construction Reconstrucción exitosa del elemento basada
based on energy minimization en principios de minimización de la energía
principles
An original aspect of this thesis consists on the
geometric definition of the cubic Bézier triangle
a (5.19). Cada una de las tres estimaciones aproxima-
das está definida también extendiendo los conceptos
de minimización de la energía de deformación toman-
do como referencia el baricentro de los seis puntos de
control intermedios del perímetro, y partiendo del ob-
jetivo de que los elementos aproximen la continuidad
C1 a lo largo de las aristas (ver la figura 5.6).
Las 6 condiciones restantes las obtengo de las ro-
taciones de taladro para cada una de las aristas que
convergen en cada nodo (ver el apartado 9.2). Los re-
sultados obtenidos en esta tesis finalmente establecen
el valor de las rotaciones de taladro en 0 en la ecua-
ción (9.34). Pero propongo para un trabajo futuro la
modificación del elemento para poder establecer rota-
ciones de taladro distintas de 0 basadas en la descrip-
ción de la deformación de cortante en el plano —según
el plano tangente a la superficie en cada nodo— de
manera consistente con la teoría de la deformación del
continuo (véase el apartado 9.5.2).
El elemento BEST construido de esta manera
mantiene únicamente como incógnitas las posiciones
de los vértices (9 variables). Y resuelve internamente
los parámetros correspondientes al resto de la defini-
ción geométrica (21 parámetros). 13 de estos paráme-
tros quedan determinados en base a consideraciones
estrictamente geométricas: 6 de las orientaciones de
las normales en los vértices, 6 de las rotaciones de ta-
ladro en los vértices y 1 de la elevación del punto de
control central respecto del baricentro. Mientras que
los 8 parámetros restantes se determinan a partir de
consideraciones de minimización de la energía mecá-
nica del elemento: 6 valores de Ψ y las 2 coordenadas
que definen la posición del baricentro. La determina-
ción de estos 21 parámetros internos del elemento im-
plica la resolución de 9 sistemas de ecuaciones lineales
de rango 3 para cada elemento BEST.
Por todo ello también se puede reinterpretar el ele-
mento BEST como un elemento de lámina cúbico de
orden reducido, en el que se han condensado las 30
variables del elemento cúbico en únicamente 9. Esto
representa un nuevo paradigma en el que no se reduce
el orden del modelo en su conjunto sino a través de la
reducción de cada uno de los elementos del modelo.
Un aspecto original de esta tesis consiste en la defini-
ción geométrica del triángulo cúbico de Bézier, com-
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combining, geometric information from the mesh
and energy minimization considerations. I drew
the conclusion that it is necessary to introduce
energy considerations in the geometric construc-
tion of the element when I tried to solve exam-
ples in the non-linear regime. Before that, faced
with the under-determination of the 30 neces-
sary parameters to define the element’s geome-
try, I felt compelled to make some arbitrary but
plausible choices. The most determining of them
was assuming that the value of the Ψ parame-
ter was equal to 13 (see section 5.4). When I re-
alized that if I used this fixed value for Ψ, the
element was not well-posed —and reaching this
conclusion by pondering on an internal energy
disequilibrium— I became convinced that I would
find the solution to the ill-posedness of the ele-
ment by introducing energy minimization consid-
erations in the element’s geometric construction.
These energy minimization aspects are fo-
cused on the parametrization of the Bézier cubic
triangle’s surface construction. This way I estab-
lish a relationship between the parametric defi-
nition of the Bézier triangle’s surface —which is
governed by the position of the control points—
and the element’s internal deformation energy.
Since the resolution of a mechanic problem us-
ing the finite element method, implies in essence
the resolution of an energy minimization problem
with respect to the problem’s variables; and since
in the paradigm of the BEST element, the inter-
nal control points’ positions do not belong to the
set of the problem’s variables, then: the determi-
nation of the control points’ positions was being
put aside from the resolution of the overall me-
chanic energy minimization problem. Therefore,
I have defined a set of reduced problems in or-
der to determine the value of the element’s in-
ternal parameters depending on energy consider-
ations and which are sufficiently representative
and general in order to avoid the need to solve
their values globally; not even for the element as
a whole. More specifically, I have defined 3 dif-
ferent reduced problems for the 3 different shell
deformation modes:
1. Reduced problem for the bending deforma-
tion, or curvature variation (see the section
titled Bending energy on page 57).
2. Reduced problem for the membrane defor-
binando información geométrica de la malla y con-
sideraciones de minimización de la energía. Llegué
a la conclusión de que era necesario introducir con-
sideraciones de índole energética en la construcción
geométrica del elemento, al intentar resolver ejem-
plos en régimen no-lineal. Previamente, ante la infra-
determinación de los 30 parámetros necesarios para
definir la geometría del elemento, me vi impulsado a
tomar decisiones arbitrarias pero plausibles. La más
determinante inicialmente fue suponer que el valor del
parámetro Ψ era igual a 13 (ver el apartado 5.4). Al
comprobar que con este valor fijo de Ψ, el elemento re-
sultaba mal planteado —y al llegar a esta conclusión
por un razonamiento de desequilibrio de la energía
interna— decidí que la solución al mal planteamiento
del elemento la tenía que obtener introduciendo aspec-
tos de minimización de la energía en la construcción
geométrica del elemento.
Estos aspectos de minimización de la energía se
concretan en este caso en la parametrización de la
construcción de la superficie del triángulo cúbico de
Bézier. De modo que establezco una relación entre la
definición paramétrica de la superficie del triángulo
de Bézier —que depende de la posición de los puntos
de control— y la energía interna de deformación del
elemento. Como al resolver un problema mecánico por
el método de los elementos finitos, en el fondo estoy re-
solviendo un problema de minimización de la energía
con respecto a las variables del problema; y como en
el paradigma del elemento BEST las posiciones de los
puntos de control interiores del triángulo no forman
parte de las variables del problema: la determinación
de las posiciones de los puntos de control estaba que-
dando al margen de la solución del problema de mi-
nimización de la energía mecánica de todo el mode-
lo. Por consiguiente he desarrollado un conjunto de
problemas reducidos para poder determinar el valor
de los parámetros internos del elemento que dependen
de consideraciones energéticas y que son lo suficien-
temente representativos y generales para no tener que
resolver sus valores de manera global; ni siquiera a
nivel de todo el elemento. Concretamente he planteado
3 problemas reducidos para los 3 modos de deforma-
ción de la lámina:
1. Problema reducido de la deformación de flexión,
o variación de la curvatura (ver el apartado Ben-
ding energy en la página 57).
2. Problema reducido de la deformación de mem-
brana, o extensión en el plano (ver el apartado
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mation, or in-plane extension (see the sec-
tion titled Axial (membrane) energy on page
59).
3. Reduced problem for the in-plane shear de-
formation, or drilling rotation (see the sec-
tion titled Energy minimization for the in-
plane shear deformation mode on page 106).
The solution to the first reduced problem yields a
result that approximates very well the solution of
the second reduced problem (see figure 5.9). How-
ever, the third reduced problem yields a different
result from the first two (see figure 9.7). I have
solved the disagreement between the two solu-
tions by averaging them with weights following
equation (9.10).
The second and third reduced problems in-
clude implicitly the hypothesis of linear elastic
material (see equation (5.25) and figure 9.8). The
third reduced problem also includes implicitly the
hypothesis of isotropic material (see figure 9.5).
Moreover, the weighted average between the so-
lutions of the first and third reduced problems
also implies the hypothesis of linear elastic ma-
terial. It’s easy to change the weighting factor in
equation (9.10) for non-linear materials. In the
case of anisotropic and/or non-linear materials it
would be advisable to check whether the hypothe-
sis on the elastic properties of the material, intro-
duced implicitly, affect too negatively the results.
By implementing the solutions of these re-
duced problems, I have successfully applied the
BEST element to the analysis of thin shells in
linear and geometrically non-linear regimes us-
ing an implicit method (see figure 11.22).
13.1.5 Cubic convergence Convergencia cúbica
using linear information usando información lineal
I had serious doubts about the element’s order of
convergence because the approach to develop the
BEST element is non-orthodox (see chapter 8).
And this cause of concern was certainly justi-
fied, because there are cases in which conver-
gence is not even linear (specially when the el-
ement suffers from membrane locking), but there
are also cases where convergence is linear (see
figure 11.1b), other cases in which the conver-
gence is quadratic (see figures 11.6c and 11.10a),
Axial (membrane) energy en la página 59).
3. Problema reducido de la deformación de cortan-
te en el plano, o rotación de taladro (ver el apar-
tado Energy minimization for the in-plane shear
deformation mode en la página 106).
La solución del primer problema reducido genera un
resultado muy aproximado al de la solución del se-
gundo problema reducido (ver la figura 5.9). En cam-
bio la solución del tercer problema reducido genera
un resultado distinto a los dos primeros (ver la figu-
ra 9.7). He resuelto la discrepancia entre ambas so-
luciones realizando una media ponderada de las dos
soluciones según la ecuación (9.10).
El segundo y tercer problema reducidos contienen
de manera implícita la hipótesis de que el material es
elástico lineal (ver ecuación (5.25) y figura 9.8). Adi-
cionalmente, el tercer problema reducido también in-
cluye de manera implícita la hipótesis de material isó-
tropo (ver la figura 9.5). Y además, la ponderación en-
tre las soluciones del primero y tercer problemas redu-
cidos también contiene de manera implícita la hipóte-
sis de que el material es elástico lineal. Es fácil cam-
biar la ponderación de la ecuación (9.10) para mate-
riales no-lineales. Sería conveniente comprobar si las
hipótesis incluidas de manera implícita sobre las pro-
piedades elásticas del material, influyen de manera
excesivamente negativa para el caso de materiales an-
isótropos y/o no-lineales.
Con la implementación de las soluciones a estos
problemas reducidos, he conseguido aplicar con éxi-
to el elemento BEST al cálculo de láminas delgadas
en régimen lineal y geométricamente no-lineal con un
método implícito (ver la figura 11.22).
Al adoptar un enfoque no ortodoxo para el desarro-
llo del elemento BEST, tenía serias dudas sobre el or-
den de convergencia del elemento (ver el capítulo 8). Y
esta preocupación estaba ciertamente justificada, ya
que hay casos en los que ni siquiera se obtiene conver-
gencia lineal (especialmente cuando el elemento sufre
por bloqueo de membrana), pero también hay casos
en los que se obtiene convergencia lineal (ver la figu-
ra 11.1b), otros en los que se obtiene convergencia cua-
drática (ver las figuras 11.6c y 11.10a), e incluso he
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and I have even obtained a result with cubic con-
vergence (see figure 8.4).
This last result shows that the BEST element
has the potential to achieve cubic convergence.
But at the same time, the fact that this order
of convergence depends on the value given to the
drilling rotations, and that with the value finally
used in this particular case (Cylinder under inter-
nal pressure) I have only achieved quadratic con-
vergence, casts doubts on the possibility of repro-
ducing this result for a wide range of problems.
I have also demonstrated that for in-plane
shear dominated problems, the formulation used
in this thesis only achieves linear convergence.
This thesis does not tackle the issue of the
computational cost-benefit analysis of the BEST
element compared to other classical elements.
That is, whether the precision improvement pro-
vided by a quadratic or cubic order of conver-
gence, compensates the extra cost added by the
resolution of the systems of linear equations
of rank 3 for the element’s cubic geometric re-
construction. Besides, the cost-benefit analysis
should also take into account that the resolution
of the global system of equations is not equiva-
lent to that of a linear element —despite the total
number of variables is equivalent to that of a lin-
ear element—. In the BEST element, the global
system’s bandwidth is larger than those of other
linear rotation-free shell elements; because, as I
have said earlier, more connectivities from neigh-
boring elements are used.
Be as it may, I have demonstrated numeri-
cally for different problems, that the BEST ele-
ment achieves a better-than-linear order of con-
vergence (quadratic or cubic). This is a very rele-
vant result, because it means a potential advan-
tage of the paradigm developed in this thesis.
13.1.6 Efficient and geometrically accurate Preintegración en el espesor
through-the-thickness pre-integration eficiente y con precisión geométrica
This is without doubt the most difficult con-
clusion to write down. It strikes me that
Stanley proposed the through-the-thickness pre-
integration for continuum-based shell elements
using an Updated Lagrangian formulation, to re-
duce the computational cost in the building of the
shell elements, back in 1985; and since then, this
solution has not been yet applied for a Total La-
obtenido un resultado con convergencia cúbica (ver la
figura 8.4).
Este último resultado demuestra que el elemento
BEST tiene potencial para alcanzar convergencia cú-
bica. Pero al mismo tiempo, el hecho de que este orden
de convergencia dependa del valor de las rotaciones de
taladro, y que con el valor adoptado finalmente en es-
te caso concreto solo se haya conseguido convergencia
cuadrática hace que existan dudas sobre la posibili-
dad de reproducir de manera consistente este resulta-
do para un amplio rango de problemas.
También se ha demostrado que para problemas do-
minados por la deformación de cortante en el plano, la
formulación utilizada en esta tesis solo alcanza con-
vergencia lineal.
En esta tesis no se ha abordado el análisis de coste-
beneficio computacional del elemento BEST respecto a
elementos clásicos. Es decir, si el coste añadido que su-
pone la resolución de los sistemas lineales de ecuacio-
nes de rango 3 para la reconstrucción de la geometría
cúbica del elemento BEST, queda compensado por la
mejora de precisión que representa una convergencia
de orden cuadrático o cúbico. Por otro lado, también se
tendría que tener en cuenta que el coste de resolución
del sistema de ecuaciones global no es equivalente al
de un elemento lineal —aunque el número total de va-
riables sí sea equivalente al de un elemento lineal— ya
que en el elemento BEST el ancho de banda del siste-
ma global está ampliado con respecto a otros elemen-
tos de lámina sin rotaciones lineales, dado que como
he explicado anteriormente, se usan más conectivida-
des de elementos vecinos.
Sea como fuere, se ha demostrado numéricamente
que para distintos problemas el elemento BEST alcan-
za un orden de convergencia más-que-lineal (cuadrá-
tico o cúbico). Este es un resultado muy relevante, por-
que representa una ventaja potencial del paradigma
desarrollado en esta tesis.
Esta es seguramente la conclusión más difícil de re-
dactar. Me resulta sorprendente que en 1985 Stan-
ley propusiera la preintegración en el espesor para
elementos de lámina basados en el continuo con for-
mulación Lagrangiana actualizada, para economizar
el coste computacional de la construcción de los ele-
mentos de lámina; y que desde entonces no se haya
aplicado esta misma solución para una formulación
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grangian formulation. Citing Stanley [120, RE-
MARK 3.4]: “It appears [to him] that harsher
assumptions would be required to achieve the
same thickness-decoupling effect with a Total La-
grange description (. . . ) due to the explicit non-
linearity thereby engendered.”
Actually, the problem doesn’t lie in the non-
linearity associated with a Total Lagrangian for-
mulation, but in the simplifications that Stanley
[120, p. 34] and many other scholars [9, pp. 545–
549] apply, in the Updated Lagrangian formula-
tion, when they linearize the rotation-associated
displacements of the fiber perpendicular to the
shell’s midsurface. Because, on the one hand,
using identical hypothesis —on what relates to
the thickness decoupling— to those used by Stan-
ley, I have also accomplished the thickness de-
coupling result; including all the higher order
terms of the deformation description. And, on
the other hand, the Updated Lagrangian and To-
tal Lagrangian formulations are equivalent. Dif-
ferent scholars that use the Updated Lagrangian
formulation for non-linear problems, prefer it be-
cause by updating the configuration at each time-
step or load-step of the non-linear resolution pro-
cess, the error incurred by discarding the higher
order terms of the linearization of the equations
is limited. Whereas in the Total Lagrangian for-
mulation this error would add-up; particularly
the one associated to large rotations.
Therefore, I am stricken by not having found
in all the bibliography reviewed (which is broader
than the cited bibliography) any references of the
thickness decoupling and through-the-thickness
pre-integration of the description of the defor-
mation and Jacobian expressions without apply-
ing further simplifications, for shell elements
with Total Lagrangian formulation. This thick-
ness decoupling and through-the-thickness pre-
integration are also a novelty for thin shell
rotation-free elements.
Stanley [120] already described how the
continuum-based shell elements benefited from
the advantages associated with this thick-
ness decoupling and through-the-thickness pre-
integration. The through-the-thickness pre-
integration grants to make the technology of
continuum-based shell elements competitive in
cost with the resultant-based shell elements or
the elements based on shell theories; while keep-
Lagrangiana total. Como dice el propio Stanley [120,
REMARK 3.4]: a su entender “serían necesarias hipó-
tesis más severas [que las que Stanley utiliza] para lo-
grar el mismo efecto de desacoplamiento en el espesor
con una descripción Lagrangiana total (. . . ) debido a
la no-linealidad explícita que se engendraría.”
En realidad el problema no subyace en la no-
linealidad que conlleva la formulación Lagrangiana
total, sino en las simplificaciones que Stanley [120,
p. 34] y numerosos otros autores [9, pp. 545–549] apli-
can en la formulación Lagrangiana actualizada al li-
nealizar los desplazamientos asociados a las rotacio-
nes de la fibra perpendicular a la superficie media de
la lámina. Ya que, por un lado, con hipótesis idénti-
cas —a efectos del desacoplamiento en el espesor— a
las que usa Stanley, yo también he logrado el efecto
de desacoplamiento en el espesor; incluyendo todos los
términos de alto orden de la descripción de la defor-
mación. Y por el otro lado las formulaciones Lagran-
giana actualizada y Lagrangiana total son equivalen-
tes. Los distintos autores que usan la formulación La-
grangiana actualizada para problemas no-lineales la
prefieren porque al actualizar la configuración en ca-
da paso de tiempo o incremento de carga de la resolu-
ción del problema no-lineal, se limita el error que se
comete al descartar los términos de alto orden que se
desprecian al linealizar las ecuaciones. Mientras que
en la formulación Lagrangiana total ese error se acu-
mularía; en particular el relacionado con las grandes
rotaciones.
Así pues, estoy sorprendido de no haber encon-
trado referencias en la bibliografía revisada (que es
más extensa que la citada) del desacoplamiento y pre-
integración en el espesor de los términos de la des-
cripción de la deformación y del jacobiano sin aplicar
simplificaciones adicionales para elementos de lámi-
na con formulación Lagrangiana total. Este desaco-
plamiento y pre-integración en el espesor también son
una novedad para los elementos de lámina delgada
sin rotaciones.
Stanley [120] ya describía las ventajas que conlle-
van este desacoplamiento y pre-integración en el espe-
sor para los elementos de lámina basados en el conti-
nuo. Y es que lo que permite esta preintegración en el
espesor, es hacer que la tecnología de elementos de lá-
mina basados en el continuo sea equivalente en coste a
los elementos basados en resultantes o en teorías de lá-
mina; al tiempo que se conserva toda la potencia con-
ceptual y formal de los elementos basados en el conti-
nuo. Sin embargo, en la formulación Lagrangiana ac-
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ing all the conceptual and formal power of the
continuum-based shell elements. However, in the
Updated Lagrangian formulation there is still
the need to reevaluate the through-the-thickness
integrals at each time-step or load-step, that
is: for each configuration update. Whereas in
the Total Lagrangian formulation, the through-
the-thickness integrals are evaluated just once:
at the reference configuration. The cost of the
through-the-thickness integrals after decoupling
the thickness terms is relatively cheap. There are
just 14 scalar integrals to perform for each Gauss
point. Therefore the difference in computational
cost between the Total Lagrangian and the Up-
dated Lagrangian formulations can be evaluated
for each time-step or load-step. Anyway, the con-
ceptual advantage is significant.
In the development of the present thesis I
have decomposed the pseudo-deformation ten-
sor —g— and the matrix of change of coordi-
nates from local of the material to parametric
of the element —A in tensor notation and Q in
Voigt notation— (a concept similar to the shifter
used by other scholars but not exactly equal),
into three components depending on the expo-
nent {0,1,2} affecting the thickness coordinate ζ
present in the numerator of the equations (6.48),
(6.59) and (6.63) on pages 71–73. The deforma-
tion tensor has been decomposed into the: mem-
brane, bending and non-linear terms. The matrix
of change of coordinates has been decomposed
into the constant and linear terms —for A— and
into the: constant, linear and quadratic terms —
for Q. This way, the equations (7.3) and (7.4) on
page 78 are transformed into the expressions of
equations (7.32) and (7.33) and equations (7.34)
and (7.35) on page 83; where the thickness inte-
grals are turned into the scalar integrals shown
in equations (7.36) to (7.47) on pages 83–84.
To sum up this section, I conclude that it
is possible to perform a decomposition of the
description of the deformation terms and the
matrices of change of coordinates, that grants
an efficient and geometrically accurate through-
the-thickness pre-integration. This conclusion
is equivalent to that provided by Stanley [120].
However, unlike Stanley, in this case I have
been able to apply this through-the-thickness
pre-integration for a Total Lagrangian formula-
tion. The development of a rotation-free shell
tualizada todavía es preciso reevaluar las integrales
en el espesor en cada paso de tiempo o incremento de
carga, es decir: en cada actualización de la configura-
ción; mientras que para la formulación Lagrangiana
total sólo es necesario evaluar las integrales en el espe-
sor una sola vez: para la configuración de referencia.
Es verdad que tal y como se ha explicado en la pági-
na 85, las integrales en el espesor se han reducido a
14 integrales distintas para cada punto de Gauss, con
lo que su coste computacional no es significativo. Por
consiguiente, se puede evaluar el incremento de coste
computacional entre las formulaciones Lagrangiana
total y Lagrangiana actualizada para cada paso de
tiempo o paso de carga. En cualquier caso, el avance
conceptual es notable.
En el desarrollo realizado se han descompuesto el
tensor de pseudo-deformaciones —g— y la matriz de
cambio de coordenadas de locales del material a pa-
ramétricas del elemento —A en notación tensorial y
Q en notación de Voigt— (un concepto parecido al de
shifter que se usa en la bibliografía pero que no es
exactamente el mismo), en tres componentes en fun-
ción del exponente {0,1,2} que afecta a la coordenada
del espesor ζ presente en el numerador de las ecuacio-
nes (6.48), (6.59) y (6.63) en las páginas 71-73. En el
caso del tensor de deformaciones, éste se ha descom-
puesto en la componente de membrana, de flexión y
de los términos no-lineales. En el caso de la matriz de
cambio de coordenadas, ésta se ha descompuesto en
los términos constante en el espesor y lineal —para
A— y en los términos constante, lineal y cuadrático
—para Q. Con ello se consigue transformar las ecua-
ciones (7.3) y (7.4) en la página 78 en las expresiones
de las ecuaciones (7.32) y (7.33) y las ecuaciones (7.34)
y (7.35) en la página 83; donde las integrales en el
espesor quedan condensadas en integrales de valores
escalares en las expresiones de las ecuaciones (7.36)
a (7.47) en las páginas 83-84.
Así pues, en este apartado concluyo que es posible
realizar una descomposición de los términos de la des-
cripción de la deformación y de las matrices de cambio
de coordenadas que permite pre-integrar en el espesor
del elemento de manera eficiente y geométricamente
precisa. Esta conclusión es equivalente a la de Stan-
ley [120]. Sin embargo, a diferencia de Stanley, en es-
te caso he logrado aplicar esta pre-integración en el
espesor para una formulación Lagrangiana total. El
haber desarrollado un elemento de lámina sin rota-
ciones es un factor que sin duda ha contribuido a este
resultado al no tener que tratar con la complejidad de
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element has certainly contributed to this result,
by not having to deal with the complexity of the
large rotations in the framework of a Total La-
grangian formulation.
13.2 Lessons learned Lecciones aprendidas
13.2.1 The quantum nature La naturaleza cuántica
of research work del trabajo de investigación
I have done this research thesis in parallel to
other professional assignments. While many or-
dinary work tasks can be distributed linearly and
interrupted almost whenever desired; on what
concerns research, this practice is counterproduc-
tive. I reached this conclusion relatively early.
And this is why I concentrated my efforts to
work on the thesis during the summers (and spe-
cially during the months of August) in order to
attain progresses. Because pursuing the knowl-
edge frontier and pushing beyond it, requires a
detailed understanding of the shadowy areas that
remain away from the established knowledge
lights. Transiting through these shadowy areas
needs careful consideration from many points of
view. This requires a very intense abstraction ex-
ercise that has to be sustained, until the prob-
lem at hand is fully comprehended. Interrupt-
ing this abstraction effort for long periods of time
forces the researcher to retreat back to square
one when the research work is resumed. That’s
the reason why I speak about the quantum na-
ture of research work. A quantum work thresh-
old is required in order to reach new knowledge
grounds. The combination of smaller efforts that,
taken individually, do not reach that quantum
work threshold, will not lead to the achievement
of the knowledge grounds being pursued; even if
all of them combined exceeds largely that quan-
tum threshold value.
13.2.2 I stand up for libraries Rompo una lanza a favor de las bibliotecas
As I wrote at the introduction of this chapter:
there’s a lot of learning in a doctoral work. But
this learning isn’t necessarily ordered. There’s
a lot of self-learning. The researcher must find
answers as he or she asks questions. The main
source of knowledge to find those answers is the
las grandes rotaciones en el marco de una formulación
Lagrangiana total.
He realizado el trabajo de investigación para esta tesis
en paralelo a otros desempeños profesionales. Si bien
el trabajo ordinario se puede linealizar e interrum-
pir prácticamente a voluntad en multitud de desempe-
ños, en lo que concierne a la investigación, esto es con-
traproducente. Llegué a esta conclusión relativamente
temprano. Y por ello concentré mis esfuerzos para tra-
bajar en la tesis durante los meses de verano (y espe-
cialmente los meses de agosto) para conseguir avan-
ces. Porque franquear la frontera del conocimiento y
empujarla más allá, requiere una comprensión deta-
llada de las zonas de penumbra que no tienen la ilu-
minación de los focos del conocimiento establecido. El
tránsito por estas zonas de penumbra se necesita hacer
desde multitud de puntos de vista, teniendo en cuenta
multitud de consideraciones. Esto requiere un esfuerzo
de abstracción muy intenso y que se tiene que mante-
ner hasta que se alcanza la comprensión del problema
que se está abordando en cada caso. La interrupción
de dicho esfuerzo de abstracción por periodos de tiem-
po prolongados obliga inevitablemente a que el inves-
tigador regrese a la casilla de salida cuando retoma
el trabajo de investigación. Por este motivo hablo de
la naturaleza cuántica del trabajo de investigación.
Para alcanzar nuevos niveles de conocimiento se re-
quieren umbrales cuánticos de esfuerzo. La combina-
ción de esfuerzos que individualmente no alcancen el
umbral cuántico de esfuerzo necesario no conducirán
a alcanzar el nivel de conocimiento perseguido; inclu-
so si la suma de todos ellos supera con creces el valor
de umbral cuántico.
Como decía en la introducción de este capítulo: en el
trabajo de doctorado hay mucho de aprendizaje. Pero
este aprendizaje no es ordenado. Hay mucho de au-
toaprendizaje. El investigador o la investigadora tie-
ne que encontrar respuestas a medida que se formu-
la preguntas. Y la principal fuente para encontrar di-
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published scientific production.
The university libraries facilitate the mecha-
nisms to search and access the published scien-
tific production. And in doing so, they become an
invaluable instrument for researchers; equally
essential as a pen, paper or a computer. The
advent of information technologies and the sub-
scriptions that university libraries pay to scien-
tific journal aggregators: facilitates the work of
researchers, shortens the times to consult bibli-
ographic references on the spot, and also reduce
the interaction of the researcher with the phys-
ical infrastructure of the library. But there are
still many resources which can only be consulted
at the libraries’ buildings and there are papers
which can only be obtained by requesting them
specifically. These circumstances require the li-
brary staff to intervene.
A substantial part of this thesis’ research
work takes place in the time frame of the eco-
nomic crisis that unfolded in the year 2008. Uni-
versities haven’t come out unscathed from this
economic crisis, and have applied several budget
cuts. One of such decisions made by the Poly-
technic University of Catalonia has been to close
the libraries during the summer vacations pe-
riod. The decision made by the Polytechnic Uni-
versity of Catalonia to close its libraries during
the summer vacations period has an impact on
its own scientific output, because a non-academic
period does not imply necessarily a non-working
period; particularly for research. The opposite is
true: the non-academic periods are the most pro-
ductive for research. And to sustain this state-
ment I refer to section 13.2.1. I have found my-
self in many occasions in need of consulting a
given resource, that I haven’t been able to request
until the libraries reopened. This circumstance
made me lose a window of opportunity to take
full advantage of of that quantum work thresh-
old I could invest during those months of August.
It’s paramount, for a university that aspires
to generate scientific output, to preserve its li-
braries open all year round. This is a statement
of principles that no economic crisis should un-
dermine. Because accepting without a protest the
shutdown of libraries, is accepting the mutation
of the very nature and mission of the Polytechnic
University of Catalonia.
This thesis has largely benefited from the
chas respuestas es la producción científica publicada.
Las bibliotecas universitarias que facilitan los me-
canismos de búsqueda y acceso a la producción cien-
tífica publicada, son un instrumento valiosísimo pa-
ra los investigadores; e igual de imprescindible que el
papel, el lápiz o el ordenador. Las tecnologías de la in-
formación y la suscripción que pagan las bibliotecas
universitarias a los agregadores de revistas científi-
cas: hacen posible el trabajo del investigador, acortan
los tiempos necesarios para consultar referencias bi-
bliográficas al vuelo y reducen también la interacción
del investigador con la infraestructura física de la bi-
blioteca. Pero todavía hay recursos que sólo se pueden
consultar en los edificios de las bibliotecas y hay ar-
tículos que sólo se pueden obtener solicitándolos expre-
samente; cosa que requiere la intervención de personal
de la biblioteca.
Buena parte del trabajo de investigación de esta te-
sis se enmarca en el marco temporal de la crisis econó-
mica que estalló en el año 2008. Las universidades no
han quedado indemnes de esta crisis económica y han
aplicado una serie de ajustes en sus presupuestos. Una
de las decisiones que ha tomado la Universitat Politèc-
nica de Catalunya ha sido el cierre de las bibliotecas
durante el periodo no lectivo de verano. La decisión
de la Universitat Politècnica de Catalunya de cerrar
sus bibliotecas durante los periodos no-lectivos de ve-
rano es una decisión con impacto sobre la producción
científica de la propia universidad. Porque un periodo
no-lectivo no implica que sea no hábil para la investi-
gación. Lo contrario en cambio es cierto: los periodos
no-lectivos en la universidad son los más productivos
para la investigación. Y para sostener esta afirmación
me remito al apartado 13.2.1. Me he encontrado en
más de una ocasión con la necesidad de consultar un
recurso que no he podido solicitar hasta la reapertura
de la biblioteca. Perdiendo así una ventana de opor-
tunidad para aprovechar al máximo ese umbral de
esfuerzo cuántico de que disponía durante el mes de
agosto.
Es fundamental que una universidad que aspira a
generar producción científica mantenga abiertas sus
bibliotecas durante todo el año. Ello es una declara-
ción de principios que ninguna crisis económica pue-
de perturbar. Porque aceptar sin rechistar el cierre de
las bibliotecas, es aceptar la mutación de la naturale-
za misma y razón de ser de la Universitat Politècnica
de Catalunya.
Esta tesis se ha beneficiado en gran medida de los
trabajos de muchos otros científicos que han publica-
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work of many other scientists that have pub-
lished their results. And it would have been im-
possible to achieve the results included in this
thesis, along with the clear and concise explana-
tions within, without the possibility for the au-
thor to consult the references cited in the bibli-
ography. Nevertheless, not all the references in-
cluded in this thesis have been obtained using the
libraries’ services. Some of them have been down-
loaded from the internet. And I haven’t been able
to check at all a few of the references included;
but they are included because of the relevance of
the contribution they provide, and whose results
have perpetuated over time to the credit of their
authors. Therefore, it is necessary to continue
strengthening the libraries’ resources to guaran-
tee the access to published knowledge by the re-
search community.
13.2.3 Goals vs Objectives Metas vs Objetivos
The third profound lesson learned in this thesis
is that goals and objectives shall not be confused.
That is, the objectives stated in chapter 2 must
be understood as goals. The goals shall serve to
keep in mind which is the direction in which I
want to progress, and why. But the objectives are
measurable advances in the path towards those
goals. In this sense, my thesis advisor proposed
me in a clear way the objective for a thesis (my
thesis): “can you improve the performance of the
EBST [41] element?”
I have mixed the objective stated by my thesis
advisor with my motivations. And this has led me
to lose the focus on the objective. This has also
been the result of having perceived some overop-
timism regarding my research abilities. This dis-
traction between goals and objectives (also in-
duced by the burdens of research projects that
finance research) has somewhat distracted me
from my endeavor to achieve the objective.
If I had more firmly held the focus of my re-
search work towards achieving the objective, I
would have probably noticed earlier the need to
take notice of the membrane locking issues in
shell elements. This is an aspect of the shell finite
elements technology I ignored in my engineering
training. But I should have become aware of this
issue towards the beginning rather than towards
the end of the learning process. Indeed, as re-
do su trabajo. Y hubiera sido imposible alcanzar los
resultados que aquí se incluyen, junto con sus explica-
ciones claras y concisas, sin que el autor hubiera po-
dido consultar las referencias que se indican. Aún así,
no todas las referencias incluidas en esta tesis se han
obtenido por la vía de la biblioteca. Algunas las he
descargado de internet. Y algunas de las referencias
incluidas ni siquiera las he podido consultar. Pero es-
tán referenciadas por la relevancia de la contribución
que contenían esas publicaciones y cuyos resultados se
han perpetuado a lo largo del tiempo para acreditar a
los autores. Así pues, es necesario seguir reforzando
los recursos de las bibliotecas para asegurar el acceso
al conocimiento publicado por parte de la comunidad
científica.
El tercer aprendizaje de calado de esta tesis es que
no se deben confundir las metas con los objetivos. Es
decir, los objetivos expresados en el capítulo 2 deben
entenderse en realidad como metas. Las metas deben
servir para no perder de vista la dirección en la que se
quiere avanzar y porqué. Pero los objetivos son avan-
ces medibles en el camino hacia esas metas. En es-
te sentido, mi director de tesis me planteó de mane-
ra muy nítida el objetivo para una tesis (mi tesis): “a
ver si consigues mejorar el rendimiento del elemento
EBST [41]”.
Yo he combinado el objetivo que me marcaba mi
director de tesis con mis motivaciones. Y ello me ha
llevado a perder el enfoque del objetivo. Ello también
ha sido fruto de haber percibido un posible exceso de
optimismo respecto de mis capacidades como investi-
gador. Esa distracción entre metas y objetivos (tam-
bién inducida por las necesidades de los proyectos de
investigación que financian la actividad investigado-
ra) ha hecho que no haya orientado suficientemente el
trabajo hacia la consecución del objetivo.
De haber mantenido con más firmeza la orienta-
ción de la labor de investigación hacia la consecución
del objetivo, seguramente me habría percatado más
rápidamente de la necesidad de prestar atención a los
problemas de bloqueo por membrana de los elemen-
tos de lámina. Este era un aspecto de la tecnología
de elementos finitos de lámina que desconocía en mi
formación como ingeniero. Pero que en mi recorrido
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flected by section 3.2.2, in the review of the state
of the art I did not pay sufficient attention to the
issue of membrane locking. And therefore I was
not sufficiently on guard against this type of prob-
lems presented in continuum-based shell finite
elements which, however, the references cited in
this thesis comment on. As Bischoff, Wall, Blet-
zinger and Ramm explain in [12, p. 123]: “Al-
though literature in finite element technology in
general is extremely rich, the problem of mem-
brane locking has enjoyed less attention than, for
instance, transverse shear locking in plates and
shells.”, it should have served me as a clear warn-
ing and I should have taken adequate measures
early on.
13.2.4 Non-linearity is a lifeline, La no-linealidad es una tabla de salvación,
not a hurdle no un obstáculo
Dealing with the issue of non-linearity may be
perceived as an added complexity when develop-
ing a new structural finite element. However, the
benefits obtained by solving the non-linear prob-
lem, require little additional work from the point
of view of equation writing and programming.
In my particular case, testing how the ele-
ment worked in the non-linear regime, allowed
me to detect problems caused by the hypothesis
used in the formulation. Despite these hypothe-
sis may not raise suspicions beforehand, putting
them to the test using a non-linear example, al-
lows sorting out quickly whether the hypothesis
applied lead to a well-posed problem or, on the
contrary, the problem is actually not well-posed
and therefore does not respond to the physical re-
ality being modeled.
For this very reason, any researcher intend-
ing to develop a new structural finite element,
should quickly put the new formulation to the
test against a non-linear problem in order to
check the validity of the approach.
I have benefited twice from this trait of the
non-linear setting. And in both occasions I have
regretted not having performed the test earlier
on. Hence, we must view non-linear tests as a
lifeline to avoid making serious mistakes in our
development’s hypothesis; not as an additional
hurdle.
durante el doctorado debería haber adquirido hacia
el principio y no hacia el final. De hecho, como lo de-
muestra el apartado 3.2.2, en la revisión del estado
del arte no presté suficiente atención a la cuestión del
bloqueo por membrana. Y por consiguiente no estaba
prevenido frente a este tipo de problemas en los ele-
mentos finitos basados en la teoría del continuo que
sin embargo las referencias que incluyo en esta tesis
comentan. Como explican Bischoff, Wall, Bletzinger y
Ramm en [12, p. 123]: “Aunque la literatura en tecno-
logía de elementos finitos es en general muy rica, el
problema del bloqueo por membrana ha recibido me-
nos atención que, por ejemplo, el problema del bloqueo
por cortante en placas y láminas.”, me debiera haber
servido de advertencia y yo debía haber tomado las
debidas precauciones desde un primer momento.
En el desarrollo de un nuevo elemento finito estruc-
tural, se puede percibir el tratamiento del problema
de la no-linealidad como una dificultad añadida. Sin
embargo, el trabajo añadido que conlleva resolver el
problema no-lineal desde el punto de vista de formula-
ción y programación es muy pequeño en comparación
a los beneficios que aporta.
En mi caso, la realización de pruebas sobre el fun-
cionamiento del elemento en régimen no-lineal me ha
permitido detectar problemas con las hipótesis aplica-
das en la formulación. Pese a ser hipótesis que de an-
temano no despierten sospechas, el ponerlas a prueba
con un ejemplo no-lineal permite detectar enseguida
si las hipótesis que se están aplicando conducen a un
problema bien planteado o si por el contrario el proble-
ma que resulta está mal planteado y por consiguiente
no responde a la realidad física que se quiere modelar.
Por este motivo, cualquier investigador que preten-
da desarrollar un nuevo elemento finito estructural,
debería tener cierta prisa por someter la nueva formu-
lación al test de un problema no-lineal para verificar
la bondad del planteamiento.
Yo me he beneficiado en 2 ocasiones de esta virtud
del planteamiento no-lineal. Y en ambas ocasiones me
he arrepentido de no haber hecho la prueba antes. Así
pues, debemos ver las pruebas no-lineales como una
tabla de salvación para evitar cometer errores de bulto
con las hipótesis de nuestros desarrollos; no como un
obstáculo añadido.
Appendix A
The use of El cálculo por
numerical methods métodos numéricos en
in sailboat design el mundo de los veleros
IN ORDER TO DISCUSS THE USE of numeri-cal methods in sailboats design it is com-
pulsory to refer to the practices of the sail-
ing sport where competitivity is maximum and
therefore the best and latest advances are re-
quired in order to obtain those tiny bits of ex-
tra speed and turn them into the winning com-
petitive advantage. The competition which
reflects that spirit the best and beyond any
doubt is the America’s Cup. While the com-
petition has become the testing laboratory for
new and wonderful technologies, once their va-
lidity has been verified they are applied once
and again beyond the competitive setting if
there is an economic chance.
For example, the superyacht market is
growing despite the economic crises [66]
partly because technology enables making
ever larger sails without increasing their
weight in such a way that it would become im-
possible to move them onboard (despite cranes
are needed often). This is possible because of
the use of advanced composite materials. But
also because of the numerical tools and pro-
grams that compute their stresses and opti-
mize every gram of material used.
We find another example in the competi-
tions with sailboats that, given their size and
overall budget, can hardly count on the re-
sources required to benefit from those develop-
ments. I am refering to the dinghies that take
PARA TRATAR EL USO de los métodos numéricosen el mundo de los veleros es preciso referirse
a los ámbitos de la práctica del deporte de la vela,
donde la competitividad es máxima y por lo tanto se
requieren los mejores y últimos avances para obtener
esas décimas extras de velocidad que se conviertan
en una ventaja competitiva definitiva. La competi-
ción que refleja este espíritu a la perfección y como
ninguna otra es la Copa del América. Pero si bien la
competición ha sido el laboratorio de ensayos para
el desarrollo de nuevas y maravillosas tecnologías;
éstas, una vez comprobada su validez no se quedan
en el ámbito de la competición y son aplicadas una
y otra vez siempre que haya oportunidad económica
para ello.
Por ejemplo, el mercado de superyates está cre-
ciendo aún a pesar de la crisis económica [66] en par-
te gracias a que la tecnología permite fabricar velas
cada vez más grandes sin que ello repercuta en un
peso de las velas tan desmesurado que sea imposi-
ble moverlas a bordo (aunque a menudo se necesitan
grúas para ello). Esto es posible por la utilización
de avanzados materiales compuestos, pero también
a las herramientas numéricas que calculan sus ten-
siones para así poder realmente optimizar el uso del
material.
Otro ejemplo se encuentra en las competicio-
nes de barcos que por su tamaño difícilmente
dispondrían de suficiente presupuesto para justifi-
car semejantes desarrollos. Estamos hablando de los
barcos de vela ligera que regularmente participan en
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part on the summer Olympic Games. In these
regattas the competition is so close that some
teams use the most advanced technologies to
accelerate the learning curve and pull ahead of
their competitors and themselves. So far, the
use of technology for accelerated learning is
limited [74], but the use of numerical methods
to accelerate the learning curve is certainly in
the path to the future.
A.1 The America’s Cup as a sports La Copa del América como
and technological pinnacle referente tecnológico y deportivo
The America’s Cup hardly needs any intro-
duction. I will simply make the compul-
sory remark that it is the oldest continuously
awarded trophy in international sport. A win-
ning strike of 132 years by the United States
only increases the legend of this competition.
It increases its prestige because it was pre-
cisely a technological advance what permited
Australia II to take the cup from the ameri-
cans in 1983. It was thanks to a revolutionary
keel design concept by Van Oossanen. Indeed,
as Oossanen himself explains in the paper by
Spurr [119], numerical methods and CFD sim-
ulation played a vital role in the development
of the design of the Australia II. They used a
simulation program created for airplane wings
at the National Aerospace Laboratory in Am-
sterdam that allowed calculating the viscous
resistance and was modified by Joop Slooff
to include the wave making resistance effect.
This is a decisive moment in sailing history; a
sport historically dominated by tradition and
folklore.
The americans realized the need to apply
cutting edge technology if they were to recover
the America’s Cup (and part of the pride lost
with it). And that’s how it went. In the next
edition in 1987 Stars & Stripes achieved win-
ning back the cup after an unprecedented re-
search and development effort [113].
The prior history of the America’s Cup has
little importance regarding numerical meth-
ods. But the more recent history talks by itself.
The efforts the United States made for the
1987 campaign were sustained and increased
los Juegos Olímpicos de verano. En estas regatas la
competencia es tan igualada que algunos equipos re-
curren a las técnicas más avanzadas para poder ad-
quirir conocimientos de manera acelerada y así su-
perar a sus contrincantes y a sí mismos. Por ahora el
uso de la tecnología para el aprendizaje acelerado es
todavía limitado [74], pero ciertamente el uso de mé-
todos numéricos para continuar el aprendizaje está
en el camino hacia el futuro.
Apenas hace falta presentar la Copa del Améri-
ca. Simplemente haré la obligada reseña recordan-
do que es la competición deportiva más antigua de
cuantas se continúan celebrando. La leyenda engen-
drada tras una racha de victorias de 132 años por
Estados Unidos ensalza aún más si cabe el presti-
gio de esta competición. Lo ensalza porque fue pre-
cisamente un adelanto tecnológico el que permitió
al Australia II arrebatar la copa a los norteameri-
canos en 1983 gracias a un revolucionario concepto
en el diseño de la quilla realizado por Van Oossa-
nen. De hecho, tal y como explica Van Oossanen en el
artículo de Spurr [119], los métodos numéricos y la
simulación CFD jugaron un papel muy importante
en el desarrollo del diseño de la quilla del Australia
II. Se utilizó un programa de simulación para alas
de avión del Laboratorio Nacional Aeroespacial de
Amsterdam que permitía calcular la resistencia vis-
cosa y que fue modificado por Joop Slooff para in-
cluir los efectos de la resistencia por formación de
olas. Este fue un momento decisivo en la historia de
la vela; un deporte dominado históricamente por la
tradición y las costumbres.
Los norteamericanos se dieron cuenta de la ne-
cesidad de aplicar la tecnología más puntera si pre-
tendían recuperar la Copa del América (y con ella
parte del orgullo perdido). Y así fue, en la siguiente
edición de 1987 el Stars & Stripes logró recuperar la
copa tras un esfuerzo en investigación y desarrollo
sin precedentes [113].
La historia anterior de la Copa del América tie-
ne poca importancia en cuanto a su relación con los
métodos numéricos. Sin embargo la historia más re-
ciente habla por sí sola. El esfuerzo realizado por Es-
tados Unidos en la campaña de 1987 lo mantuvieron
y lo incrementaron si cabe defendiendo con éxito la
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defending successfully the cup in 19921 with
America3.
But the other nations had already noticed
the possibility of winning a trophy with the
prestige and history of the America’s Cup by
investing in technology. And thus, again in
1995 the americans werre defeated. This
time the winner was Black Magic from New
Zealand. This team was awash with talent2,
but also demonstrated that thanks to invest-
ing in technology they could achieve a compet-
itive level enabling them to succeed.
While until then the technological ad-
vances had focused mainly in the reduction of
the resistance to the hull advance through the
water, the newzealanders caught their rivals
by surprise when they set off an ambitious re-
search and development program in sails; that
is, the power source of the boats.3 The study
of sails entails some added challenges to that
of the study of of hull dynamics in the water.
While an aspect of the hulls in the water prob-
lem —not found in the study of sails— is the
variation they cause to the free surface when
they move, the hulls are generally considered
as rigid and the water flow around them has
a main and uniform direction. Instead, the
sails change their shape provided their ex-
treme slenderness. And the air flow around
them changes in velocity and dominant direc-
tion with height because of the atmospheric
boundary layer and its vectorial combination
1I am intentionally ommitting the 1988 regatta where
many technological advances were applied, particularly
brought from aeronautics, but the development time was
far too short to allow any substantial advance and of pro-
longed effect.
2Two of the key team members of that newzealander
syndicate: Russell Coutts and Brad Butterworth, have
won in all the America’s Cup editions in which they have
taken part of since that regatta of 1995 until they faced off
(then only one could win). In the 2010 regatta BMW Or-
acle with Russell Coutts defeated Alinghi with Brad But-
terworth.
3Notice the change in the different tactics for increas-
ing the boat speed. While the blunt of the developments
had remained previously on minimizing the hull resis-
tance and that of its appendages through the water, now
the effort included maximizing the power and efficiency
that could be obtained from the sails.
copa en 19921 con America3.
Pero el resto de naciones ya habían tomado buena
nota de que la inversión en tecnología les podía valer
la conquista de un trofeo con la historia y el presti-
gio de la Copa del América. Así, de nuevo en 1995
los norteamericanos fueron derrotados, esta vez por
Black Magic de Nueva Zelanda. Este equipo rebosa-
ba talento deportivo2, pero demostró asimismo que
gracias a la inversión en tecnología se podía estar a
un nivel competitivo que permitía aspirar a todo.
Si hasta ese momento los desarrollos y avances
tecnológicos se habían centrado principalmente en
la reducción de la resistencia al avance del casco a
través del agua, los neozelandeses cogieron por sor-
presa a sus rivales al poner en práctica un ambicio-
so programa de investigación y desarrollo en velas;
es decir, la propulsión de los barcos.3 El estudio de
las velas entraña algunas dificultades añadidas al
estudio de la dinámica de los cascos en el agua. Si
bien una componente del problema de los cascos en
el agua —que no encontramos en el estudio de las
velas— es la alteración que estos producen en la su-
perficie libre al moverse, los cascos se consideran en
general como rígidos y que el flujo de agua a su re-
dedor tiene una dirección dominante uniforme. Sin
embargo las velas cambian de forma debido a su ex-
trema esbeltez y el flujo de aire a su rededor varia
en celeridad y en dirección dominante con la altu-
ra debido al efecto de la capa límite atmosférica y a
su combinación vectorial con la velocidad de avan-
ce del velero.4 El programa de investigación y desa-
1En este pasaje obvio intencionadamente la regata celebrada
en 1988, pues si bien se aplicaron numerosos avances tecnológi-
cos sobretodo importados desde el campo de la aeronáutica, los
tiempos de desarrollo fueron excesivamente cortos para permitir
un avance sustancial y de efecto prolongado.
2Dos de los miembros clave de aquél equipo neozelandés:
Russell Coutts y Brad Butterworth, han vencido en todas las edi-
ciones de la Copa del América en las que han participado desde
aquella regata de 1995 hasta que se enfrentaron (sólo uno podia
ganar). En aquella regata de 2010 el BMW Oracle con Russell
Coutts venció al Alinghi con Brad Butterworth.
3Nótese el contraste entre los enfoques adoptados para me-
jorar la velocidad de los barcos. Si previamente el peso de los
desarrollos había recaído principalmente en minimizar el freno
que supone el avance del casco y sus apéndices a través del agua,
ahora se incluía además maximizar la potencia y la eficiencia que
se podía obtener de la propulsión de las velas.
4Es lo que se comúnmente se conoce como efecto twist. Es
precisamente este efecto, combinado con las dificultades de los
ensayos a escala en túnel de viento en el estudio de las velas, que
llevó al desarrollo del llamado Sailing Dynamometer [60] en 1988
por un estudiante de J. Milgram en MIT.
202 APPENDIX A. THE USE OF NUMERICAL METHODS IN SAILBOATS DESIGN
with the sailboat’s forward speed.4 The re-
search and development program of the New
Zealand team for sails design focused on var-
ious aspects. Burns Fallow [36] explains that
the new technology developed by North Sails
with the 3DL sails [7] opened the design space
for the sail designers. Also, these new sails
needed new structural analysis tools. That’s
why North Sails assigned Michael Richelsen
(one of its employees) to develop a software
program called MemBrain TM5. At the same
time and provided the greater importance of
the downwind courses for the 1995 edition of
the America’s Cup with respect to the previous
editions the team from New Zealand, in col-
laboration with North Sails New Zealand and
the University of Auckland, decided to build
a twisted flow wind tunnel. This wind tunnel
[40] —it still remains a world reference in its
class— permited the team of New Zealand to
pull ahead of their competitors in the knowl-
edge of how these sails work. The combination
of this knowledge, the effort made to exploit
as much as possible the advantages offered by
the 3DL sails, and the new calculation tools
Black Magic won the 1995 regatta with a blow-
ing 5–0 in front of a powerless Young America
crewed by the crew of Stars & Stripes.
New Zealand held the cup for another edi-
tion until in 2003 technology again helped an-
other nation win the America’s Cup. Switzer-
land, being a landlocked country, doesn’t have
a nautical tradition. Nevertheless, its Alinghi
sindicate did count with great talent onboard.
By that time, numerical methods were already
4This is what is commonly known as the twist effect.
Precisely this effect, combined with the complication of
conducting scale tests in wind tunnel to study sail shapes,
is what encouraged the development of the Sailing Dy-
namometer [60] in 1988 by a pupil of J. Milgram at MIT.
5Despite an exhaustive bibliographic research I
haven’t found any reference with the detailed function-
ing of the MembrainTM program. However, I do know,
through a number of interviews with North Sails design-
ers (Mickey Ickert and Sandro Benini, although not with
Michael Richelsen hihmself) that the MemBrain program
is a finite element program which uses a membrane model
to calculate the strains and stresses of the sails. The pro-
gram performs a static analysis of the sails; despite model-
ing them as membranes (see the discussion in section 1.4).
As I can’t provide documental evidences of the working of
MemBrain, I consider it state of practice and not state of
the art.
rrollo para el diseño de velas en el equipo de Nue-
va Zelanda se centró en varios aspectos. Tal y como
comenta Burns Fallow en [36], la nueva tecnología
desarrollada por North Sails con las velas 3DL [7]
abría el campo de juego para los diseñadores de ve-
las. Asimismo, este tipo de velas requería de nuevas
herramientas de análisis estructural. Es por ello que
North Sails encargó a Michael Richelsen (uno de sus
empleados) el desarrollo de un programa de cálculo
llamado MemBrainTM5. Al mismo tiempo, y dada la
mayor importancia que tenían los rumbos de empo-
pada en la edición de la Copa del América de 1995
con respecto a ediciones anteriores, el equipo de Nue-
va Zelanda, en colaboración con North Sails Nueva
Zelanda y la Universidad de Auckland, decidió cons-
truir un túnel de viento de flujo retorcido. Este túnel
de viento [40] —que todavía es una referencia mun-
dial en su clase— permitió al equipo de Nueva Ze-
landa avanzar a sus competidores en el conocimien-
to y funcionamiento de las velas. Combinando este
conocimiento con el esfuerzo realizado para aprove-
char al máximo las capacidades ofrecidas por las ve-
las 3DL y las nuevas herramientas de cálculo, Black
Magic ganó la regata de 1995 por un contundente 5–
0 ante un impotente Young America tripulado por la
tripulación del Stars & Stripes.
No fue hasta dos ediciones posteriores, en 2003,
cuando nuevamente la tecnología (respaldada por
supuesto por un gran talento a bordo de la embarca-
ción) permitió en este caso a una nación sin apenas
tradición náutica, como es Suiza, conquistar la Copa
del América con el sindicato Alinghi. Para entonces
los métodos numéricos ya habían cobrado gran acep-
tación como herramienta de diseño en un entorno
tan exigente y los suizos demostraron gran habili-
dad en utilizarla en sus estudios para el diseño de
unas máquinas que se demostraron netamente supe-
riores a las de sus contrincantes tanto en 2003 como
en 2007[3]. En su artículo de 2005, Parolini y Quar-
5A pesar de una exhaustiva búsqueda bibliográfica no he
encontrado ninguna referencia específica detallando el funcio-
namiento del programa MemBrainTM. Sin embargo sí conozco,
mediante numerosas entrevistas con diseñadores de North Sails
(aunque no con el propio Michael Richelsen) que el programa
MemBrain es un programa de elementos finitos que utiliza un
modelo de membranas para calcular los esfuerzos y las deforma-
ciones de las velas. El modelo analiza las velas de manera esta-
cionaria aun a pesar de modelarlas como membranas (véase la
discusión en el apartado 1.4). Al no existir evidencias documen-
tales acerca del funcionamiento de MemBrain, lo consideraremos
como estado de la práctica y no como estado del arte.
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widely accepted as a design tool in such a
demanding environment. The swiss showed
their ability in using it to design a two boat
program that proved to be superior to their ri-
vals’ both in 2003 and in 2007[3]. In their 2005
paper, Parolini and Quarteroni [98] explain
some of the numerical tools used in the design
and analysis of the Alinghi syndicate boats.
Watching this evolution it becomes clear that
reduced and full scale tow tank tests have
given way to numerical methods and computer
simulations.
So then, which have been the technological
advances in numerical analysis that have oc-
cured in the more recent editions of the Amer-
ica’s Cup? I’ll describe them succintly below.
The computer revolution
If there had not occured signifficant advances
in the application of numerical methods to the
sailing industry in general and high perfor-
mance in particular before it’s mainly because
of the very high computational cost of the nu-
merical tools or simply the lack of resources
to make the computations before the 1980’s.
It’s somewhat awkward to use terms like com-
putational cost nowadays that a smartphone
weighing less than 200 grams and costing
around $100 has the same computer power as
a supercomputer 30 years ago which occupied
an entire room and costed several thousand $.
That’s the main reason why numerical meth-
ods still lacked validation and the scientific
community relied heavily on laboratory tests
in order to make their designs and technolog-
ical advances. Take for example the paper by
Jerome Milgram [79] on the different technolo-
gies developed and applied in the design of the
boats of the America3 syndicate. Within that
paper and the ensuing discussion Milgram ex-
plains the controversy still existing in 1992!!!
between numerical and experimental tools.
VPPs
Amongst Milgram’s contributions in the refer-
enced paper there is the pivotal role of veloc-
ity prediction programs or VPPs in that epoch
(and still today). VPPs are simple computer
programs that solve the equilibrium equations
in some of the degrees of freedom in space of
teroni [98] detallan parte del abanico de herramien-
tas numéricas utilizadas para el análisis y el diseño
de los barcos del sindicato Alinghi. Queda claro, a
la vista de esta evolución, que los ensayos a escala
en canal y a escala real han dejado paso a los méto-
dos numéricos y las simulaciones por ordenador.
Así pues, ¿cuáles son los desarrollos tecnológicos
de análisis numérico que han tenido lugar en las edi-
ciones recientes de la Copa del América? Los enume-
ro a continuación de manera muy resumida.
La revolución computacional
El principal motivo por el que previamente no se ha-
bían producido avances significativos en materia de
métodos numéricos aplicados al mundo de la vela en
general, y en particular a la máxima competición, es
el altísimo coste computacional que tenían los méto-
dos numéricos o directamente la inexistencia de re-
cursos para realizar los cálculos con anterioridad a
la década de 1980. Resulta extraño hablar en estos
términos de coste computacional en la actualidad en
que un teléfono móvil que pesa apenas 200 gramos
y cuesta alrededor de $100 tiene la misma capaci-
dad computacional que un superordenador de ha-
ce 30 años, ocupaba una sala entera y costaba unos
cuantos miles de $. Por este mismo motivo, los méto-
dos numéricos estaban todavía poco validados y la
comunidad científica todavía se apoyaba principal-
mente en ensayos de laboratorio para realizar sus di-
seños y avances tecnológicos. Valga como referencia
el artículo [79] de Jerome Milgram en el que descri-
be las diversas tecnologías desarrolladas y aplicadas
en el diseño de los barcos del sindicato America3. En
dicho artículo y en la discusión que lo sucede, Mil-
gram explica la controvertida relación existente to-
davía en 1992!!! entre las técnicas numéricas y las
experimentales.
Los VPP
Una de las aportaciones de Milgram en el artícu-
lo mencionado es el papel central que adoptaron en
aquella época (y todavía hasta hoy) los programas
de predicción de velocidad o VPP (en sus siglas en
inglés). Los VPP son sencillos programas de orde-
nador que resuelven las ecuaciones de equilibrio de
fuerzas en algunos de los ejes del espacio para un
velero. Sostengo que son sencillos porque resuelven
pequeños sistemas de ecuaciones —en algunos casos
hasta 6 ecuaciones—. Los VPP entrañan un cierto
grado de dificultad debido a que las ecuaciones son
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a sailboat. I make the statement that these
programs are simple because they solve small
systems of equations —at most 6 equations—.
VPPs entail some degree of difficulty because
the equations are non-linear and the terms
used to fill the different components of the
forces are in many cases semi-empirical, and
this might cause some inconsistencies, which
in turn leads to lack of convergence or an ex-
cess of solutions in the design space [79].6 Ac-
cording to Milgram, VPPs facilitated work-
ing out different designs and evauate which
performed better and which performed worse.
However, the key for a good VPP is still the
estimation of the forces —and their different
components— acting on a boat. This is a sci-
ence still under development today.
Advances in fluid mechanics
Today’s technologies are superior to those
available 20 years ago. The advances have
been possible largely thanks to the improve-
ment of the computational capabilities and the
accessibility thereof. Besides, numerical tech-
niques have also improved signifficantly. It
suffices taking a look at the results published
by CIMNE researchers; some of their tools
were used in the development of the boats of
the Alinghi syndicate [28]. I will just cite
a compilatory reference of the intense activ-
ity of CIMNE scientists7 in the field of CFD
[97]. It is also convenient citing recent re-
sults published by Julio Garcia in the topic of
validation of CFD tools comparing with tow
tank test results of boat hulls [47]. While
the advances achieved by scientists in the last
decade are notable, it is appropriate saying
that the teams competing in the America’s
Cup have progressively used more and more
those commercial tools that bring to the mar-
ket the most advanced techniques while main-
taining the robustness required to avoid com-
promising the short development times of the
boats’ development. Let’s use two references to
6A detailed explanation of VPP programs can be found
in the paper [90] by Van Oossanen. A review of its usage
along with an estimation of the forces acting on a sailboat
can be found in the paper [59] by DeBord et al.
7Professor Idelsohn alternated his dedication between
CIMNE and CIMEC in Santa Fe, Argentina.
no-lineales y los términos que sirven para alimentar
las distintas componentes de las fuerzas son en mu-
chos casos semi-empíricas, por lo que puede llegar a
producirse alguna inconsistencia, lo que conduce a
veces a una ausencia de convergencia o a un exce-
so de soluciones en el espacio de diseño [79].6 Según
explica Milgram, los VPP permitían barajar con ra-
pidez varios diseños y evaluar cuáles eran mejores
y cuáles peores. Sin embargo, la clave para un buen
VPP sigue siendo la evaluación de las fuerzas —y
sus distintas componentes— que actúan sobre una
embarcación y esa es una ciencia que sigue avanzan-
do en la actualidad.
Avances en mecánica de fluidos
Las herramientas disponibles hoy en día superan en
gran medida las capacidades de las disponibles hace
20 años. En gran medida los avances han sido posi-
bles por el incremento de la capacidad computacio-
nal y la accesibilidad a la misma. Pero por el otro la-
do, las técnicas numéricas también han experimen-
tado mejoras significativas. Baste ver los resultados
publicados por científicos de CIMNE; algunas de cu-
yas herramientas se utilizaron en el desarrollo de los
barcos del sindicato Alinghi [28]. En este sentido nos
limitamos a citar un documento recopilatorio de la
intensa actividad de los científicos de CIMNE7 en
el ámbito del CFD [97]. También es pertinente citar
los recientes resultados publicados por Julio García
en materia de validación de los métodos numéricos
CFD frente a resultados experimentales en canales
de ensayo para cascos de embarcaciones [47]. Si bien
los avances realizados por los científicos son muy no-
tables en la última década, es pertinente comentar
que los equipos que compiten en la Copa del América
se han decantado progresivamente por el uso de he-
rramientas comerciales que aportan al mercado las
técnicas más avanzadas posible pero manteniendo la
robustez necesaria para no comprometer los tiempos
de desarrollo necesarios para el diseño de las embar-
caciones. Ilustraremos esta afirmación con dos refe-
rencias. Si en 2001 Jones y Korpus [58] reportaban
el uso por primera vez en la Copa del América de un
6Para una explicación detallada acerca del funcionamiento de
los programas VPP véase el artículo [90] de Van Oossanen. Para
una revisión de su utilización conjuntamente con las distintas
técnicas de estimación de las fuerzas que actúan en un barco de
vela, véase el artículo de DeBord et al. [59].
7El profesor Idelsohn alterna su dedicación a CIMNE y al
CIMEC en Santa Fe, Argentina.
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further discuss this idea. While in 2001 Jones
and Korpus [58] documented the use for the
first time in the America’s Cup of a RANS8
model for CFD calculations, Viola et al. [137]
report that in 2003 there were still few teams
using these simulations, and that in 2007 al-
most all of them did. And they did so using
a commercial software like Fluent, unlike the
FANS code that in the year 2000 had a marked
experimental character.
Sails simulation in upwind
and downwind courses
The development of the MemBrain program
by North Sails opened the door to ensuing de-
velopments to improve the performance anal-
ysis of sails. The practical monopoly of North
Sails in the America’s Cup facilitates that all
of these developments happened either within
North Sails or in collaboration with other re-
search universities. First, the developments
aimed at the simulation of the rigs upwind.
This is because the earliest available and ma-
ture CFD techology was the simulation of po-
tential flow using the panel method.9 Also,
in the 1990s several fluid-structure interac-
tion techniques emerged. Although they have
improved, these techniques were already use-
ful to designers. In [106] Razenbach (from
the Quantum Sail Design Group) and Xu de-
scribe the simulation procedure using these
techniques for upwind courses. North Sails
has promoted a so called Virtual Wind Tunnel,
which is nothing else than coupling MemBrain
with Fluent using the tool GAMBIT10 in order
to analyze sails performance downwind [53].
Structural analysis
Adoption of numerical methods in the Amer-
ica’s Cup occurred earlier applied to the struc-
8Reynolds-Averaged Navier-Stokes
9The tool developed by Michael Richelsen for North
Sails is called FlowTM. Likewise MemBrain, I haven’t
obtained references describing the way Flow works, but
through interviews with North Sails’ designers I have con-
firmed that it is a software program that solves the poten-
tial flow equation using a panel method. Therefore, as
with MemBrain, in lacking written evidence on the func-
tioning of Flow, it can’t be considered state of the art and
I will consider it state of practice.
10ANSYS has changed the tool GAMBIT by the product
Design Modeler.
modelo RANS8 para cálculos CFD; Viola et al. [137]
informan que en 2003 todavía eran pocos los equi-
pos que utilizaron este tipo de simulaciones, y que en
2007 casi todos los equipos lo hacían. Y lo hicieron
utilizando software comercial como Fluent, a dife-
rencia del código FANS que en el año 2000 tenía un
carácter marcadamente más experimental.
Simulación de velas en rumbos de ceñida
y portantes
El desarrollo del programa MemBrain por parte de
North Sails abrió la puerta a subsiguientes desarro-
llos para mejorar el análisis del rendimiento de las
velas. La situación práctica de monopolio de North
Sails propicia que todos estos desarrollos se hayan
desarrollado o bien en el seno de North Sails o bien
en colaboración con otras entidades de investiga-
ción universitarias. Los primeros desarrollos tuvie-
ron por objetivo la simulación de las velas y sus ar-
boladuras en rumbos de ceñida. Esto es debido a que
la tecnología CFD madura y disponible para ello fue
en primer lugar la de simulación de flujo potencial.9
Asimismo, en la década de 1990 surgieron múlti-
ples técnicas de interacción fluido-estructura. Aun-
que se han ido mejorando, estas técnicas ya permi-
tían obtener resultados muy útiles para los diseña-
dores. En [106] Razenbach (del Grupo de Diseño de
Velas Quantum) y Xu explican el proceso de simula-
ción combinando estas técnicas para rumbos de ce-
ñida. North Sails ha promovido el desarrollo de lo
que han denominado como Túnel de Viento Virtual,
que no es más que el acoplamiento de MemBrain con
Fluent facilitado por la herramienta GAMBIT10 pa-
ra poder analizar el rendimiento de las velas en rum-
bos portantes [53].
Cálculos estructurales
La adopción de los métodos numéricos en la Copa
del América tuvo lugar antes en el campo del cálculo
8Reynolds-Averaged Navier-Stokes
9La herramienta desarrollada por Michael Richelsen para
North Sails recibe el nombre de FlowTM. Igual a como ocurre
con el programa MemBrain, no he conseguido obtener referen-
cias que describan el funcionamiento de Flow, aunque mediante
entrevistas con diseñadores de North Sails he podido confirmar
que se trata de un software que resuelve las ecuaciones de flujo
potencial utilizando un método de paneles. De modo similar a co-
mo sucede con MemBrain, al no existir evidencia documentada
sobre el funcionamiento de Flow, no se puede considerar estado
del arte y lo consideraremos estado de la práctica.
10ANSYS ha sustituido la herramienta GAMBIT por el pro-
ducto Design Modeler.
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tural calculation of the hulls of the boats than
any other aspect commented before (CFD cal-
culation of hulls and sails, or structural analy-
sis of sails). This phenomenon happened along
the transition towards the use of fiber rein-
forced plastics in the construction of the Amer-
ica’s Cup boats. For that, the manufactur-
ing and calculation methods stemming from
the aeronatical industry were used [52, 75].
For an in depth review on structural calcula-
tion methods used in sailboats the author rec-
comends the material published by the 17th
International Ship and Offshore Structures
Congress [115]. This document describes with
great deal of detail the state of the art re-
garding the manufacturing and analysis tech-
niques of: hulls, masts and appendages of sail-
boats. Nevertheless, even though according
to that report it might seem that the meth-
ods to calculate and analyze sailboat’s struc-
tures are well established, it’s surprising real-
ize that the high performance boats designed
to race around the world in regattas such as
the Volvo Ocean Race11 keep suffering catas-
trophic failures [14, 32, 83, 84]. Indeed, one
of the common facts of the winning boats in
the top competitions is their reliability in com-
petition [76]. That is, the lack of breakages
forcing them to retire from the race. This phe-
nomenon is not exclusive of sailing. It happens
in any discipline. That’s why it is so impor-
tant the capability to analyze the structural
response of high performance sailboats. Mak-
ing them light is an ever increasing need to
make them fast, but it works directly against
their reliability. Finding the optimal compro-
mise in design is fundamental. CIMNE re-
searchers have also made significant contri-
butions in this field [88, 89, 105] that could
improve the analysis of composite materials
structures used in the construction of sail-
boats.
11Even though this section uses the America’s Cup as
the main reference in the development of sailing sport,
on what relates structural analysis another competition
takes precedence. This is because the structural integrity
of the boats is fundamental when the competitors find
themselves thousands of miles away of any other external
help when racing around the world.
estructural de los cascos de las embarcaciones que en
el resto de áreas comentadas anteriormente (cálculo
CFD de casco y velas, y análisis estructural de ve-
las). Este fenómeno tuvo lugar de manera paralela
a la incorporación del uso de los plásticos reforza-
dos con fibras en la fabricación de los barcos en la
Copa América. En este caso se adoptaron tanto los
métodos de fabricación como de cálculo utilizados
en la industria aeronáutica [52, 75]. Para una revi-
sión exhaustiva sobre métodos de cálculo estructura-
les en veleros, es recomendable el material publicado
por el 17º International Ship and Offshore Structu-
res Congress [115]. En este documento se detalla de
manera exhaustiva el estado del arte relativo a las
técnicas de fabricación y de análisis de: cascos, más-
tiles y apéndices de barcos de vela. Sin embargo, a
pesar de que a la vista de este informe parece que los
métodos de análisis y cálculo de las estructuras de
los veleros están muy consolidadas, sorprende com-
probar que los barcos de competición diseñados para
dar la vuelta al mundo como en la Volvo Ocean Ra-
ce11 siguen sufriendo fallos catastróficos [14, 32, 83,
84]. De hecho, una de las características comunes de
los barcos vencedores en las máximas competiciones
es su fiabilidad en competición [76]. Es decir, la au-
sencia de roturas que les obliguen a retirarse de la
competición. Este es un fenómeno que no es exclusivo
del deporte de la vela, sino que está presente en cual-
quier deporte. Por ello, cobra máxima importancia la
capacidad de analizar estructuralmente la respues-
ta de los barcos de vela de competición, pues alige-
rarlos es una necesidad imperiosa para hacerlos ve-
loces; pero obra directamente en contra de la fiabili-
dad. Encontrar el punto óptimo de dimensionamien-
to es fundamental. Científicos de CIMNE también
han realizado aportaciones relevantes [88, 89, 105]
que podrían permitir mejorar los cálculos de las es-
tructuras de materiales compuestos que se utilizan
en la construcción de los barcos de vela.
11Aunque esta sección utiliza la Copa del América como refe-
rente fundamental del desarrollo en el deporte de la vela, en este
apartado referente al cálculo estructural cobra mayor importan-
cia otra competición como referente principal. Esto es debido a
que la fiabilidad estructural de los barcos es primordial cuando
los competidores se encuentran a miles de kilómetros de cual-
quier fuente de ayuda externa mientras navegan alrededor del
mundo.
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A.2 Summary Sumario
It’s very telling in light of the review per-
formed in the present chapter that the con-
cepts used nowadays for the analysis on the
performance of a sail boat (VPP programs, de-
composition of the water resistance to a sail-
boat into different components, analysis of
sails as membranes, stationary simulations,
etc.) are the same that were proposed more
than 20 years ago. This is just the evidence
of the burden of heritage and the importance
it exerts on the natural process of humans to
acquire new knowledge. But once this under-
standing has been achieved, it would consti-
tute an enormous mistake to consider that the
big problem is the sum of the different com-
ponents into which the mind has broken down
the problem and built artificially. In reality
the big problem has the added complexity of
understanding how all the little components
interact.
The problem of analyzing a sailboat is
not an exception, as Milgram points out [80,
pp. 618–619]. This author stands firmly on
that statement and radicalizes it, if that’s pos-
sible, extrapolating it beyond the field of hy-
drodynamics and the hull. The goal of this
point of view is to effectively take into account
the interaction between all the boat parts and
the external forces: both aerodynamic and hy-
drodynamic. The final result of this point of
view would provide us with the possibility of
analyzing the whole boat as a structure inte-
grated in its environment and stop assuming
that the hull is a rigid solid in transit through
the water and the waves, or that the spars and
the sails have a stationary position while the
boat sails.
Resulta muy reveladora la revisión realizada y ver
que los conceptos con los que se trabaja actualmente
en materia de análisis del rendimiento de un velero
(programas VPP, descomposición de la resistencia al
avance de un buque en distintas componentes, aná-
lisis de las velas como membranas, simulaciones es-
tacionarias, etc.) son los mismos que ya se proponían
hace más de 20 años. Esto no es más que una mues-
tra del peso que tiene la herencia y de la importancia
que tiene para el conocimiento humano el dividir los
problemas grandes en partes más pequeñas. Forma
parte del proceso natural del ser humano para ad-
quirir conocimiento, el dividir un problema grande
en problemas más pequeños para poder comprender
mejor su complejidad. Pero una vez alcanzada esa
comprensión sería un error considerar que el proble-
ma grande es la suma de las pequeñas componen-
tes que la mente ha construido artificialmente. En
realidad el problema grande tiene una complejidad
añadida que es cómo todas esas componentes inter-
accionan entre sí.
El problema del estudio y análisis de un barco
de vela no es una excepción y así lo apunta Milgram
en [80, pp. 618–619]. Esta tesis se posiciona firme-
mente sobre esta afirmación y la radicaliza, si cabe,
extrapolándola más allá del campo hidrodinámico
que afecta al casco de la embarcación. El objetivo de
este enfoque es considerar de manera efectiva la in-
teracción de todas las partes del barco entre ellas,
así como con las fuerzas externas: tanto las aerodi-
námicas como las hidrodinámicas. El culmen de es-
te enfoque nos llevaría a analizar todo el barco como
una estructura integrada en su entorno, y no asu-
mir que el casco es un sólido rígido en su tránsito a
través del agua y de las olas, o que la arboladura y
las velas tienen una posición estacionaria mientras
el barco navega.
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Appendix C
Minimization of the membrane
(axial) energy of a 2D cubic
Bernouilli beam
THE PRESENT APPENDIX DEVELOPS THE FORMULÆ introduced in sec-tion 5.4.1 on page 59 to discuss the problem of minimizing the vari-
ation of membrane energy of the edge of the curved shell triangle in the
construction process.
Figure C.1: 2D cubic Bézier curve representing the edge of a cubic Bézier
triangle. For the purposes of the exercise and without loss of generality,
the distance between the endpoints of the curve will be 1.
Let’s state again the problem: if the membrane strain (ε) of the curve
depicted in figure C.1 is proportional to the celerity (c) of the curve param-
eter (t), then the energy density (U ) is proportional to the square of the
celerity (c2).
~r(t) = (x(t), y(t)) (C.1)
~r′(t) = ∂~r(t)
∂t
(C.2)
c = ‖~r′(t)‖ (C.3)
ε ∝ c⇒ U ∝ ε2 ∝ c2 (C.4)
The above relationship assumes that the material is linear elastic.
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The coordinates of the control points are:
~b0 = (x0, y0) = (0, 0)
~b1 = (x1, y1) = (Ψij ,Ψij · tanϕij)
~b2 = (x2, y2) = (1−Ψji,Ψji · tanϕji)
~b3 = (x3, y3) = (1, 0)
(C.5)
Using the de Casteljau algorithm and Bernstein functions, the derivative
of ~r can be expressed in the following way as a function of the curve pa-
rameter t.
~r′(t) = (r′x, r′y) = (~b1 −~b0) · (1− t)2 + (~b2 −~b1) · 2t(1− t) + (~b3 −~b2) · t2
(C.6)
r′x = x1 · (1− t)2 + (x2 − x1) · 2t(1− t) + (1− x2) · t2
r′y = y1 · (1− t)2 + (y2 − y1) · 2t(1− t) + y2 · t2
(C.7)
c2 = r′2x + r′2y (C.8)
Considering the values of ϕij and ϕji fixed. And maintaining Ψij and Ψji
as variables, then
c2 = c2(Ψij ,Ψji, t) (C.9)
The total membrane elastic energy in the curve can be expressed as:
E =
∫ 1
0
U dt⇒ E ∝
∫ 1
0
c2 dt (C.10)
The author is interested in minimizing the variation of the energy density
along the curve. In order to do that, it is useful to minimize the square of
the variation of the energy density along the curve:∫ 1
0
Å
∂U
∂t
ã2
dt (C.11)
The minimization is carried out by differentiating the above expression
with respect to the two variables of the problem Ψij and Ψji:
∂
∂Ψij
∫ 1
0
Å
∂U
∂t
ã2
dt = 0
∂
∂Ψji
∫ 1
0
Å
∂U
∂t
ã2
dt = 0
 (C.12)
Since U ∝ c2, the roots of the above system of equations are the same as
the roots of
∂
∂Ψij
∫ 1
0
Å
∂c2
∂t
ã2
dt = 0
∂
∂Ψji
∫ 1
0
Å
∂c2
∂t
ã2
dt = 0
 (C.13)
The expressions in equation (C.13) are polynomials of 4th order with re-
spect to the independent variables Ψij and Ψji. Their graphical solution is
presented in figure 5.9 on page 61.
Appendix D
Analytic derivatives of some
complex expressions
THIS APPENDIX INCLUDES THE ANALYTIC EXPRESSIONS that are notrelevant for the understanding of the development of the formulæ in
the thesis, or too cumbersome to be included in the main body of the text.
Note that Einstein’s indicial notation is in full effect.
D.1 Derivatives of the element normal
The definition of n can be found in equation (5.12) on page 49. Its deriva-
tives with respect to the control points are presented next.
∂n
∂p
=
∂n(i)
∂p(mn)
=
(e(ikm) − n(i) · e(jkm) · n(j)) · p(kl) · (Lξ(l) · Lη(n) − Lη(l) · Lξ(n))
‖(p ·Lξ)× (p ·Lη)‖
(D.1)
∂2n(i)
∂p(mn)∂p(vw)
= 1
‖(p ·Lξ)× (p ·Lη)‖
·
[
(e(imv) + n(i) · e(mjv) · n(j))·
·(Lξ(n) · Lη(w) − Lη(n) · Lξ(w))−
−
∂n(i)
∂p(mn)
· e(jkv) · n(j) · p(kl) · (Lξ(l) · Lη(w) − Lη(l) · Lξ(w))−
−
∂n(i)
∂p(vw)
· e(jkm) · n(j) · p(kl) · (Lξ(l) · Lη(n) − Lη(l) · Lξ(n))−
−
n(i) · p(jl) · p(ko)
‖(p ·Lξ)× (p ·Lη)‖
· (e(tjm) · e(tkv) + e(tjm) · n(t) · e(xkv) · n(x))·
·(Lξ(l) · Lη(n) − Lη(l) · Lξ(n)) · (Lξ(o) · Lη(w) − Lη(o) · Lξ(w))
]
(D.2)
Also, the higher derivatives of the expressions defined in equa-
tions (6.22) and (6.23) on page 69 are presented below.
∂n,ξα
∂p
=
∂n,ξα(i)
∂p(mn)
= (δ(ij) − n(i) · n(j)) ·
Ç
∂Lpξ,ξα(j)
∂p(mn)
+
∂Lpη,ξα(j)
∂p(mn)
å
−
−
Ç
∂n(i)
∂p(mn)
· n(j) + n(i) ·
∂n(j)
∂p(mn)
å
· (Lpξ,ξα(j) + Lpη,ξα(j))
∀α = {1, 2}
(D.3)
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∂2n,ξα
(∂p)2 =
∂2n,ξα(i)
∂p(mn)∂p(vw)
=
= (δ(ij) − n(i) · n(j)) ·
Ç
∂2Lpξ,ξα(j)
∂p(mn)∂p(vw)
+
∂2Lpη,ξα(j)
∂p(mn)∂p(vw)
å
−
−
Ç
∂2n(i)
∂p(mn)∂p(vw)
· n(i) +
∂n(i)
∂p(mn)
·
∂n(j)
∂p(vw)
+
+
∂n(i)
∂p(vw)
·
∂n(j)
∂p(mn)
+ n(i) ·
∂2n(j)
∂p(mn)∂p(vw)
å
·
(
Lpξ,ξα(j) + Lpη,ξα(j)
)
−
−
Ç
∂n(i)
∂p(vw)
· n(j) + n(i) ·
∂n(j)
∂p(vw)
å
·
Ç
∂Lpξ,ξα(j)
∂p(mn)
+
∂Lpη,ξα(j)
∂p(mn)
å
−
−
Ç
∂n(i)
∂p(mn)
· n(j) + n(i) ·
∂n(j)
∂p(mn)
å
·
Ç
∂Lpξ,ξα(j)
∂p(vw)
+
∂Lpη,ξα(j)
∂p(vw)
å
∀α = {1, 2}
(D.4)
These expressions are used in equations (7.17) to (7.21) on pages 79–80.
Where
Lpξ,ξα =
(p ·Lξ,ξα)× (p ·Lη)
‖(p ·Lξ)× (p ·Lη)‖
=
e(ijk) · p(jl) · Lξ,ξα(l) · p(km) · Lη(m)
‖(p ·Lξ)× (p ·Lη)‖
= Lpξ,ξα(i) ∀α = {1, 2}
(D.5)
Lpη,ξα =
(p ·Lξ)× (p ·Lη,ξα)
‖(p ·Lξ)× (p ·Lη)‖
=
e(ijk) · p(jl) · Lξ(l) · p(km) · Lη,ξα(m)
‖(p ·Lξ)× (p ·Lη)‖
= Lpη,ξα(i) ∀α = {1, 2}
(D.6)
their first derivatives are expressed in the following way,
∂Lpξ,ξα(i)
∂p(mn)
=
e(ijm) · p(jl) · (Lξ,ξα(l) · Lη(n) − Lη(l) · Lξ,ξα(n))
‖(p ·Lξ)× (p ·Lη)‖
−
−Lpξ,ξα(i) ·
e(jkm) · n(j) · p(kl) · (Lξ(l) · Lη(n) − Lη(l) · Lξ(n))
‖(p ·Lξ)× (p ·Lη)‖
∀α = {1, 2}
(D.7)
∂Lpη,ξα(i)
∂p(mn)
=
e(ijm) · p(jl) · (Lξ(l) · Lη,ξα(n) − Lη,ξα(l) · Lξ(n))
‖(p ·Lξ)× (p ·Lη)‖
−
−Lpη,ξα(i) ·
e(jkm) · n(j) · p(kl) · (Lξ(l) · Lη(n) − Lη(l) · Lξ(n))
‖(p ·Lξ)× (p ·Lη)‖
∀α = {1, 2}
(D.8)
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and the expressions of their second derivatives are as follows.
∂2Lpξ,ξα(i)
∂p(mn)∂p(vw)
= 1
‖(p ·Lξ)× (p ·Lη)‖
·
·
[
e(imv) · (Lξ,ξα(n) · Lη(w) − Lη(n) · Lξ,ξα(w))−
−
∂Lpξ,ξα(i)
∂p(mn)
· n(j) · e(jkv) · p(kl) · (Lξ(l) · Lη(w) − Lη(l) · Lξ(w))−
−
∂Lpξ,ξα(i)
∂p(vw)
· n(j) · e(jkm) · p(kl) · (Lξ(l) · Lη(n) − Lη(l) · Lξ(n))−
− Lpξ,ξα(i) ·
∂n(j)
∂p(mn)
· e(jkv) · p(kl) · (Lξ(l) · Lη(w) − Lη(l) · Lξ(w))−
−Lpξ,ξα(i) · n(j) · e(jmv) · (Lξ(n) · Lη(w) − Lη(n) · Lξ(w))
]
∀α = {1, 2}
(D.9)
∂2Lpη,ξα(i)
∂p(mn)∂p(vw)
= 1
‖(p ·Lξ)× (p ·Lη)‖
·
·
[
e(imv) · (Lξ(n) · Lη,ξα(w) − Lη,ξα(n) · Lξ(w))−
−
∂Lpη,ξα(i)
∂p(mn)
· n(j) · e(jkv) · p(kl) · (Lξ(l) · Lη(w) − Lη(l) · Lξ(w))−
−
∂Lpη,ξα(i)
∂p(vw)
· n(j) · e(jkm) · p(kl) · (Lξ(l) · Lη(n) − Lη(l) · Lξ(n))−
− Lpη,ξα(i) ·
∂n(j)
∂p(mn)
· e(jkv) · p(kl) · (Lξ(l) · Lη(w) − Lη(l) · Lξ(w))−
−Lpη,ξα(i) · n(j) · e(jmv) · (Lξ(n) · Lη(w) − Lη(n) · Lξ(w))
]
∀α = {1, 2}
(D.10)
D.2 Derivatives of the system matrix and
independent vector to compute the control point
locations
The location of the control points is computed by solving a system of equa-
tions for each one. These include the control points at the boundaries and
the central control point.
D.2.1 Boundary control points
The general expression of the system of equations to determine the control
points of the boundaries is presented in equation (5.15) on page 51. The
expression of the derivatives of the system matrix Aijp is presented row by
row.
∂Aijp(1l)
∂xh(v)
=
∂ni(l)
∂xh(v)
(D.11)
∂Aijp(2l)
∂xh(v)
=
∂dij(l)
∂xh(v)
(D.12)
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∂Aijp(3l)
∂xh(v)
= (δih− δjh) · δ(lv) (D.13)
The expression of the derivatives of the independent vector is also pre-
sented component-wise.
∂bijp(1)
∂xh(v)
= xi(l) ·
∂ni(l)
∂xh(v)
+ δih · ni(v) (D.14)
∂bijp(2)
∂xh(v)
=
∂dij(l)
∂xh(v)
· xi(l) + δih · d
ij
(v) (D.15)
∂bijp(3)
∂xh(v)
= δih · (xi(v) − x
j
(v)) + (δ
ih− δjh) · xi(v)−
− ‖xi − xj‖2 · ∂Ψ
ij
∂xh(v)
− 2(δih− δjh) · (xi(v) − x
j
(v)) ·Ψ
ij
(D.16)
And the second derivatives are presented below.
∂2Aijp(1l)
∂xh(v)∂x
s
(w)
=
∂2ni(l)
∂xh(v)∂x
s
(w)
(D.17)
∂2Aijp(2l)
∂xh(v)∂x
s
(w)
=
∂2dij(l)
∂xh(v)∂x
s
(w)
(D.18)
∂2Aijp(2l)
∂xh(v)∂x
s
(w)
= 0 (D.19)
∂2bijp(1)
∂xh(v)∂x
s
(w)
= xi(l) ·
∂2ni(l)
∂xh(v)∂x
s
(w)
+ δih ·
∂ni(v)
∂xs(w)
+ δis ·
∂ni(w)
∂xh(v)
(D.20)
∂2bijp(2)
∂xh(v)∂x
s
(w)
=
∂2dij(l)
∂xh(v)∂x
s
(w)
· xi(l) + δis ·
∂dij(w)
∂xh(v)
+ δih ·
∂dij(v)
∂xs(w)
(D.21)
∂2bijp(3)
∂xh(v)∂x
s
(w)
= δ(vw) · [δih · (δis− δjs) + δis · (δih− δjh)−
− 2 · (δih− δjh) · (δis− δjs) ·Ψij ]− ‖xi − xj‖2 · ∂
2Ψij
∂xh(v)∂x
s
(w)
−
− 2 · (δih− δjh) · (xi(v) − x
j
(v)) ·
∂Ψij
∂xs(w)
−
− 2 · (δis− δjs) · (xi(w) − x
j
(w)) ·
∂Ψij
∂xh(v)
(D.22)
The reader will notice that in order to implement these equations we
need to develop the expressions of the derivatives of ni and dij . We will
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use the definitions provided in equations (5.3) and (9.7) on page 46 and on
page 106, respectively.
The expressions for Ψij and its derivatives are provided in equa-
tions (9.17) to (9.32) on pages 112–116.
D.2.2 Central control point candidates
The general expression of the system of equations to determine the cen-
tral control point candidates is presented in equation (5.19) on page 54.
The expression of the first and second derivatives of the system matrix
A0ip is presented row by row. However, only the first row presents a chal-
lenge, because the expressions for the second and third rows have already
been solved in the case of the boundary control points; see equations (D.25)
and (D.26).
∂A0ip(1l)
∂xh(v)
=
[(
∂pjk(m)
∂xh(v)
−
∂pkj(m)
∂xh(v)
)
· njk(m) + (p
jk
(m) − p
kj
(m)) ·
∂njk(m)
∂xh(v)
]
· (pjk(l) − p
kj
(l))+
+ [(pjk(m) − p
kj
(m)) · n
jk
(m) ·
(
∂pjk(l)
∂xh(v)
−
∂pkj(l)
∂xh(v)
)
−
− 2 ·
[
(pjk(m) − p
kj
(m)) ·
(
∂pjk(m)
∂xh(v)
−
∂pkj(m)
∂xh(v)
)]
njk(l)−
− (pjk(m) − p
kj
(m))
2 ·
∂njk(l)
∂xh(v)
(D.23)
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∂2A0ip(1l)
∂xh(v)∂x
s
(w)
=
[(
∂2pjk(m)
∂xh(v)∂x
s
(w)
−
∂2pkj(m)
∂xh(v)∂x
s
(w)
)
· njk(m) +
(
∂pjk(m)
∂xh(v)
−
∂pkj(m)
∂xh(v)
)
·
∂njk(m)
∂xs(w)
+
+
(
∂pjk(m)
∂xs(w)
−
∂pkj(m)
∂xs(w)
)
·
∂njk(m)
∂xh(v)
+ (pjk(m) − p
kj
(m)) ·
∂2njk(m)
∂xh(v)∂x
s
(w)
]
· (pjk(l) − p
kj
(l))+
+[(pjk(m)−p
kj
(m))·n
jk
(m)]·
(
∂2pjk(l)
∂xh(v)∂x
s
(w)
−
∂2pkj(l)
∂xh(v)∂x
s
(w)
)
−(pjk(m)−p
kj
(m))
2·
∂2njk(l)
∂xh(v)∂x
s
(w)
+
+
[(
∂pjk(m)
∂xh(v)
−
∂pkj(m)
∂xh(v)
)
· njk(m) + (p
jk
(m) − p
kj
(m)) ·
∂njk(m)
∂xh(v)
]
·
(
∂pjk(l)
∂xs(w)
−
∂pkj(l)
∂xs(w)
)
+
+
[(
∂pjk(m)
∂xs(w)
−
∂pkj(m)
∂xs(w)
)
· njk(m) + (p
jk
(m) − p
kj
(m)) ·
∂njk(m)
∂xs(w)
]
·
(
∂pjk(l)
∂xh(v)
−
∂pkj(l)
∂xh(v)
)
−
− 2 ·
[
(pjk(m) − p
kj
(m)) ·
(
∂pjk(m)
∂xh(v)
−
∂pkj(m)
∂xh(v)
)]
·
∂njk(l)
∂xs(w)
−
− 2 ·
[
(pjk(m) − p
kj
(m)) ·
(
∂pjk(m)
∂xs(w)
−
∂pkj(m)
∂xs(w)
)]
·
∂njk(l)
∂xh(v)
−
− 2 ·
[(
∂pjk(m)
∂xh(v)
−
∂pkj(m)
∂xh(v)
)
·
(
∂pjk(m)
∂xs(w)
−
∂pkj(m)
∂xs(w)
)
+
+(pjk(m) − p
kj
(m)) ·
(
∂2pjk(m)
∂xh(v)∂x
s
(w)
−
∂2pkj(m)
∂xh(v)∂x
s
(w)
)]
· njk(l) (D.24)
A0ip(2l) = A
ij
p(3l) ⇒
∂A0ip(2l)
∂xh(v)
=
∂Aijp(3l)
∂xh(v)
⇒
∂2A0ip(2l)
∂xh(v)∂x
s
(w)
=
∂2Aijp(3l)
∂xh(v)∂x
s
(w)
(D.25)
A0ip(3l) = Aikp(3l) ⇒
∂A0ip(3l)
∂xh(v)
=
∂Aikp(3l)
∂xh(v)
⇒
∂2A0ip(3l)
∂xh(v)∂x
s
(w)
=
∂2Aikp(3l)
∂xh(v)∂x
s
(w)
(D.26)
D.3 Derivatives of the normal at the node
Let’s use a general expression for a weighted average normal vector at the
node.
ni =
ri∑
k=1
wk · ŷk∥∥∥∥∥
ri∑
k=1
wk · ŷk
∥∥∥∥∥
(D.27)
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Then, the general expression for the first derivative is
∂ni(j)
∂xh(v)
=
ri∑
k=1
Ç
∂wk
∂xh(v)
ŷk(j) + wk
∂ŷk(j)
∂xh(v)
å
− ni(j) n
i
(l) ·
ri∑
k=1
Ç
∂wk
∂xh(v)
ŷk(l) + wk
∂ŷk(l)
∂xh(v)
å
∥∥∥∥∥
ri∑
k=1
wk · ŷk
∥∥∥∥∥
(D.28)
and for the second derivative
∂2ni(j)
∂xh(v)∂x
s
(w)
= 1∥∥∥∥∥
ri∑
k=1
wk · ŷk
∥∥∥∥∥
[
ri∑
k=1
Ç
∂2wk
∂xh(v)∂x
s
(w)
ŷk(j) +
∂wk
∂xh(v)
∂ŷk(j)
∂xs(w)
+
+ ∂w
k
∂xs(w)
∂ŷk(j)
∂xh(v)
+ wk
∂2ŷk(j)
∂xh(v)∂x
s
(w)
å
− ni(j)
∂ni(l)
∂xs(w)
ri∑
k=1
Ç
∂wk
∂xh(v)
ŷk(l) + wk
∂ŷk(l)
∂xh(v)
å
−
−
∂ni(j)
∂xs(w)
ni(l)
ri∑
k=1
Ç
∂wk
∂xh(v)
ŷk(l) + wk
∂ŷk(l)
∂xh(v)
å
−
∂ni(j)
∂xh(v)
ni(l)
ri∑
k=1
Ç
∂wk
∂xs(w)
ŷk(l) + wk
∂ŷk(l)
∂xs(w)
å
−
−ni(j) n
i
(l)
ri∑
k=1
Ç
∂2wk
∂xh(v)∂x
s
(w)
ŷk(l) +
∂wk
∂xh(v)
∂ŷk(l)
∂xs(w)
+ ∂w
k
∂xs(w)
∂ŷk(l)
∂xh(v)
+ wk
∂2ŷk(l)
∂xh(v)∂x
s
(w)
å
(D.29)
Figure D.1: This figure is a modification of figure 5.1. A new notation is
used for the neighboring nodes. Each node has a specific notation depend-
ing to the triangle considered and the direction of its normal.
In the case of the weight proposed in equation (5.2) on page 46, we will
write the derivatives after rewriting the formula using the nodal coordi-
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nates of the neighboring nodes. But first we need to redefine some nota-
tion regarding the neighboring nodes. For each triangle k that surrounds
node i, the two neighboring nodes associated will be named k+ and k−
corresponding to looping them in a counterclockwise order as the normal
points towards the observer (see figure D.1 which substitutes figure 5.1 on
page 45).
wkα/A◦ =
‖vk‖2
(xk−− xi)2(xk+− xi)2(xk+− xk−)2
· arccos(cα) (D.30)
The first derivative is presented below.
∂wkα/A◦
∂xh(v)
= −2·wkα/A◦ ·
[
(xk−(v) − xi(v)) (δk
−h− δih)
(xk−− xi)2
+
(xk+(v) − xi(v)) (δk
+h− δih)
(xk+− xi)2
+
+
(xk+(v) − xk
−
(v)) (δk
+h− δk−h)
(xk+− xk−)2
]
+ 1
(xk−− xi)2 (xk+− xi)2 (xk+− xk−)2
·
·
®
2 · vk(j) ·
∂vk(j)
∂xh(v)
· arccos(cα)−
‖vk‖2√
1− c2α
· ∂cα
∂xh(v)
´
(D.31)
And the second derivative is as follows.
∂2wkα/◦
∂xh(v)∂x
s
(w)
= 1
(xk−− xi)2 (xk+− xi)2 (xk+− xk−)2
·
ñ
2 ·
Ç
∂vk(j)
∂xh(v)
·
∂vk(j)
∂xs(w)
+
+vk(j) ·
∂2vk(j)
∂xs(w)
å
· arccos(cα)−
2 · vk(j)√
1− cα
·
Ç
∂vk(j)
∂xh(v)
· ∂cα
∂xs(w)
+
∂vk(j)
∂xs(w)
· ∂cα
∂xh(v)
å
−
− ‖v
k‖2√
1− c2α
·
Ç
∂2cα
∂xh(v)∂x
s
(w)
+ cα1− c2α
· ∂cα
∂xh(v)
· ∂cα
∂xs(w)
åô
−
−2 ·wkα/A◦ ·
ñ
δ(vw) · (δk
−h− δih) · (δk−s− δis)
(xk−− xi)2
+
δ(vw) · (δk
+h− δih) · (δk+s− δis)
(xk+− xi)2
+
+
δ(vw) · (δk
+h− δk−h) · (δk+s− δk−s)
(xk+− xk−)2
+
+
2 · (xk−(v) − xi(v)) · (δk
−h− δih) · (xk+(w) − xi(w)) · (δk
+s− δis)
(xk−− xi)2 · (xk+− xi)2
+
+
2 · (xk−(v) − xi(v)) · (δk
−h− δih) · (xk+(w) − xk
−
(w)) · (δk
+s− δk−s)
(xk−− xi)2 · (xk+− xk−)2
+
+
2 · (xk+(v) − xi(v)) · (δk
+h− δih) · (xk−(w) − xi(w)) · (δk
−s− δis)
(xk−− xi)2 · (xk+− xi)2
+
+
2 · (xk+(v) − xi(v)) · (δk
+h− δih) · (xk+(w) − xk
−
(w)) · (δk
+s− δk−s)
(xk+− xi)2 · (xk+− xk−)2
+
+
2 · (xk+(v) − xk
−
(v)) · (δk
+h− δk−h) · (xk−(w) − xi(w)) · (δk
−s− δis)
(xk−− xi)2 · (xk+− xk−)2
+
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+
2 · (xk+(v) − xk
−
(v)) · (δk
+h− δk−h) · (xk+(w) − xi(w)) · (δk
+s− δis)
(xk+− xi)2 · (xk+− xk−)2
]
−
− 2
∂wkα/A◦
∂xs(w)
·
[
(xk−(v) − xi(v)) (δk
−h− δih)
(xk−− xi)2
+
(xk+(v) − xi(v)) (δk
+h− δih)
(xk+− xi)2
+
+
(xk+(v) − xk
−
(v)) (δk
+h− δk−h)
(xk+− xk−)2
]
− 2
∂wkα/A◦
∂xh(v)
·
[
(xk−(w) − xi(w)) (δk
−s− δis)
(xk−− xi)2
+
+
(xk+(w) − xi(w)) (δk
+s− δis)
(xk+− xi)2
+
(xk+(w) − xk
−
(w)) (δk
+s− δk−s)
(xk+− xk−)2
]
(D.32)
Where cα corresponds to the cosine of the angle formed by the sides of
the triangle at the vertex i (see figure D.1).
cα =
(xk−− xi) · (xk+− xi)
‖xk−− xi‖ · ‖xk+− xi‖
(D.33)
∂cα
∂xh(v)
=
(xk−(v) − xi(v)) · (δk
+h− δih) + (xk+(v) − xi(v)) · (δk
−h− δih)
‖xk−− xi‖ · ‖xk+− xi‖
−
− cα ·
[
(xk−(v) − xi(v)) · (δk
−h− δih)
(xk−− xi)2
+
(xk+(v) − xi(v)) · (δk
+h− δih)
(xk+− xi)2
]
(D.34)
∂2cα
∂xh(v)∂x
s
(w)
= δ(vw) ·
(δk+h− δih) · (δk−s− δis) + (δk−h− δih) · (δk+s− δis)
‖xk−− xi‖ · ‖xk+− xi‖
−
− ∂cα
∂xh(v)
·
[
(xk−(w) − xi(w)) · (δk
−s− δis)
(xk−− xi)2
+
(xk+(w) − xi(w)) · (δk
+s− δis)
(xk+− xi)2
]
−
− ∂cα
∂xs(w)
·
[
(xk−(v) − xi(v)) · (δk
−h− δih)
(xk−− xi)2
+
(xk+(v) − xi(v)) · (δk
+h− δih)
(xk+− xi)2
]
−
cα ·
®
δ(vw) ·
ñ
(δk−h− δih) · (δk−s− δis)
(xk−− xi)2
+ (δ
k+h− δih) · (δk+s− δis)
(xk+− xi)2
ô
+
+
(xk−(v) − xi(v)) · (δk
−h− δih) · (xk+(w) − xi(w)) · (δk
+s− δis)
(xk−− xi)2 · (xk+− xi)2
+
+
(xk+(v) − xi(v)) · (δk
+h− δih) · (xk−(w) − xi(w)) · (δk
−s− δis)
(xk−− xi)2 · (xk+− xi)2
−
−
(xk−(v) − xi(v)) · (δk
−h− δih) · (xk−(w) − xi(w)) · (δk
−s− δis)
(xk−− xi)3/2
−
−
(xk+(v) − xi(v)) · (δk
+h− δih) · (xk+(w) − xi(w)) · (δk
+s− δis)
(xk+− xi)3/2
}
(D.35)
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And vk is the cross product of the vectors that link the sides of the triangle.
vk = (xk
−
− xi)× (xk
+
− xi) = e(jml) ·
Ä
xk
−
(m)x
k+
(l) − x
k−
(m)x
i
(l) + xk
+
(m)x
i
(l)
ä
= vk(j)
(D.36)
∂vk(j)
∂xh(v)
= e(jmv) ·
î
δk
−h(xi(m) − xk
+
(m)) + δih(xk
+
m − xk
−
(m)) + δk
+h(xk
−
(m) − x
i
(m))
ó
(D.37)
∂2vk(j)
∂xh(v)∂x
s
(w)
= e(jvw) ·
î
δk
−h(δk
+s− δis) + δih(δk
−s− δk
+s) + δk
+h(δis− δk
−s)
ó
(D.38)
Then we conclude with the definition of ŷk and its derivatives.
ŷk = v
k
‖vk‖
(D.39)
ŷk(j)
∂xh(v)
= ‖vk‖−1 ·
Ç
∂vk(j)
∂xh(v)
− ŷk(j) · ŷ
k
(l) ·
∂vk(l)
∂xh(v)
å
(D.40)
∂2ŷk(j)
∂xh(v)∂x
s
(w)
= ‖vk‖−1 ·
Ç
∂2vk(j)
∂xh(v)∂x
s
(w)
−
∂ŷk(j)
∂xh(v)
· yk(l) ·
∂vk(l)
∂xs(w)
−
−
∂ŷk(j)
∂xs(w)
· ŷk(l) ·
∂vk(l)
∂xh(v)
− ŷk(j) ·
∂ŷk(l)
∂xs(w)
·
∂vk(l)
∂xh(v)
− ŷk(j) · ŷ
k
(l) ·
∂2vk(l)
∂xh(v)∂x
s
(w)
å (D.41)
D.4 Derivatives of dij
The vector dij is the director vector of the plane that bounds the edge of
the cubic triangle at the corner nodes. It is defined in item 2 on page 105
and in equation (9.7). Its first derivative is presented below.
∂dij(l)
∂xh(v)
= e(lmk) ·
∂ni(m)
∂xh(v)
· (xi(k)−x
j
(k)) ·cos θ
ij +(δih−δjh) ·e(lmv) ·ni(m) ·cos θij−
−e(lmk) ·ni(k) · (xi(k)−x
j
(k)) · sin θ
ij · ∂θ
ij
∂xh(v)
+
∂ni(l)
∂xh(v)
·ni(m) · (xi(m)−x
j
(m)) · sin θ
ij+
+ ni(l) ·
∂ni(m)
∂xh(v)
· (xi(m) − x
j
(m)) · sin θ
ij − (δih− δjh) · (δ(lv) − ni(l) · ni(v)) · sin θij−
− (δ(lm) − ni(l) · ni(m)) · (xi(m) − x
j
(m)) · cos θ
ij ∂θ
ij
∂xh(v)
(D.42)
And the expression of the second derivative is included next.
∂2dij(l)
∂xh(v)∂x
s
(w)
= e(lmk) (xi(k)−x
j
(k))
Ç
∂2ni(m)
∂xh(v)∂x
s
(w)
cos θij −
∂ni(m)
∂xh(v)
sin θij ∂θ
ij
∂xs(w)
å
+
+ (δis− δjs) e(lmw)
∂ni(m)
∂xh(v)
cos θij + (δih− δjh) e(lmv)
∂ni(m)
∂xs(w)
cos θij−
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− e(lmk)
∂ni(m)
∂xs(w)
(xi(k)−x
j
(k)) sin θ
ij ∂θ
ij
∂xh(v)
− (δih−δjh) e(lmv) ni(m) sin θij
∂θij
∂xs(w)
−
−(δis−δjs) e(lmw) ni(m) sin θij
∂θij
∂xh(v)
−e(lmk) ni(m) (xi(k)−x
j
(k)) cos θ
ij ∂θ
ij
∂xh(v)
∂θij
∂xs(w)
−
−e(lmk) ni(m) (xi(k)−x
j
(k)) sin θ
ij ∂
2θij
∂xh(v)∂x
s
(w)
+(xi(m)−x
j
(m)) sin θ
ij
Ç
∂ni(l)
∂xh(v)
∂ni(m)
∂xs(w)
+
+
∂ni(l)
∂xs(w)
∂ni(m)
∂xh(v)
+ ni(l)
∂2ni(m)
∂xh(v)∂x
s
(w)
+
∂2ni(l)
∂xh(v)∂x
s
(w)
ni(m)
å
+
+ (δis− δjs)
∂ni(l)
∂xh(v)
ni(w) sin θij + (δih− δjh)
∂ni(l)
∂xs(w)
ni(v) sin θij+
+ ni(m) (xi(m) − x
j
(m)) cos θ
ij
Ç
∂ni(l)
∂xh(v)
∂θij
∂xs(w)
+
∂ni(l)
∂xs(w)
∂θij
∂xh(v)
å
+
+ (δis− δjs)ni(l)
∂ni(w)
∂xh(v)
sin θij + (δih− δjh)ni(l)
∂ni(v)
∂xs(w)
sin θij+
+ ni(l) (xi(m) − x
j
(m)) cos θ
ij
Ç
∂ni(m)
∂xh(v)
∂θij
∂xs(w)
+
∂ni(m)
∂xs(w)
∂θij
∂xh(v)
å
−
− (δih− δjh) (δ(lv) − ni(l) ni(v)) cos θij
∂θij
∂xs(w)
−
− (δis− δjs) (δ(lw) − ni(l) ni(w)) cos θij
∂θij
∂xh(v)
+
+ (δ(lm) − ni(l) ni(m)) (xi(m) − x
j
(m)) sin θ
ij
Ç
∂θij
∂xh(v)
∂θij
∂xs(w)
− ∂
2θij
∂xh(v)∂x
s
(w)
å
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D.5 Derivatives of θij
θij is the angle of the drilling rotation as defined in equation (9.33). The
first and second derivatives are presented below.
∂θij
∂xh(v)
= ∂α
ij
∂xh(v)
− ∂α
ji
∂xh(v)
= 1
zi
zi∑
k=1
k 6=j
∂βjki
∂xh(v)
− 1
zj
zj∑
k=1
k 6=i
∂βikj
∂xh(v)
(D.44)
∂2θij
∂xh(v)∂x
s
(w)
= ∂
2αij
∂xh(v)∂x
s
(w)
− ∂
2αji
∂xh(v)∂x
s
(w)
=
= 1
zi
zi∑
k=1
k 6=j
∂2βjki
∂xh(v)∂x
s
(w)
− 1
zj
zj∑
k=1
k 6=i
∂2βikj
∂xh(v)∂x
s
(w)
(D.45)
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And βjki has been defined in equation (9.1).
∂βjki
∂xh(v)
=
(eij · eik) ·
∂|eijeikni|
∂xh(v)
− |eijeikni| ·
∂(eij · eik)
∂xh(v)
(eij · eik)2 + |eijeikni|2 (D.46)
∂2βjki
∂xh(v)∂x
s
(w)
=
®
−2 · ∂β
jk
i
∂xh(v)
·
ñ
(eij · eik) · ∂(e
ij · eik)
∂xs(w)
+
+|eijeikni| · ∂|e
ijeikni|
∂xs(w)
ô
+ ∂(e
ij · eik)
∂xs(w)
· ∂|e
ijeikni|
∂xh(v)
−
− ∂(e
ij · eik)
∂xh(v)
· ∂|e
ijeikni|
∂xs(w)
+ (eij · eik) · ∂
2|eijeikni|
∂xh(v)∂x
s
(w)
−
−|eijeikni| · ∂
2(eij · eik)
∂xh(v)∂x
s
(w)
´
·
[
(eij · eik)2 + |eijeikni|2
]−1
(D.47)
The vectors eij and eik have been defined in equations (9.2) and (9.3); see
figure 9.2 on page 103.
∂|eijeikni|
∂xh(v)
=
∣∣∣∣∣ ∂eij∂xh(v) eik ni
∣∣∣∣∣+
∣∣∣∣∣eij ∂eik∂xh(v) ni
∣∣∣∣∣ (D.48)
∂(eij · eik)
∂xh(v)
=
∂eij(l)
∂xh(v)
· eik(l) + e
ij
(l) ·
∂eik(l)
∂xh(v)
(D.49)
∂eij(l)
∂xh(v)
= (δjh − δih) · (δ(lv) − ni(l) · ni(v))−
−
Ç
∂ni(l)
∂xh(v)
· ni(m) + ni(l) ·
∂ni(m)
∂xh(v)
å
· (xj(m) − x
i
(m))
(D.50)
∂2|eijeikni|
∂xh(v)∂x
s
(w)
=
∣∣∣∣∣ ∂2eij∂xh(v)∂xs(w) eik ni
∣∣∣∣∣+
∣∣∣∣∣ ∂eij∂xh(v) ∂e
ik
∂xs(w)
ni
∣∣∣∣∣+
∣∣∣∣∣ ∂eij∂xh(v) eik ∂n
i
∂xs(w)
∣∣∣∣∣+
+
∣∣∣∣∣eij ∂2eik∂xh(v)∂xs(w) ni
∣∣∣∣∣+
∣∣∣∣∣ ∂eij∂xs(w) ∂e
ik
∂xh(v)
ni
∣∣∣∣∣+
∣∣∣∣∣eij ∂eik∂xs(w) ∂n
i
∂xh(v)
∣∣∣∣∣
(D.51)
∂2(eij · eik)
∂xh(v)∂x
s
(w)
=
∂2eij(l)
∂xh(v)∂x
s
(w)
· eik(l) + e
ij
(l) ·
∂2eik(l)
∂xh(v)∂x
s
(w)
+
+
∂eij(l)
∂xh(v)
·
∂eik(l)
∂xs(w)
+
∂eij(l)
∂xs(w)
·
∂eik(l)
∂xh(v)
(D.52)
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∂2eij(l)
∂xh(v)∂x
s
(w)
= −(δjh − δih) ·
Ç
∂ni(l)
∂xs(w)
· ni(v) + ni(l) ·
∂ni(v)
∂xs(w)
å
−
− (δjs − δis) ·
Ç
∂ni(l)
∂xh(v)
· ni(w) + ni(l) ·
∂ni(w)
∂xh(v)
å
−
−
Ç
∂2ni(l)
∂xh(v)∂x
s
(w)
· ni(m) +
∂ni(l)
∂xh(v)
·
∂ni(m)
∂xs(w)
+
+
∂ni(l)
∂xs(w)
·
∂ni(m)
∂xh(v)
+ ni(l) ·
∂2ni(m)
∂xh(v)∂x
s
(w)
å
· (xj(m) − x
i
(m))
(D.53)
D.6 Derivatives of ϕij
ϕij is the angle of the inclination of the tangent of the curved edge at the
node with respect to its chord as defined in equation (9.18). The first and
second derivatives are presented below.
∂ϕij
∂xh(v)
= − tanϕ
ij
‖xi − xj‖2
· (δih − δjh) · (xi(v) − x
j
(v))−
− secϕ
ij
‖xi − xj‖
·
ñ
(δij − δjh) · ni(v) + (xi(k) − x
j
(k))
∂ni(k)
∂xh(v)
ô
(D.54)
∂2ϕij
∂xh(v)∂x
s
(w)
= tanϕij ·
®
∂ϕij
∂xh(v)
· ∂ϕ
ij
∂xs(w)
+ (δ
ih − δjh)(δis − δjs)
‖xi − xj‖2
·
·
[
(xi(v) − x
j
(v))(x
i
(w) − x
j
(w))
‖xi − xj‖2
− δ(vw)
]}
− ∂ϕ
ij
∂xh(v)
·
(δis − δjs)(xi(w) − x
j
(w))
‖xi − xj‖2
−
− ∂ϕ
ij
∂xs(w)
·
(δih − δjh)(xi(v) − x
j
(v))
‖xi − xj‖2
− secϕ
ij
‖xi − xj‖
·
ñ
(δih − δjh) ·
∂ni(v)
∂xs(w)
+
+(δis − δjs) ·
∂ni(w)
∂xh(v)
+ (xi(k) − x
j
(k))
∂2ni(k)
∂xh(v)∂x
s
(w)
ô
(D.55)
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